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1 Relations and
——

Functions

B | SHORT ANSWER TYPE QUESTIONS

Q1

Sol.

Q2.

Sol.

Q3.

Sol.

Sol.

Q5.

Sol.

| 1.3 EXERCISE |

Let A = {a, b, c} and the relation R be defined on A as follows
R ={(a, a), (b, c), (a, b)}

Then, write minimum number of ordered pairs to be added in

R to make R reflexive and transitive.

Here, R={(a, a), (b, c), (2, b))

for reflexivity; (b, b), (¢, ¢) and for transitivity; (4, ¢)

Hence, the required ordered pairs are (b, b), (c, ¢) and (g, c)

Let D be the domain of the real valued function f defined by

fix)= ,/zs_xl . Then write D.
Here, f{x) = |25 - x
For real value of f(x), 25-x2 2 0
= -222-25 = x?<25 = ~55x<5
Hence, De -5<x<5 or [-55]
Let f, g: R — Rbe defined by fix) =2x+ 1 and g(x) =2? -2V
x eR, respectively. Then find gof.
Here, fix)=2x+1 and g{x)=x3-2

0/ = gifo)]

= [2r+1P-2=4x2 +4x+1-2=4x + 4x - 1

Hence, gof = 4x? +4x -1
Let f : R = R be the function defined by f(x) = 2x 3VxeR
Write f-1.

Here, fix) =
Let flx)=y=2x-3

3
= y+3=2x=>x= yr

x+3

2
fi =2 o fiw=
If A={a b, c, d} and the function f= {(g, b), (b, 4), (c, a), (d, c)},
write f-1.

Let y=fx) ~x=f"Yy
o If f {(ﬂ, b), (b d)l (CI a)l (d C)}
then f 1= {(b a)l (d b)t (al C), (cl d)}
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Q6. If f: R — Ris defined by f{x) = x2 - 3x + 2, write f [f(x)].
Sol. Here, fixy=x2-3x+2
fI1= [P -3fx)+2
= (X2-3x+2)2-3(x*-3x+2)+2
=xt+9x2+4-6x3+4x? - 12x - 322+ 9x -6+ 2
= x* - 6x% +10x2 - 3x
Hence, f[fix)]= x*-6x%+10x2-3x
Q7. Isg=1{(1, 1), (2 3), (3, 5), (4, 7)} a function? If g is described by
8(x) = ox + B, then what value should be assigned to a and p?

Sol. Yes, g =11, 1), (2 3), (3, 5), (4, 7)} is a function.
Here, gix})=~ox+f
For(1,1), g(l)=cal+P
1=0+B 1)
For(2,3), g(2)=a2+p
3=20+p «(2)

Solving egs. (1) and (2) we get, =2, B=-1
Q8. Are the following set of ordered pairs functions? If so, examine
whether the mapping is injective or surjective.
(1) {(x,y):xisaperson, y is the mother of x}
(i) {(a, b) : ais a person, b is an ancestor of a}

Sol. (i) It represents a function. The image of distinct elements of
x under f are not distinct. So, it is not injective but it is
surjective.

(i) It does not represent a function as every domain under
mapping does not have a unique image.

Q9. If the mapping fand g are given by

f=11.2,3,5, &1} and g={(2,3), (5, 1), (1, 3)} write fog.
Sol, fog = fg(x)]
= fl8@)]=A3) =5
=flgB3)]=A1)=2
=fleMi=A3)=5
Hence, fog =12 5), (5,2), (1, 5)}
Q10. Let C be the set of complex numbers. Prove that the mapping
f:C—Rgivenby fz)=zl, V z € C, is neither one-one nor onto.

Sol. Here, fiz) =1zl VzeC
f)=111=1
f=1)=1-11=1
) =f-1)
But 1#-1

Therefore, it is not one-cne.
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Now, let fiz) =y = |z|. Here, there is no pre-1mage of negative
numbers. Hence, it is not onto.

Q11. Let the function f: R — R be defined by fix) =cos x, V x €R.
Show that fis neither one-one nor onto.

Sol. Here, fix)y=cosxVxeR
TR
Let ——,—| €
e [ 2'2) fix)
f(-E = cos[—£J=cos—=0
2 2
cos(E = cos = =0
2
T 14
2l =fl=|=0
f( 2 f(?-]

But _E # %
Therefore, the glven function is not one-one. Also it is not
onto function as no pre-image of any real number belongs to
the range of cos xi.e., [~ 1, 1].
Q12. Let X=1{1, 2, 3} and Y = {4, 5}. Find whether the following
subsets of X x Y are functions from X to Y or not.
M f=11, 4, (1, 5) (2, 4), 3, 5}t
(@) g={1, 4, (24, 3 )}
(iii) h={(1, 4), (2,5), (3, 5)}
(i) k={(1,4), (2 5)}
Sol. Here, given that X=1{1, 2, 3}, Y ={4, 5}
s XxY={(1,4),(1,5), (2 4), (2 5) (3,4, 3 5}
M) f=1(1,4), (1, 5) (2,4, 3,5}
fis not a function because there is no unique image of
each element of domain under f.
(i) g=1{(1,4, (249, G 4
Yes, g is a function because each element of its domain
has a unique image.
(i) k={(14), (2 5), 3, 5)}
Yes, it is a function because each element of its domain has a
unique image. -
(i) k=1{(1,4), (2, 5)}
Clearly k is also a function.
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Sol.
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If function f: A — B and g : B — A satisfy gof =I,, then show
that f is one-one and g is onto.
Let x,, x, € gof

gof ffix))} = gof {fixy)}
= g(x,) = g(x;) [~ gof=1,]
X, =X,
Hence, f is one-one. But g is not onto as there is no pre-image
of Ain B under g.

Let f: R — R be the function defined by f(x) =

V x €R. Then, find the range of f.

Given function is flx)= — ~ VxeR.
2—-cosx

Rangeof cosxis[-1, 1)

Let f)=y=

1
2-cosx’

1
2-cosx
= 2y-ycosx=1 = ycosx=2y-1

2y-1_,_1

Now -1<cosx<1 y y

= -1<s,.1<1 = —1-2¢_1<1-2

y

1 1 1
= -3£-—-5-1 =232-21 = ESysl

= COs x =

y 1
Hence, the range of f= [3. 1]-
Let n be a fixed positive integer. Define a relation R in Z as
follows V g, b eZ, a Rb if and only if 2 — b is divisible by .
Show that R is an equivalence relation.
Here, V 4, b €Z and a R b if and only if a — b is divisible by n.
The given relation is an equivalence relation if it is reflexive,
symmetric and transitive.
(i) Reflexive:

aRa = (a—-a)=0divisiblebyn

So, R is reflexive.
(i) Symmetric:

aRb=bRa VabeZ

— a-bisdivisiblebyn (Given)
= — (b —a) is divisible by n

NCERT ExempLar ProsLems MatHEmaTics—XI
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= b —a s divisible by n
=bRa
Hence, R is symmetric.
(i) Transitive:
aRbandbRc < aRc VabceZ
a —bis divisible by n
b —c is also divisible by n
= (a~b) + (b —c) is divisible by n
=> (4 —c) is divisible by n
Hence,Ristransitive

Qi?

Sol.

Q17.

Sol.

If A= {1 2 3, 4} deﬁne relatlons on A which have properties

of being. y

(a) reflexive, transitive but not symmetric.

(b} symmetric but neither reflexive nor transitive

(c) reflexive, symmetric and transitive.

Giventhat A={1, 2, 3, 4}

~ ARA={(1,1),(22),3,3), (44, (1,2)(1,3),(1,4),23),
(24), (3,4, (2,1),3,1), (4,1),(3,2), (4, 2), (4 3)}

(@ Let R; ={(1,1),(2 2),(1,2), (2 3), (1, 3)}

So, R, is reflexive and transitive but not symmetric.

(&) Let R, = ({2 3), (3,2)}
So, R, is only symmetric.
{0) Let Ry={(1,1),(1,2),(21),(2 4),(14)
So, R, is reflexive, symmetric and transitive.
Let R be relation defined on the set of natural number N as
follows:
R={(x,y):xe N,y e N, 2x + y = 41}. Find the domain and
range of the relation R. Also verify whether R is reflexive,
symmetric and transitive.
Giventhatxe N,ye Nand 2x +y =41
. DomainofR={1, 2,3, 4,5, ..., 20}
and Range = {39, 37, 35, 33, 31, ..., 1}
Here, (3:3)¢ R
as 2x3+3+#41
So, R is not reflexive.
R is not symmetric as (2, 37) e Rbut(37,2) ¢ R
Ris not tranmtlve as(11,19)e Rand (19,3)e R
but (11,3)e R. -
Hence, Ris nelthet reflexive, nor symmetric and nor transitive.

ReLATiONs AND FuncTions B 9
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Q18. Given A={2, 3,4}, B={2, 5, 6, 7}, construct an example of each
of the following:
()) an injective mapping from A to B.
(i) a mapping from A to B which is not injective
(ifi) a mapping from B to A.
Sol. Here, A={2,3,4) and B={2,56,7}
(i) Letf:A— B bethe mapping from Ato B
=y :y=x+3}
s f={@2, 5), (3, 6), (4, 7)} which is an injective mapping.

(i) Let g : A — B be the mapping from A — B such that
g=1{(2,5), (3, 5),(4 2)} which is not an injective mapping.

(ii)) Teth: B —» A be the mapping from B to A
h={(y,x):x=y-2}
h=1{(5, 3), (6, 4), (7, 3)) which is the mapping from B to A.

Q19. Give an example of a map
‘ (i) which is one-one but not onto.
(i) which is not one-one but onto.
(i) which is neither one-one nor onto.
Sol. () Letf:N—=N glvenbyf(x) =x?
Let x,, x, € N then f(x,} = x] and ﬂxz) = x%

Now, fix,)=fix,) = 2} =x3 = x 25 =0
= (:rc1 +x,) (%, —x;) =0
Smce x,, %, € N, so x, +x,= 0 is not possible.
X =X=0 =Sx=x".-
2 f(xl) fxy) = %52, 1
So fix) is one to one function. b
Now, Letf{x)=5€ N

then =5 = x=#+/5¢N
So, fis not onto.
Hence, f(x) = x* is one-one but not onto.
ntl if nis odd

(i) Letf:NxN, definedby fin)=1 ,
5 if n is even
Since f(1)=fi2) but 1+ 2,
So, fis not one-one.
Now, let ¥ € N be any element.
Thenfir)=y

3;—1 if nis odd
= =Yy

% if nn is even

10 NCERT ExeMPLAR ProeLEMS MaTHEMATICS—XII
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= n=2y-1 ifyiseven
n=2y if y is odd or even
_ 12y ~1ifyiseven
= ""{yZy ifzisoddoreven €NVyeN

.- Every y € N has pre-image

= J2y-1ifyiseven :
- fis onto. "= { yZy ifz is odd or even €N
Hence, f is not one-one but onto.
(ii) Letf: R — Rbe defined as f{x) = x2
Letx,=2and x,=-2
fle) = x =(2)* =4
f) = 25 =(-2)" =4
fi2)=f-2) but2x-2
So, it is not one-one functon.
Letf(x)=-2 = x2=-2 . x= iﬁ@R
Which is not possible, so fis not onto.
Hence, fis neither one-one nor onto.
Q20. LetA=R—{3},B=R—{1}.Letf:A—)Bbedeﬁnedby

fix)= x—2’ V x € A. Then, show that fis bijective.
x-3
Sol. Here,Ae R-{3},B=R-{1}
Givenfhatf:A—)Bdeﬁnedbyf(x)=x—_: VieA
Letx,, x, € flx) o

fix) =flx,)
X, -2 ~ Xy -2
1'1 -3 - Iz _3
= (x;-2) (x,-3)= (x,-2) (x;~3)

= 1442—311 —2x2+,{=x{f2~3x2—2x1 +8

=

= —X =-X, = x=x,
So, it is injective function.
Now, Let yv= x-2
x-3
= xy-3y=x-2 = xy-x=3y-2
3y -2

= x(y-1)=3y-2 ==x=

y-1

ReLaTioNs AND FuncTions & 11
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3y-2
x-2 _y-1 3y—-2-2y+2
x)= = = =
fe x-3 3y-2 4 3y—-2-3y+3 Y
y-1
= fix)=yeB.
So, f(x) is surjective function.

Hence, f(x) is a bijective function.
021. Let A=[- 1, 1], then discuss whether the following functions
defined on A are one-one, onto or bijective.

@ f(x)=§ () gy=1xl (i) hx)=x lx| (iv) k(x)=2

Sol. (i) Giventhat-1<x<1
Let x,, x, € fix)

1
fx) = m and flx,)= o
fx)=fa) = ~=1- =2 4u7H
So, f(x) is one-one function. ! 2
Let f(x)=y=—;- = x=2y

Fory=1x=2¢[-1,1]
So, f{x) is not onto. Hence, f(x) is not bijective function.
(if) Here, gx) = lxl
gx) =glx) = Iyl =lnl = x=%tx
So, g(x) is not one-one function.
Letgx)=y=Ix] = x=xyeAVyeA
So, g(x) is not onto function.
Hence, g(x) is not bijective function.
(i) Here, h(x) = x1x|
h(x,) = h fix,)
= il =xlnl = x=x
So, h(x) is one-one function.
Now, let h(x) = y=xlx| = x2 or - x*

= x=ztJ-yeAVyecA
~ h(x) is not onto function.
Hence, k({x) is not bijective function.
(iv) Here, k(x) = x*
k(x;) = k(x,)
= =1 = x=fx

So, k(x) is not one-one function.
Now, letk(x)=y=x2 = x= tJy
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Ify=-1 = x=t,~1¢gAVyeA

. k(x) is not onto function.

Hence, k(x) is not a bijective function.

Each of the following defines a relation of N
(i) xisgreaterthany, x,ye N

(ii) x+y=10,x,ye N

(iif) xyis square of an integerx, ye N

(iv) x+4y=10,x,ye N.

Determine which of the above relations are reflexive, symmetric
and transitive.

() x is greater thany, x,ye N

For reflexivity x > x V x € N which is not true
So, it is not reflexive relation.

Now, x>ybut y»x Vx,ye N

=xRybut y K x
So, it is not symmetric relation.
For transitivity, xRy, yRz = xRzVx,y,ze N
= X2y, Y>>z = x>z

So, it is transitive relation.
Here, R={xy):x+y=10Vx,ye N}
R={(L 9), (2 8),3,7), (4, 6), (5 5), (6, 4), (7, 3), (8, 2), (9 1)}
Forreflexive:5+5=10,5R5 = (x,x)eR
So, Ris reflexive.
For symmetric: (1,9) € Rand (9, 1) e R
So, R is symmetric.
For transitive: (3, 7) e R, (7, 3) e Rbut (3,3) ¢ R
So, Ris not transitive.
Here, R = [(x, y) : xy is a square of an integer, x, y € N}
For reflexive: x R x = x . x = x2 is an integer

[+ Square of an integer is also an integer]
So, R is reflexive.
For symmetric: xRy=yRx Vx,ye N
Xy =yx (integer)
So, it is symmetric.
For transitive: x RyandyRz= xRz
Let xy=kK and yz=m?

m?

x= and z=—

y
. _ i®m?
So, R is transitive. ) 2

which is again a square of an integer.

ReLaTions anD FuncTions B 13
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(iv) Here, R={x,y):x+4y=10,x,ye N}

Sol.

Sol.

Sol.

%

R =1{(2,2). (6 1)

For reflexivity: (2, 2) e R

So, R is reflexive. .

For symmetric: (x,y)e R but (y,x)e¢ R

(6,1)e R but (1,6)¢ R

So, R is not symmetric.

For transitive: (x, y) € Rbut (y,z) ¢ Rand (x,z) e R

So, R is not transitive.

Let A={1, 2, 3, .., 9] and R be the relation in A x A defined by
(@, b)R(c, d)ifa+d=b+cfor(a,b), (c,d)in Ax A, Prove thatRis
an equivalence relation and also obtain equivalent class [(2, 5)].
Here, A={1,223,..9

and R > AxAdefined by (g, ) R(c,d) = a+d=b+c
Vab),(c,de AxA

For reflexive: (3, b)) R{a, b)=a+b=b+a Va4, be Awhichis
true. So, R is reflexive. '

For symmetric: (a, b)) R (c, d) = (c, ) R (a, b)

L.H.S5. a+d=b+c

RH.S. c+h=d+a

L.H.S. = R.H.S. So, R is symmetric.

For transitive: (2, b)) R (c,d)and (c, )R (e, H = (@0, )R (e, )

= a+d=b+c and c+f=d+e

= a+d=b+c and d+e=c+f

= (a+d)-(d+e)=(+c)—(c+p

= a-e=b—f

= atf=b+e

= (a, b) R{e, )

So, Ris transitive.

Hence, R is an equivalence relation.

Equivalent class of {(2, 5)} is ((1, 4), (2, 5), (3, 6), (4, 7), (5, 8), (6, N}
Using the definition, prove that the function f: A —» B is
invertible if and only if f is both one-one and onto.

A function f : X — Y is said to be invertible if there exists a
function g : Y — X such that gof = I, and fog = I, and then the
inverse of fis denoted by f-1.

A function f: X — Y is said to be invertible iff f is a bijective
function. '

Function £ g: R — R are defined, respectively, by fix) =x? + 3x +1,
g(x)=2x-3, find

() fog (i) gof @) fof (iv) gog

& fog = fig(x)] = [gx)]* + 3[g(x)] + 1

NCERT ExempLAR ProeLemMs MatHEMATICS—XII
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=(2x-32+3(2x-3) +1
=4x2+9-12x+6x-9+1=4x2-6x+1
(i) gof = glftx)] = 2[x*+ 3x + 1] -3
=22 +6x+2-3=2x2+6x-1
i) fof = fiftn)] = (R +3[f)] + 1
= @2 +3x+1)2+3(x2+3x+ 1)+ 1
=t +9x2 +1+623 +6x+ 202+ 322 +9x +3 + 1
=xt+6x3+14x2+ 152 +5
(iv) gog = glg(x)] = 2[g(x)] -3=2(2x-3)-3=4x-6-3=4x-9
Q26. Let * be the binary operation defined on Q. Find which of the
following binary operations are commutative.
() a*b=a~bVabeQ (#) a*b=22+PVabeQ
(ii)) a*b=a+abVa,be Q () a*b=(@-b2Va,beQ
Sol. (i) a*b=ag-beQ VabeQ.
So, * is binary operation.
a*b=gq—bandb*a=b-a VabeQ
a-b#b-a
So, # is not commutative.
(i) a*b=a?+b?e Q, so*is abinary operation. '
akb=b*a
= Z+P=0P+a® YabeQ
Which is true. So, * is commutative.
(iii) a*b=a+ab e Q, so *is a binary operation.
a*b=a+ab and bra=b+ba
a+abzb+ba=>axb#b*a VabeQ
So, * is not commutative.
(iv) a*b=(a-b)e Q,so*lsbmarg operation.
a*b=(a-by* andb*a=(b-
a*b=bra= (a-bP2=(b- a)2 Vabe Q.
So, * is commutative.
Q27. If*bebmaryoperahondeﬁnedoanya*b 1+abVabe R
Then, the operation * is
(i) commutative but not associative
(if) associative but not commutative
(é#i) neither commutative nor associative
(i) both commutative and associative
Sol. (i): Given that
a*b=1+ab VabeR
and b*a=1+ba VabeR
a*b=b#a =1+ab
So, » is commutative.
Now ax(*c)=(@@*b)*c VabceR

N
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LHS. a*(b*c)=a*(1+bc)=1+a(l +bc)=1+a+abc

RHS. (a*b)*c=(1+abyxc=1+(1+ab).c=1+c+abc
L.HS. # RHS.

So, * is not associative.

Hence, * is commutative but not associative.

Choose the correct answer out of the given four options in each of
the Exercises from 28 to 47 (M.C.Q.)
Q28. Let T be the set of all triangles in the Euclidean plane and let

Q29.

16

Sol.

Sol.

L&3

arelation R on T be defined as a R b, if 2 is congruent to b, V g,
be T.ThenRis

(a) Reflexive but not transitive

(b) Transitive but not symmetric

(c) Equivalence

(d) None of these

If azb VabeT

thenaRa = a=a whichistrue forallaeT

So, R is reflexive.

Now,aRband bRa.

ie, a=b and b=a whichistrueforalia, be T

So, R is symmetric.

LetaRbandbRe.

= a=b and bza = a=c VabceT

So, R is transitive.

Hence, R is equivalence relation.

So, the correct answer is (c).

Consider the non-empty set consisting of children in a family
and a relation R defined as a R b, if a is brother of b. Then R is
(@) symmetric but not transitive

(b) transitive but not symmetric

{c) neither symmetric nor transitive

() both symmetric and transitive

Here, a R b = ais a brother of b.

a R a = a is a brother of 2 which is not true.

So, R is not reflexive.

aR b = ais a brother of b. .

b R a = which is not true because b may be sister of a.
= aRb+#bRa

So, R is not symmetric.

Now,aRb,bRc=aRe

= g is the brother of b and b is the brother of c.

~. a is also the brother of ¢.
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Sol.

Q32

Sol.

Q33.

Sol.
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So, R is transitive.

Hence, correct answer is (b).

The maximum number of equivalence relations on the set
A={1,2, 3} are

(@ 1 ®)y2 (c)3 @5

Here, A=1{1,23]

The number of equivalence relations are as follows:

R, ={(1L, 1), (L 2),(2,1), (2 3),(1,3)

R,=1(22),(1,3), 3, 1), (3,2), (1, 2))

R;=1(3,3) (1, 2), (2, 3), (1, 3), (3, 2)}

Hence, correct answer is (d)

If a relation R on the set {1, 2, 3) be defined by R={(1, 2)}, then
Ris

(a) reflexive (b) transitive
(c) symmetric (@) None of these
Given that: R=((1, 2)}

a X a, so it is not reflexive.

aRbbut b K a, soitis not symmetric.

aRband bR c = aRcwhich is true.

So, R is transitive,

Hence, correct answer is (b).

Let us define a relation Rin Rasa Rbif a2 b. Then R is
(@) an equivalence relation

(b) reflexive, transitive but not symmetric

(c) symmetric, transitive but not reflexive

(d) neither transitive nor reflexive but symmetric.
Here,aRbifa2b

= a R a = a 2a which is true, so it is reflexive.
LetaRb=>a2bbut b Za, so b K a

R is not symmetric.

Now, a2 b, b2 c= a2 c which is true.

So, R is transitive.

Hence, correct answer is (b).

Let A={1, 2, 3} and consider the relation

R={(1, 1), (2,2), (3 3),(1,2), (2 3), (1, 3)}, then R is
(@) reflexive but not symmetric

(&) reflexive but not transitive

(c) symmetric and transitive

(d) neither symmetric nor transitive.

Given that: R ={(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3)}

Revations ano FuncTions & 17
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Q34.

Sol.

Q3s5.

Sol.

Q3s6.

Sol.

Q37.

18
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Here, 1R 1,2R2 and 3R 3, so R is reflexive.

1R2but 2K 1 or2R3but 3 X 2, so, R is not symmetric,
1R1and 1 R2=1R3, so, Ris transitive.

Hence, the correct answer is (g).

The identity element for the binary operation * defined on

Q~{0}asa*b=% Vabe Q-~[0}is

(g 1 () 0 (c) 2 (d) None of these
Giventhat a*b= % Vabe Q- {0}
Let e be the identity element

ae
a*e=—2—=a=>e=2

Hence, the correct answer is (c).
If the set A contains 5 elements and set B contains 6 elements,
then the number of one-one and onto mapping from A to B is
(@) 720 () 120 () 0 (d) None of these
If A and B sets have m and n elements respectively, then the
number of one-one and onto mapping from A to B is
nlifm=n
andOifm#n
Here, m=5and n=6
526
So, number of mapping =0
Hence, the correct answer is (c).
Let A={l, 2, 3, .., n} and B = {g, ). Then the number of
surjections from A to B is
(@ "P, B 2n-2 (c) 2"-1 {d) None of these
Here, A=11,2,3, ..., n)and B={g, b}
Let m be the number of elements of set A
and 7 be the number of elements of set B
.. Number of surjections from A to B is
"C,xmlasn2m
Here, m =2 (given)
. Number of surjections from A to B="C, x 2!
n! [ = n(n —1)(n - 2)!
Am—2) " 2U(n-2)!
Hence, the correct answer is (d).

Let f: R — R be defined by f(x) = -31; V x € Rthen fis

(1) one-one (b) onto

x2 =n{n-1)=n?-n

NCERT ExempPLarR ProsLEMS MatHEMATICS—XII
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Sol.

Q38.

Sol.

Q39.

Sol.

Q40.

Sol.
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(c) bijective (d) fis not defined

Giventhat fix)= 1
Y
Putx=0 . _f(x)=%=

So, fix) is not defined.
Hence, the correct answer is (d).
Let f: R—)Rbedeﬁnedbyﬂx)=3x2—5andg:R—>Rby

gxX)= —— +1 , then gof is
3x2 -5 3x2-5
e — b —
@ 9x* —30x2 + 26 ® 9x* —6x2 +26
3x2 3x?
© ¥+2x2 -4 @ 9x% +30x2 -2
Here, f(x) = 3x% -5 and g(x) =
. gof = gof (x) = g[3x* - 5]
_ % -5 3x* -5
(32 -52+1 9yt 41253022 +1
_ 3*-5
- &f 9x% —30x2 + 26

Hence, the correct answer is (g).

Which of the following functions from Z to Z are bijections?
(@ fx)=2* (b) fix)=x +2

(©) fiy=2x+1 d) fix)=x2+1
Giventhatf:Z — Z

Letx, x, € fix) = flx))=x,+2, flxy)=x,+2
fix)=fix,) =2 x,+2=x,+2=2x =1,
So, fx) is one-one function.

Now,lety=x+2 ~x=y-2eZ VyeZ

So, f{x) is onto function.
. f{ix) is bijective function.
Hence, the correct answer is (b).
Le}f R — R be the functions defined by f{(x) = x*> + 5. Then
(x)is
{a) @+5B @) @-5" () G-0" @) 5-x
Giventhat fix)=x+5
Let y=x3+5 = x3=y-5
x=(y-5P = fI@)=@E-5"
Hence, the correct answer is (b).
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Q41. Letf:lA—)Bandg:B—)Cbethebijectiveﬁmctions.'Ihen
(3o 1is
(@) f-log~'  (b)fog € g %f! (@ gof

Sol. Here, f:A—>Bandg:B—>C

- (g0 = f~log" !
Hence, the correct answer is (g).
Qa2. Let f:R—{%}—)R be defined by f{x) = :“;, then
x_
@ f~Y(x)=fix) (b) f~1(x)=-fix)
© (of=-x @ =25
Sol. Giventhat fx) = 272 yypd
5x-3 5
Let _ 3x+2
5x—3
= y(5x—3) =3x+2
= Sxy-3y=3x+2
= Bxy—-3x =3y +2
= 2By —~-3)=3y+2
3y+2
= x= X
5y-3
3x+2
-1 = =
= @)= 53
= [ =fx)

Hence, the correct answer is (a).

Q43. Letf:[0, 1] [0, 1] be defined by f{z) = {1 5 J xisrational
Then (fof)x is
(@) constant ® 1+x
(©) x (d) None of these
Sol. Given that f: [0, 1] - [0, 1]
f=f
So, (fohx =x (identity element)
Hence, correct answer is (c).
Q44. Letf: [2, =) - R be the function defined by f{x) = 22 — 4x + 5,
then the range of fis
(@ R (6) [1, =) () [4, =) (d) [5, =)
Sol. Giventhat fix)=x*-4x+5
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Let y=22—dx+5
= x2-4x+5-y=0

~(~ D~ -4x1x(5-)
2x1
41,/16—20+4y

_ 4¢J43,_ 412\/_ 24y

Forrealvalueofx,y 1 20=>y21
So the range is [1, ),
Hence, the correct answer is (b).

‘Q45. Let f: N — R be the function defined by fix) = 2%
& : Q = R be another function defined by g(x) = x + 2 then,

= x=

~1 and

3).
(3
(a) 1 ®) -1 (©0 7 (d)None of these
_ 2
Sol. Here, fix)= gxz_l and g(x)=x+2
goftx) = gl(fx)]
= fx) +2
_ 2x-1 +2 = 2x+3
T2 2
2x§+3
3) - 2 __j
gOf(E 2
Hence, the correct answer is (d).
2x : x>3
Q46. Let f: R — R be defined by f{x) = {xz :1<x<3
3x: x51
then fi- 1) +2) + fi4) is
(a) 9 ¥ 14 () 5 (4) None of these

Sol. Given that:

3x : x<1

SN+ =3(-1) + 2P+ 24) =-3+4+8=9
Hence, the correct answer is (a).

2x ; x>3
fx)=1x2 :1<x<3

21
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Q47. Iff: R - Rbe given by fix) = tan x, then f~1(1) is

(a) E ® {mt+%:neZ}

(c) does not exist (@) None of these
Sol. Giventhat f(x)=tanx

Let fiy=y=tanx=x=tan"ly

= f i) =tan™! (x)

= fi1) = tan"t (1)

> - tan'l[tan (_}]] -z

Hence, the correct answer is (a).
Fill in the Blanks in Each of the Exercises 48 to 52.
Q48. Let the relation R be defined in N by aR b if 24 + 3b = 30. Then

............

Sol. GiventhataRb:2a+3b=30

= =30-2a
30-22

= b=
for a=3,b=8 3

a=6,b=6

a=9,b=4

a=12,b=2
Hence, R = {3, 8), (6, 6), (9, 4), (12, 2)}

Q49. Let the relation R be defined on the set
A=11,2,3,4,5}byR={(a, b): |a2 - B?| <8}. Then Ris given by
Sol. Given thatA={1,2,3,4,5}andR={(a, b): la*- b2l < 8}
So, clearly, R ={(1,1),(12),(2 1), 2 2),(23) (32,43

(3,4), 4 4, 5, 5)}
Q50. Let f=1{(1,2), (3, 5) (4 D} and g ={(2,3), (5 1), (1, 3)}. Then
8OF = cererernrrnnnes and fog = ..

Sol. Here, f={(1,2), (3, 5), (4 1)} and g =1(2, 3), (5, 1), (1, 3)}
gof(1) = gl =5(2)=3
gof(3) = glfi3)] = g(5) =1
gof(4) = glfidl=g(1)=3
R gof = {(1,3), (3, 1), (4, 3)}
fog(2) = flg(1=A3)=5
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fog(5} = flg3)]=f1) =2
fog(1) = fig(D]1=f3) =5

fog =1{(2,5), (5, 2), (L 5)}
Q51. Letf:R— Rbedefined by fix)= __X_ then
1+x2

Sol. Here, fix) = X vxeR
,f1+3r2

fofof) = foflfe)] = IS

el

\/1+Jc2

x
1+1+Jc2
i x
_ f \Il+1'2 - X
,/1+Jr"’+3r2 _,/1+2x2]
1+ 2

x
;}1+212 _ J1+2x __x
‘F* 2 | \/1+212+x2 J1+322
A 1+227 J1+2.-r2

Hence, fofof(x) = Jaxach

Q52. Iffix)=[4 - (x—7)°] then f~1(x) = oo
Sol. Giventhat fx)=[4-(x-7)%

Let y=[4-(x-7
= (x-7¥=4-y
= x-7=M4-yP = x=7+@-y)1?

Hencz, flx)=7+(@4-x)P
State True or False for the Statements in each of the Exercises
53 to 62.
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Q53. Let R={((3, 1), (1, 3), (3, 3)} be a relation defined on the set

Q54..

Q55.
Sol.

Q5é6.

Q57..

Q58.

24

Sol.

Sol.

Sol.

Sol.

Sol.

=
3.:55

A={1, 2, 3}. Then R is symmetric, transitive but not reflexive.

Here, R={3, 1), (1, 3), (3 3))

(3, 3) € R, so Ris reflexive.

(3, 1) € Rand (1, 3) € R, so R is symmetric.

Now, (3,1)e Rand (1,3)e Rbut(1,1) ¢ R

So, Ris not transitive.

Hence, the statement is ‘False’.

Let f : R — R be the function defined by

f(x) =sin (3x + 2) V x € R, then fis invertible.

Giventhat: flx)=sin(3x+2)VxeR,

fix) is not one-one.

Hence, the statement is ‘False’.

Every relation which is symmetric and transitive is also

reflexive.

Let R be any relation defined on A={1, 2, 3}
R=1{(1,2),(21)(23)(13)

Here, (1, 2) e Rand (2, 1) € R, so R is symmetric.

(1,2)e R, (2,3)e R=(1, 3) € R, 50 Ris transitive.

But(l,1)¢ R, (2,2)¢ Rand (3,3) ¢ R.

Hence, the statement is ‘False’.

An integer m is said to be related to another integer # if m

is an integral multiple of n. This relation in Z is reflexive,

symmetric and transitive.

Here, m=kn (where k is an integer)

Ifk=1 m=n,sozisreflexive.

Clearly z is not symmetric but z is transitive.

Hence, the statement is ‘False’.

Let A= {0, 1} and N be the set of natural numbers then the

mapping f: N - Adefined by fi2n -1) =0, (2n)=1,Vne N

is onto.

Given that A=[0,1]

f2n-1)=0 and fi2n)=1VneN

So, f: N — Ais a onto function.

Hence, the statement is “True’.

The relation R on the set A= {1, 2, 3} defined as

R={@1, 1), (1, 2), (2, 1), (3, 3)} is reflexive, symmetric and

transitive.

Here, R={(1,1),(12),(21),(3 3)

Here, (1, 1) € 2. so R is Reflexive,

(1, 2) e Rand (2, 1) € R, so R is Symmetric.
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- 59,
Sol.

Q60.
Sol.

Q61.
Sol.

Q62
Sol.
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(L2)e Rbut(2,3)¢ R
So, R is not transitive.
Hence, the statement is ‘False’.
The composition of functions is commutative.
Letflx)=x* and g(x)=2x+3
fog(x) = flg(x)] = (2x + 37 =422 + 9+ 12x

gof(x) = glf(x)] =2x%+3
So, fog(x) # gofix)
Hence, the statement is ‘False’.

The composition of functions is associative.
Letf(x)=2x,g(x)=x—1 and h(x)=2x+3
folgon(x)} = folg(2x +3)}

Ssfi2x+3-1)=f2r+2)=2(2x +2)=4x + 4.

and  (fog)oh(x) = (fog) (h(x)}
= fog(2x+3)
=f2x+3-1)=f2x+2)=2(2x +2) =4x + 4

So,  folgoh(x)} = (fog)oh(x)} = 4x + 4

Hence, the statement is “True’.

Every function is invertible.

Only bijective functions are invertible,

Hence, the statement is ‘False’.

A binary operation on a set has always the identity element.

‘¥ is a binary operation on the set N but it has no identity
element.

Hence, the statement is ‘False’.

QQQ
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2 Inverse Trigonometric
BB E Functions

| 2.3 EXERCISE |
B SHORTANSWERTYPEQUESTIONS .~ __ . =~ °
Q1. Pind the value of tan~! (tan 5%‘] + cos

5
Sol. We know that ?“e(—g,g) and —¢[0, 7]

.. tan”! (tan %EJ +cos™! (cos }%E)

{2 o oo 2]

Hence, tan™! (tan %’E)h:os'l(cos 13—“] =0

6
Q2. Evaluate: cos [cos“1 (~_TJ§] + -E]

6
Sol. cos|cos™! ﬂ +E
2 6

€Os |:T|: — COS

li

- :g+%] [+ cos}(-x)=m—cos 1x]

26
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Hence, cos[cos"l (__;Ej + %] =_1.

Q3. Prove that: cot (% -2 cot™! 3) =7,

Sol. L.H.S. cot [g— 2 cot™? 3)

- 11
- cot tan"l(l)-Ztan"lﬂ [-.-cot ly=tan 1;
le 2 -
= cot | tan”'(1) — tan™! 32 w2tan !y =tan 1=
; 1 1—x2_
| 3
_ g-
= cot tan‘l(l)-tan‘l%
! 9.
= cot [tan'l(l)—tan'I%
[ 13 1
= cot| tan”* 4 = cot| tan~} %
1+1x— -
L 4
= cot| tan~! 1] [ tal'l'l—l—=cot'1 x:l
L 7 x

= cot [cot~1 (7)]=7 RH.S.
Hence proved.

Q4. Find the value of tan~! (_T;)+ cot™! (%)+tan"1 [sm(%):l

(e (e (2]

INvERSE TRIGONOMETRIC FUNCTIONS 27


http://www.cbsepdf.com

www.cbsepdf.com

=—tan™! (—)Han'l (v3)+tan'(~1) l;an'l x=cot™! (;)

V3

T ®_-T 1 "]
673 1 1 [ =]
Hence, tan"l(:-l]+cot"1(i)+tan'1 sm(j) ==I
’ 3 J3 2 12
Q5. Find the value of tan~! tan%)
Sol. We know that 2% ¢| =% %
3 2 °2
- 21 af ( n)] _1( n)
tan ! tanZ= | = tan" | tan|t-= || = tan~ [ - tan =
an ( 3) i 3 3
= —tan_l(tang] ['.' tan_l(—x)=—tan_1x]
T ( T n]
=z ——€|l——,=
| 2 2
Hence tan'l(tang)=;1E
7] 3 3 -

Q6. Show that: 2 tan™ (~3)= ="+ tan”! [_74)
Sol. L.H.S. 2tan1(-3) = -2 tan"1(3)

oz o
= —Cos~ w? *2tan ! x =cos™! ! xz .
| 1+(3) 1+x
= —cos” (—1_9 -1(-8
- 1+9) % (10 »
(-4
- cos ?) = —-[n - cos™! (%):I = — 1l:+c05_1§

]

fury

-

[ay

1

3 14
—1l:+tan'1(—) [ 1= =tan’!
2 53

u:-lm
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T -1 3 -1 n ~1 ]
= —m+——cot 2 tan™'x=——
n > C (4) [ x 2 cot™ " x
=i_cot'l(g)
2 4
= _—u-tan'l(é) [ tan~! x = cot™? l}
2 3 x
- -1 4
= —+t -=| RH.S
2 3
Hence proved.

Q7. Find the real solutions of the equation

tan"! fx(x +1) +sin"! x? +x+1=g 1
Sol. tan™! fx(x+1) +sin™" yx® +x+1 =§
Let @=sin'Jx®+x+1
sin@= x* +x+1

. tme=——‘/f—+f—“ =,e=m-1[___~/r’+x+l]
—-X —-Xx

-X —-Xx

[- \/1'(1—""1)4‘ P +x+1

- x(x+1)

2rxel|
-1 —\JI(I+1) X\/_—xszl)'
-x(x+1)+,/—(x2+x+l)
- tan-! Ja(x+1)
1~y (2% +x+1)

2
So, m—l,/m+m-l[ X rxrl ’;"+1]=

= tan"l

N
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x2+Jr—,/-(x2 +x+1) — tan

Ll—‘f—(xz +x+1)]«ﬁc2+x
= -I—J—(xz +x+1)]\fx2 +x =0

=>_1—J—(x2+x+1)]=0 or V¥¥+x=0

Here, 1’— (Iz +x+1) ¢ R

2

N a
Q|

X*+Xx =
= x22+x=0 = x(x+1)=0
= x=0 or x+1=0 = x=0 or x=-1
Hence the real solutionsarex=0 and x=-1.
Alternate Method:

tan~! x(x+1)+sin'1\fx2+x+1 =
= tan lVx’+x = %—sin‘lxlx2+x+1

- - | a,_ &
= tan 'V +x =cosl,/x2+x+1 [sm x+cos x-—z—]

N|a

:cos’ll:——l——} =cos txt +x+1

,/1+xz+x

- _ 1
- tan~! x = cos} ]

J1+22

S S S
= Vet +x+1

= 2+x+1=1 =x2+x=0
= x(x+1)=0 =x=0 or x+1=0
x=0,x=-1

Q8. Find the value of the expression
sin (2 tan™" %) + cos(tan~1 2\/5)

Sol. sin (2 tan! %) + cos(l:axf1 2J§)
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1

_ 1
1—;—'(—?];]—2 + COS | COSs m
["tan'lx=cos"1[ 1 ]J
' J1+ 42
[ 2
= gin| tan™! ﬁ }+cos[cos'1(%)]
oo

=.'»§+l :1—: ['.'tan'l;r:sin'l—-——x ]

. 11 -1 _14
Hence,sm[Ztan §)+cos(tan Z\E)——lg.

n
Q9. If 2 tan~ !(cos 6) = tan™ (2 cosec 0), then show that 6 = 2

SoL 2 tan™}{cos 0) = tan~ (2 cosec 6)
_1{ 2cos® ‘
= tan | ——— = tan~1(2 cosec 6)
1-cos“8 )
~*2tan” ! x=tan™! a
2cos® 5 0 2c080 2
= 1-cos?@ cosect = sin’@ sin@
= cos 8 5in 0 = sin?

= cos8sin®-sin?0 =0 = sin B(cos O -5sin 0) =0
= sinB0=0 or cos@-sin®=0

= sinB=0 or l1-tan©8=0

= 0=0 or tan9 =1

= 0=0° or 0= % Hence proved.
Q10. Show that: cos (2 tan“1%)=sin(4 tan'léj

SoL L.HS. cos (2 tan~! ;)
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1
= COS cos 1 —42 s 2tan 1x=cos'11—xz
1+_1_ 1+x
N 49
[ 48] [ H124] 24
= Ccos|l 08 —|=c08|lcos "—{=—
L 50 25 25
. a1
RHJS. sin|4 tan 3
_ (2
x_
2x
= si il p—1 w2tan lx=tan 1 =—_
sin| 2 tan 1 { —
B \

4
| \9 /.
2xg
= sin | sin™! g‘ - 2tan" ! x =sin!
1+—
16 |
—Sin-sin—l-g?-] = _2_4_
| 25 25

L.H.S. = R.H.S. Hence proved.

. 13
Q11. Solve the following equation: cos (tan™x) = sm(cot ]—)

13
Sol. Given that cos (tan~'x) = sin(cot ]—)

= ccnslicos"1

iz =l

- tan"'x = cos™!

cot™ ! x =sin? [

32 ® NCERT ExempLAR ProeLems MatHEMATICS—XI]

1

1

1+2

+

V anERE—
_j
h

IZ

|

1+xz] )


http://www.cbsepdf.com

. www.cbsepdf.com

Cg 1 4
. Vi+x? 5
' Squaring both sides we get,

\/1+:u:2 +‘[I x? m.1
N —Jl—:r2 A Nl
" V1+22 +,/1-x’-
Sol. L.HS. tan
Vi+22 -J1-
Putx?=cos® .. 0=cos 1x2
J1+cose+\/1—c050:|

Q12. Prove that: tan_l[

tan-!
= [\/1+cose—\/1—cos(-)

= tan~! y2c0s?8/2 +425in?0/2 ['.'1+cose=2coszel2
J2c0s?8/2 -\2sin%0/2 || 1-cos®=2sin’0/2

[ cos0/2 +sin 06/2
| cos8/2—sin@/2

[1+tan@/2
[ 1-tan 6/2

= tan |tfan T8 1+fanb ta.n(-E+9)

e 2 "1-tan® 4 -
=>-;E+g =>:+;cos”lx2R_HS [Putting 6 = cos~1x7]
Hence proved.

= tan~!

= tan™’ ] [Dividing the Nr. and Den. by cos /2]
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Q13. Find the simplified form of cos™ (% cos x + % sin x),

where x € [d 3z E:I

4 "4
. _1(3 4
Sol. Given that cos Ecosx+gsmx
3
Put - =
z cos y

2 : 9 . 4
,fl—cosy=smy = 1—55 =siny = ¢ =siny

-1 3 4 . ~1 . .
5. COS Ecosx+gsmx = cos™ ![cos y cos x + sin y sin x]

=cos™ ! [cos (y—x)]=y-x

= -lé_ tan =_S._1Ii=é
tan 3 * [ y cos y 3]

Q14. Prove that: sin~’ 3 +sin”? 3 =gin
17 5

Sol. L.HS. sin™! 8 sin
17 5

2 2
a8 13 -lf_\ﬁ_(z) zJ_(_s_)
sin” S 4sin o = S et T5) T 17
8 9 3 64
- 8 h-23 h-B
SIt 17N T2 5N 289

= sin”!
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_163
Q15. Show that: sin'l%+cos'1% = tan Iﬁ

Sol. Letsin"l%=x = sinx =

N. tan (x + ) = tan x + tan y
ow (x y)_l tan x tan y
D5 4
= tan(x+y) = 125 3
1-2
12
_163
= x+y=tanlﬁ
-1 63
sin“l%ﬂ:os'l% = tan IE Hence proved.
Q16. Prove that; tan'l—!-+tar1'12 = Sin"l—l—
) 4 9 5
1.2
Sol. tan‘11+tan‘13=tan*14*9
4 9 1 2
1——x=
4 9
1 1 -1| x+y
[tan x+tan y=tan ( J]
1-xy
9+8
-1|_36 | _ tan-1| 1
AR - ¥ [34]
36 N
7 1
Let tan'l[—ll— =x
tanx~-1—7—l 2
34 2
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) 1
smix= —
5
a1 ., -1 1
tan~1= = sin”'—= RH.S
2 J5

1 2 1
Hence, tan” !~ +tan™' = =sin” —=
Y ) V5

1

“ll—tan

17. Find the value of 4 tan
Q ind the value o 5 239

—l-l-—tan_l—l—
5 239

- 2.[2 tan"%)—tan‘li-

Sol. 4tan

120
tan | =— |-tan
= (119)

[ 1200 1

] 1197239 | |tanlx—tan 'y =tan ' XL
Rl D - N [ e

Ll+ —

119 239

120 x 239 - 119 _1[ 28680 -119
- tan” | ——
[ 119 x 239 +120 28441+ 120
[ 28561 -1 T
= l=tan (==
L23561] M=%

Q18. Show that tan(-;- sin”

4+7 is ignored?

4-7
Sol. To prove that tan(% sin'l%) =3

L.l-I.S.Let%—sin“% =tan"10 [ tan (tan~16) = 6]

I
-

1§)=4_-_£

r 3 and justify why the other

value

36
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20
-1 -1 1 e=1
2 = 2tan Z =sin
= 0 = sin {1+92]
- -1 2x
2tan ' x=sin"1 =2
2 3 [ 1+xz}
= 5 =~ =3+36?=80
1+0 4
= 362-80+3=0
~(~B)t (-8 —4x3x3
= 0=
2x3
_8+/64-36 B8:\28 8247 2(41\/;)
- 6 6 6 6
417
= 0= 3
5= 4+7 4-7
3 3
4+47 .
6= 3 is ignored
3 =
Because — <sin"l-<Z=
use 172

Hence, ta.n(l i -1%)=_4_3‘/7

Q19. If a,, a, a,, .., a4, is an arithmetic progression with common
difference d, then evaluate the following expression

tan | tan™1 [ —% +tan~![ —4— \4tan-1[— 4 Fon
1+aa, 1+a,a, 1+a,a,

ttan [ —2
1+an—l'an

Sol. If a,, a,, a,, ..., a, are the terms of an arithmetic progression
cd=ay-a=a3-a,=a,—ay ...
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»tan|tan | 2750 tan [ 270 | pnt [ 228 ),
1+alaz 1+a2&13 1+a3a4

+tan_.1 Rl
1+a,_,.a,

= tan [(tan~! 4, —tan~1 a)) + (tan~ ! g; — tan 1 2)) + (tan? g, — tan 1 2,)
+..+(tanla, - tan"la, )]
l: tan’lﬂ=tan'1x—tan‘1y]
1+xy
= tan [tan g, - tan~1 a; + tan~ ! gy —tan~1 g, + tan~ ' g, - tan~ g,
+..+tanlg,~tanla,_,]
= tan [tan~' a2, - tan"14,]

= tan[tan‘l(f"—:-al]] = %5 "% [ tan(tantx)=1]
. 1+ﬂ'1a"

Choose the correct answers from the given four optlons in each of
the Exercises from 20 to 37 (M.C.Q.).

Q20. Which of the following is the principal value branch of cos™1 x?

(@) [ 5 g] ®) (©,m)
© 0.7 @ ©omn-{%]
Sol. Principal value branch of cos~! x is [0, nt). Hence the correct
answer is (¢).
Q21 Wluch of the following is the principal value branch of
cosec 1 x?
@ (F5) @ 0.0-{2]
TR -1 7
@ |73 @ |[53]-w

Sol. Principal value branch of cosec! x is
[ 2" ’2‘] {0} as cosec (D) = o (not defined).
Hence, the correct answer is (d).
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Q22. If 3 tan~ ' x + cot™! x ==, then x equals

1

(@ 0 ® 1 (¢) -1 (d) 2
Sol. Giventhat 3tan"!x+cot-lx=n
= 2tan- lx+tan " x+cot-lx=7

= 2tan”1x+g=1t [-:tan"‘x+cot‘1x=;:|
T T
= 2tan"ly= T-~ = 2fan"lx=—
2 2
= tan'1x=-:— = tan~lx=tan"1(1)
x=1

Hence, the correct answer is (b).

Q23. The value of sin™’ [cos (—si—n):l is

n

3n ~7n n -
@ (b) = © e @ T
Sol, sin'l[cos (%)] = sin” _cos (6n+%’£)]

= sin™! cosss—n] [ cos (2n% + x) = cos x]

o -1 (Tl: :l
= sin
2710

= sin'1 —sin — ] '.'cos(£+9)=—sin9:|
| 10 2

sin'l[sin (_—”)] L]
10 10

Hence, the correct answer is (d).
Q24. The domain of the function cos~1(2x - 1) is

(a) [0, 1] & -1,1] (0 L1 (@ [0n]
Sol. The given function is cos™1(2x - 1)

Let fix) = cos™1(2x - 1)

-1€2x~-1<1 =2-1+1<s2x<1+1

0<2x<2 =0<xx1
.. domain of the given function s [0, 1].
Hence, the correct answer is ()

[~

Inverse TRIGONOMETRIC FUNcTiONs B 39



http://www.cbsepdf.com

www.cbsepdf.com

Q25. The domain of the function defined by f(x)=sin"! =1 is
‘@ML2 ¢ L1 ()01 () Noneofthese

Sol. Let fix) = sin”! fx-1
'.',[x—IZO and -1<Jx-1<1

=05x-151 = 1€152 = x€[L2]
Hence, the correct answer is ().

Q26. If cos.[sin'1%+cos'lx]=0, then x is equal to
1 2
@) 3 &) - () 0 (@ 1

. -12 -
Sol. Given that cos|:sm ]§+cos lx] =0

.12 -
= sin 1-g+cos lx =cos™1(0)
., 12 - - -
= sin = +coslx = x = sin‘lg=——~<(:os 1y
5 ) 5 2 =
PR . . - — n
= sin lg =sin!x [+ sin~! x4+ cos 1x=-i:|
2
= x==
5

Hence, the correct answer is (b).
Q27. The value of sin [2 tan~1 (0.75)] is equal to

() 0.75 (b) 1.5 (c) 0.96 (d) sinl.5
Sol. Given that sin [2 tan~! (0.75)]
= sin 2tan"§}
L 4
%3
= sin|sin"! —2 ['.'2mn'1x=sm'1 2x :|
9 1+x2
1+ =
16
3
e -1 2 | g . -1%}
= $in| sin g _sm[sm 25
16

= sin [sin~! (0.96)]
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= {1.96
Hence; the correct answer is (c).

Q28. The value of cos™! (cos %EJ is eqﬁal to

L 3n 51 Vg
@5 ® @y @3
3n L
Sol. -1 E) 2 20 e —g[0,n]
o cos (cos2 5 2
= cos™! [cos (ﬂ:+§):| = cos'l[— cos %] = cos~! [0]=g
Hence, the correct answer is (a).
Q29. The value of expression 25ec"22+sin“1(—;-) is
T 5n n
- b = == 1
@ 2 ()16 (©) P @
Sol. 2sec”!2+sin" = = 25ec‘1(sec£)+sin'l( i E)
2 3 6
mT. T 2t m 5m
=2-+- =242
3 6 3 6 6
Hence, the correct answer is (b).
Q30. If tan"1x+tan“1y=4?n, then cot 1 x + cot~! y equals
n 2r 3n
(a) 5 ® 5 (©) E @) =
Sol. Given that tan~!x + tan~ly = 5
® ot x4 Eecotly = 2B I:'.'tan“11+cot'1x=£]
=>2 cot Jc+2 cot "y 5 2
4
= w-(cotlx+cotly) =A?1:_
= cot'lx+cot'1y=n—4—n
= cot'1x+cot'1y-=g

Hence, the correct answer is (a).

. =1 2q -1 l—az _ -1 2x
Q31 1t sin (1+a2J“°s [1”2}‘““ (1_12]'

wherea, x € ] 0, 1, then the value of x is

2a
@0 ® 3 @a @
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Sol. sin! [——1 iaaz)ﬂ:os'l(—»i;i) = tén'l(—l fxxz)

= 2tan"lg+2tan"la=2tan 1x

2x 1-2 2x
2 tan” !l x =sin~! =cos ™} an™!
[ 1+° 1+2 1-x
= dtan-lg=2tan 'x = 2tan"la=tanlx
1 2a 2a
= tan"' —— =tan'x =1=7"5

Hence, the correct answer is (d).

Q32. The value of cot [cos (%)il is

25 24 7
wE wT 0x @y
Sol. We have, cot [cos'l(l]]
25 25
17 24
].:et cos '23 = e 9
0 1=> t0 7 7
cos 5 col Y
- cot [cos'1 (1)] = cot [c:ot'1 (1)] = j—
25 24 24
Hence, the correct answer is (d).
1 2
33. The value of jon tan|—cos" 1= is
Q e value of expression [2 J_ Jg:‘
5+2
@ 2+45 &) 5-2 (© @ 5+2
Sol. Weh tan[lcos-li]
ol. We have, > 7
lcos'lmz—
Let 0= 2 5
= 20=cos ' -= = 0= =
NG c0s20= =
1-tan’6 2 ncosze_l—tanze
= 1+tan’8® 5 ) 1+tan’ @
= 2+2tan?0 = 5 —/5tan 0

=5 tan?0+2tan?8 = V5 -2 = (V5+2)tan?0 = V5 -2
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a2 = J5-2
= ~J5+2
g (B-20B-2) (o)
= = = =
(V5 +2)(v5-2) 5-4
= tan9=i(~/§-2)
= tan6= 5-2, [—(JE—Z)isnotrequired]
Hence, the correct answer is (b).
Q34. [flxlsl,ﬂ\enZtan“lx+sin'l[lzx2) is equal to
+x
@ 4tanlx ()0 @3 @
-1 . 1 2x
Sol. Here, we have 2 tan™ " x + sin
1+x%
-1 . -1 2x
=2tan lx+2tan-1x [Ztan x=sin 2}
1+x
=4tanlx

Hence, the correct answer is (a).

Q35. If cos™ o+ cos™* B+ cos™! y=3m, then oB +7) + B(y+ o) +Y(cu + )

equals
@0 &1 ) 6 @) 12

Sol.We have cos~la+cos!B+cosly=3n

= cosla+cosiB+cosly=n+m+m

= cosla=mcosiB=n and cosly=x

= a=cosmPB=cost and y=cosm

& a=-1,p%-1 and y=-1

Which givesa=f=y=-1

So  off+y)+p(y+a) +Ya+B)

= (—1)(—1—1)+(—1)(—1-1)+(—1)(—1—1)

= EDEDHEDED+H(-1)-2) =242+42 =6

Hence, the correct answer is (c).
Q36. The number of real solutions of the equation

JI1+cos2x =+/2 cos !(cos x) in [g, 1:] is
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@) 0 ®) 1 © 2 (d) infinite

Sol. Wehave [T+cos2x =<2 cos '(cosx)
= \/Zcos x =2x [+ cos 1 (cosx)=1x]
= J2Zcosx = V2Zxr = cosx=x

Which does not satisfy for any value of x.
Hence, the correct answer is (d).
Q37. If cos™! x >sin"1 x, then

1 1
—=<x=51 b 0Ssx<—
(@) 72 x ) ®) 2
(C) —15x<$ (d) x>0
Sol. Here, given that cos™! x >sin™!x
= sin [cos™! x] >x

= sin[snlf1-#] > = JI-2 >x
= x< \/1—12 = x2<]1-x2 = %<1

1 1
o +—
= 12<2=>x< =

Weknow that-1<x<1

1
-l€x<—.
50 ;)

Hence, the correct answet is (c).
Fill in the Blanks in each of the Exercises 38 to 48.

Q38. The principal value of cos™ 1 (— —;—) - S

Sol. Let cos'l(—l) =x = CosX=-—-—

= cOS COS(—-E) = COSX= éos(n—ﬁ) COSE-E
05 % 3 08 = 3 3

2n
= —e[0,
x 3 e[0, =]

Hence, Principal value of cos'](- %)=—2§E
Q39. The value of sin'l(sin %E)  1- JOOS
3n 3n 3n [-n =
w sfnd) ok w22
ol. sin” | sin = 5 as 56 2’2

~1 31:) el e ( 21:)
—_— = SINn wT——
So sin (sm 5 sin -
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Hence, the value of sin™’ (sm _.) =<2

Q40. If cos (tan“l x+cot™} J§) =0, then value of X iS ....c.eeorun....
Sol. Given that

cos [tim'1 x+cot™! J§] =0

= tan ! x +cot"! /3 =cos1(0)
T
= tan"'x +cot" 13 -=“:z“
T _
= tan"'x= - -—cot '3 [°.'tan’]x+cot“1x=g]

= tanlx= tan '3 = x=3
Hence, the value of x is 3.

Q41 The set of values of sec”! [l) 1S

2
11 1
Sol. Let sec 1(5) =x = secx=7
1
Since, the domain of sec-'xisR-{-1,1}and -€R-{-11},

2
Hence, sec™! (%) has no set of values.
Q42. The principal value of tan™' 3 i8 .cccccoccrrren.
-1 43 = m—l(mﬁ)J (-_" 5)
Sol. tan"!y/3 3,)°3 € 2’7
Hence the principal value of tan™' /3 is g
Q43. The value of cos™! (cos 14T1:) -SRI

Sol. cos! (cos 14—“) = cos'l[cos (511: —E)]
3 3
_ cos! kL | _x
= COS [cos( 3 )] = CoS [cos (1!: 3)]
_ cos~! 2_n]_2_n
= COS [cos 3|73 €[0, w]
_ 14
Hence, the value of cos 1l:cos Tu] = %—;i
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The value of cos (sin~ 1 x +cos 1 x), x| S11is ccerveirrurcccnnce

. ] ] Va1 _1 T
cos[mn‘lx+cos‘1x]=cosi=0 [Sm X +Cos x=5:|

Hence, the value of cos (sin"1 x + cos"1x) =0.

. 1 -1
+ 3
Q45. The value of expression tan(sm xzcos x]‘ when x = 3{2—_-
- JORORN
1 -1
Sol. tan[sm x-lz-cos x)=tan(.;£)=1 [ sm“1x+cos"1x=—}
Hence, the value of the given expression is 1.
Q46. Ify=2tan ' x +sin! Zx for all x, then ..... <y <......
1+2%
2x
Sol. = 2tan" ' x +sin”! ‘
Y 1+22
= y=2tanlx+2tanlx
|:°.'sin"1( 2’;2]=2tan'1x}
= y=4tanlx A1+

Q47.

Sol.
Q4s.
Sol.

State

- T -1 T
—<tan "x<—
Now 2 )
n -1 n
= —4><E<4tan x<4x5 = -2m<y<2n
Hence, the value of y is (- 2r, 2x).

1 Xx—Yy !
The result tan~! x — tan~1y = tan 1[1+:yJ is true when value

The given result is true when xy >-1.
The value of cot~! (- x) for all x € R in terms of cot™! x is ..........

cot l(-x)=m—-cotlx,xe R [ ascot ! (—x)=n—cot1x]
True or False for the Statement in Each of the Exercises

49 to 55.

Q49.

Sol.

Q50.
Sol.

46

All trigonometric functions have inverse over their respective
domains.

False.

We know that all inverse trigonometric functions are restricted
over their domains.

The value of expression (cos™! x)? is equal to sec? x.

False.
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We know that cos~1 x = sec l[l);tsecx
x

So (cos~1x)? # sec? x _

Q51. The domain of trigonometric functions can be restricted to any
one of their branch (not necessarily principal value) in order to
obtain their inverse functions.

Sol. True.
We know that all trigonometric functions are restricted over
their domains to obtain their inverse functions.

Q52. The least numerical value, either positive or negative of angle ©
is called principal value of the inverse trigonometric function.

Sol. True.

Q53. The graph of inverse trigonometric function can be obtained
from the graph of their corresponding trigonometric function
by interchanging x and y axes.

Sol. True.
We know that the domain and range are interchanged in
the graph of inverse trigonometric functions to that of their
corresponding trigonometric functions.

Q54. The minimum value of 1 for which tan"1%>§, n € N is valid

is 5.
Sol. False,
T
Given that tan_lzl- > —
T 4
= sl 5 25y
T 4 T
= n>w = n>3.14

Hence, the value of n is 4.

Q55. The principal value of sin™! [cos (sirr1 %J] is %
Sol. True.

L
3
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Matrices

|33 EXERCISE'J
B [ SHORT ANSWER TYPE QUESTIONS

Q1. If a matrix has 28 elements, what are the possible orders it can
have? What if it has 13 elements?

Sol. The possible orders that a matrix having 28 elements are
(28x1,1x28,2x14, 14 X2, 4 x 7, 7 x 4}. The possible orders

of a matrix having 13 elements are {1 x 13, 13 x 1}.

a 1 x

Q2 Inthematrix A={2 3 x*-y|, write:
0 5 -2
5

(i) The order of the matrix A (if) The number of elements
(iii) Write elements a,,, a3, 4,
Sol. (i) The order of the given matrix Ais3x 3
(i7) The number of elements in matrix A=3x3=9
(iif) a;=the elements of ™" row and) column.
50 Ay =x%~y, a3 =0,a,=1.
Q3. Construct 2, , matrix where-

._2.2
0 =2 @ ay=|2ie3
Sol. Let A=|ia11 au]
i1 2y
s 2
() Given that a; = G-2y
2
_(1-2x1?* 1 (1-2x2* 9
._._—_=_;u12=:_,____________=_
2 2 2 2
_e-2xy? @2 2x2)°
2 - 2 -


http://www.cbsepdf.com

www.cbsepdf.com

(i) Giventhat ;= |-2i+3j|
11~ |&2x1+3XII=1; = |—2X1+3X2|=
;= |-2x2+3x1=-1;ap=|-2x2+3x2|=

1 4]
Hence, the matrix A = -1 2]
Q4. Construct a 3 x 2 matrix whose elements are given by
ay =e"sm;x
41 A
Sol. Let A= y @y
I %33y,
Given that a; = e sin jx
a4, =e*sinx @y, = € sin 2x
4y = eZsinx &y, = € sin 2x
4y = e sinx 3, = €% sin 2x

e*sinx e*sin2x
Hence, thematrix A —| 2%ginx ¢ sin 2x

S sinx ¢ sin2x

Q5. Find the values of a and b if A = B, where

A=[a+4 3b] B=[2a+2 bz+2]

8 -6 8 B -5b
Sol. Giventhat A=B
a+4 3] _[2a+2 b +2
= [8 —6]_ 8 b2—5b]

Equating the corresponding elements, we get
a+4=23+2, 3b=b+2 and b -5b=-6
= W-a=2, BP-3b+2=0, B-5b+6=0

a=2
P-3b+2=0 s B -5b+6=0
P-2b-b+2=0, P-3b-2b+6=0

b(b-2)-1(®-2)=0, = bb-3)-2(b-3)=0
(t-1)(-2) =0, = G-2)(b-3)=0
b=12|=> b=223
but here 2 is common.
Hence, the valueof a =2 and b =2,

S I A
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Q6. If possible, find the sum of the matrices A and B, where
A= 1 g Bf* ¥
2 3 a b 6

Sol. The order of matrix A =2 x 2 and the order of matrix B=2x3
Addition of matrices is only possible when they have same
order. So, A + B is not possible.

7.¥x=|3 1 -1 =[2 1 -1 find
Q x[s-z—a]‘“‘dY[7z4'

@ X+Y (i) 2X-3Y
(i) A matrix Z such that X +Y + Z is a zero matrix.

Sol. Gi that X=| > 1 -1 dY—Zl'l
oL Latven “ls -2 ~3| T Y77 2 4

3 1 -1][21 -1
th X+¥= [5 —2 -3]+[7 2 4]

_[3+2 1+1 -1-1] |5 2 -2
5+7 ~-2+2 -3+4 12 0 1

3 01 -1] 21 -1
(i 2x‘3Y=2[5 -2 _3]—3[7 2 4]

[2x3 2x1 -2x1] [3x2 1Ix3 -1x3
2x5 -2x2 —2x3]_[3x7 3x2 3x4]

6 2 -2] [6 3 -3
"0 -4 —6]_[21 6 12]

[6-6 2-3 -2+3 0 -1 1
[10-21 —4-6 4-12]“[-11 -10 -18]
(ii) X+Y+Z=0 .

R R

a b c
whereZ=[d . f]

3+2+a 1+1+b -1-1+c¢ 0
= 5+7+d -2+2+e -3+4+f| |0

5+a 2+4b -2+c 0
= 12+d e 1+f 0

o O O O
oo
| I |
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Equating the corresponding elements, we get
5+a=0 = a=-5 2+b=0 = b=-2, -2+¢=0 = ¢=2
12+d=0 = d=-12, e=0, 1+f=0 = f=-1

-5 -2 2
Hence, the matrix Z=[ ]

-12 0 -1

Find non-zero values of x satisfying the matrix equation:

2x 2 8 5x (*+8) 24
x[a x]+2[4 u]"z[ (10) 6x}
The given equation can be written as

22

8 8

3x x? 20

ZxJ+[16 IOx] ) [(21»2 +16) 48]

12x

22 +16 12 =[2::2+16 48]
[3x+8 x2+8x} 20 12x
Equating the corresponding elements we get
12x = 48, 3x+8=20, x2+8x = 12x
- x=%=4, 3x=20-8=12, = x2=12x-8r=4dx
x=4, = x2-4x=0
x=0,x=4
Hence, the non-zero values of x is 4.
01 [0 -1
IfA=[1 1]andB=1 0], show that
(A+B)(A-B)#A2_B2
. 0 1] 0 -1
G1ve:r1|:l'1atA=l:1 ljandB=[l 0]
[0 1 0 -1
A+B=_1 l]+[1 0]
[0+0 1-1 00
= A+B=11 1+0] = A+B=[2 1]
fo 1] [0 -1
A—B=_1 1}'[1 0]
[0-0 1+1 0 2]
= A-—Br--l_1 1_0] = A—B=[0 IJ
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_..(A+B)‘(A_B)=[o 0][0 2]=[0+0 o+o]=[0 0]
2 1}j0 1 0+0 4+1 05
Now, RHS, = A2-
A-A- B B
0 1 0
0+1 0+1 0-1 0+0
[0+1 1+1] [0+0 —1+0]
11 1) 1+1 1-0 21
) [1 2]'[ 0 -1] [1—0 2+1] [1 3]
0 0 21
Hence, 0 5]¢[1 3]
Hence, (A+B) . (A-B) # A2— B?
Q10. Find the value of x if

(13}

1 3 2|1
[1 x 1]|2 5 1{|2(=0
15 3 2|«
1 3 2|1
Sol. Giventhat[1 x 1]|2 5 1||2|=
15 3 2||x

= [1+2x+15 3+5x+3 2+x+2]|2|=0

1]
= [2x+16 5x+6 x+4](2|=0
I_

= [2x+16+10x+12+x2+4x] = 0; = 2%+ 16x+28=0

=  22+14r+2r+28=0;= x(x+14)+ 2(x +14)=0

= (x+2)(x+14)=0; x+2=0 or x+14=0
x=-2 or x=-14

Hence,thevaluaofxare—Zand -14.

3 3] satisfies the equation A2—3A-71=0

QIL Show that A=[_1 I
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and hence find AL

Sol. Given that A=[_? _ﬂ
Al=A.A ]

[ 5 3]f5 3|_.[25-3 15-67_[22 9

-1 -2|{-1 -2| [-5+2 -3+4| [-3 1
A2_3A_7I=0

2 9 3
LHS. -

5 1] 3 z] 7[ i

2 9 7
= |-3 1|7[-3 -6]7]0

22-15-7 9-9-0 0 0
= |-3+3-0 1+6-7 0 o RES
We are given A2-3A-71=0
= A1[A2-3A-7T] = A"1O

[Pre-multiplying both sides by A-]
= A1A.A-3A1.A-7A11=0 [A70=0]
= I-A-31-7A-11=0
= A-3[-7A7 =0
= 7Al=3]-A
- A—1=.i7[31-A]
1( 10 5 3
_1=_ -

= AT _3(0 1) (-1 -2

1f(30y(5 3
T —7|lo 3} (-1 -2
1[3-5 0-3] 1[-2 -3
T -7lo+1 342|771 5

Hence, A1= — 1|2 7
' 711 5

Q12. Find the matrix A satisfying the matrix equation:

5 2J2[ % o 1]
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Sol. L A[a b]
ol. Let A=
¢ d2x2

£
[

[2 1] [a b] [—3 2] (1 0
3 2fkale dhyal 5 3L ) 0 1.,
[2a+c 2b+d] [—3 2} [1 0]
= 32+2c 3p+2d|, | 5 -3|, , [0 1],
-6a-3c+10b+5d 4a+2c-6b-3d] [1 0]
= [-9a—6c+15b+10d 6a+4c—9b-6d] 0 1]
Equating the corresponding elements, we get,
—6a-3c+10b+5d =1 (1)
92— 6c+15b+10d = 0 w(2)
da+2c-6b-3d=0 «(3)
6a+4c—9b-6d =1 (4

Multiplying eq. (1) by 2 and subtracting eq. (2), we get,
—12a—?/+20b+10 =2

9 — Gc +15b + 10d = 0O
) ¢ 6 66
- 3a + 5b =2
-33+5b=2 (D)

Now, multiplying eq. (3) by 2 and subu-acting eq. (4), we get

82 + 4c/- 12b - 6d
6a+ - 6% - =1

G (+) ™
2a - 3b =-1
23-3b=-1 «(6)
Solving eq. (5) and (6) i.e.,
-32+5b=2
2-3h=-1
2% (~3a+5b=2) = -62+10b= 4
3x(22-3b=-1) = 62— 9% =-3
Adding b= 1
Putting the value of b in eq. (6), we get,
2-3x1=-1
=>2t13=—1=>2031=>2112
a=1

Now, putting the values of # and b in equations (1) and (3)
—-6x1-3c+10x1+5d =1
= -6-3c+10+5d =1
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= =3c+5d+4=1 = -3c+5d=-3 (7
and from eq. (3)

4x1+2c-6x1-3d=0; = 4+2c-6-3d=0
= -2+2¢-3d=0 = 20-3d=2 .(8)
Solving eq. (7) and (8) we get,
2x(-3c+5d=-3) = —6c+10d =-6
3x(2c—3d=2) = 6c— 9d= 6

Adding d= 0

Putting the value of 4 in eq. (8) we get,

20-3x0=2 = 20=2=>c=1

Hence, A=|}1 1 .
t 0]
4 [-4 8 4
Q13. Find A, if |1|A=[-1 2 1
3 -3 6 3
4 -4 8 4
Sol. Orderof 1| is3x1landorderof [ -1 2 1| is3x3.So, the
3 -3 6 3
order of matrix A mustbe 1 x 3.
LetA=[z b ¢},
4 [-4 8 4]
33)(1 _-3 6 3J3x3
da 4b 4c] [-4 8 4]
= a b c|=|-121
32 3 3c -3 6 3
Equating the corresponding elements to get the values of 2, b
andc
42 = -4, 4b = 8, dc=4
. a=-1 &S b=2 ne=1
Hence, matrix A=[-1 2 1]
3 4 212
Q4. IfA=|1 1 mdB=[1 ) 4], thenverify(BA)ZaeBZAz.
2 0
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Q15.

Sol.
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-4

212
Here, B=[ ] andA=]1 1
1 2 42x3 2 0

L x2

6+1+4 -8+1+0] 1n -7
BA=134248 -4+2+0), , “BA=|13 2

1 =711 -7
LHS. (BA)’=(BA)'(BA)’=[13 -2][13 —2]

121-91 —77+14 30 —63
= 143-26 -91+4 |~ |117 -87

) [2 1 z] [2 1 2]
RH.S. B2=B-B= .
124} |12 4},

Here, number of columns of first i.e, 3 is not equal to the
number of rows of second matrix i.e., 2.

So, B2 is not possible. Similarly, A? is also not possible.
Hence, (BA)? # B?A?

If possible, find BA and AB, where
sl 126 s
ST o2 4T
- 1 2
; :13 212
BA = 12 4],
Ll 23)(2
[8+1 4+2 8+4 9 6 12
BA=14+3 2+6 4+12 =|7 8 16
L2+2 1+4 2+8 . 4 5 10 33

w197 [A1
Now AB=|1 , 4| |23

2x3
12 3x2

[8+2+2 2+3+4 12 9
(4+4+4 1+6+8), " |12 15| .
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12 9
Hence, BA=|7 8 16 mdAB=[12 15]_
4 5 10
Q16. Show by anexamplethat forA20Oand B#0O,AB=0,
Sol. LetA=[_} andp= [1 1]
AB [ 1 -1
-1
[ 1-1
= AB=| 141 —1+1
H A= 1 dB=
enee " -1 1Em ‘11
1 4
. 2 40 o,
Q17. GivenA= andB={2 8|.Is(AB)Y=B'A?
396
13
L x
Sol. Here, A=|2 4 0 B=|2 8
396
-l 3-
-
2 4 0 ; :
AB=l3 g ¢
- 1 3
[2+8+0 8+32+0 10 40
T [3+18+6 12+72+18[ 7|27 102
L.HS. (ABY 10 27
HS(AB=1 5 102
' 1 4
Now B=|7 g| = B’=[; g ;]
13
2 4 0 23
A=396] = A'=[4 9
0 6
R
RHS. BA=|, ¢ 5
- 06
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Q1.

Sol.
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“l8+32+0 12+72+18| |40 102
Hence, L.H.S.=R.H.S.

Solve for x and y: x[2]+ [3]+[—8]=0
¥¥1]"Y 5] |-
oo o} 3]
1 5 11
2 3 -8
L.H.S. x[1]+y[5]+[_11] =0
2x| [3y 2x+3y-8 0
- [F e =[5l b
Comparing the corresponding elements of both sides, we get,
2x+3y-8=0 = 2r+3y =8 (1)
x+5y-11=0 = x+5y=11 «(2)

Multiplying eq. (1) by 1 and eq. (2) by 2, and then on
subtracting, we get,

2+8+0 3+18+6 10 27
| [ Zevas

2r + 3y = 8
2r + 10y = 22

06 6
-7y =-14

y=2
Putting y = 2 in eq. (2) we get,
x+5x2=11 =2x+10=11
x=11-10=1
Hence, the values of x and y are 1 and 2 respectively.
If X and Y are 2 x 2 matrices, then solve the following matrix
equations for X and .

x+3y=|2 > ,3X +2Y = -2 2
40 1 -5

Given that:
12 3
2X+3Y = [4 0] (1)

-2 2
3)(+2Y=[ ] _5] w(2)

Multiplying eq. (1) by 3 and eq. (2) by 2, we get,
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2 3 _ 6 9
3[2X+3Y]=3[4 0 = 6x+9y=[12 0] w(3)

-2 2 -4 4
2[3X+2Y] = 2 1 5| = 6X +4Y = 2 —10 w(4)

On subtracting eq. (4) from eq. (3) we get
6+4 9-4
={12--2 0+10]
10 5 2 1
=[10 10] = Y=[2 ZJ
Now, putting the value of Y in equation (1) we get,
121 2 3
ey o [0 ]

= 2lg -] ol ]

2-6 3-3
= 2X = [4—-6 0—6J = 2X= ]
1{-4 0 -2 0
= X= 5[-2 na] = Xz[—l -3]
Hence, X = [ ~2 OJandY=l:2 IJ.
1 -3 2 2
Q20. If A=[3 5],B=[7 3], then find a non-zero matrix C such
that AC=BC,
Sol. Giventhat: A=[3 5] ,,B=[7 3] ,
B
Let C= Bl,.,

=]

AC= 3 5]1)(2 [ﬁl 1 =[3a + 58]

BC=[7 3], m =[7a +3p]
2x1
AC =BC (Given)
= [3o +50] = [7a + 3]
= 3a+5B = 70+ 38
MATRICES 59



http://www.cbsepdf.com

www.cbsepdf.com

= 30— 70 = 38 - 5B
= -40 = -2f
a _1
B 2

So, let = K and p = 2K, K is some real number.

H trix C= K K K etc
ence, ma = 2K A or K 2K .
x1 2x2

Q21. Give an example of matrices A, B and C such that AB = AC,
where A is non-zero matrix, but Bz C.

10 1 2 1 2
Sol. Let A=[0 0],B=[2 O]andC=|:2 2]
AB=[1 0][1 2]=>AB=[1+0 2+0]=[1 2]
0 01:2 0 0+0 0+0] j0O O
AC=[1 0][1 2]=[1+0 2+0]=[1 2]
0 0fj2 2 0+0 0+0 00
Hence, AB = AC for matrix A is non-zero and B = C.

n wa=| ! 2|B=2 3 ac=|*?
a wny Joofs Lol

verify: (i) (AB)C=A(BC) (i) A(B+C)=AB+AC

, 12 2 3 10
Sol. Given that A=[_2 1],B=[3 —JandC:l:“l 0]

() To verify: (AB)C = A(BC)

apo | 1A 8] 2+6 3-8] [8 -5
T |-2 1|3 -4] |-4+3 -6-4] |-1 -0
LHS.
8 -5|[10 8+5 0+0] 13 0
AB)C=1_1 _10][-1 o] 7|-1+10 0+0[7|9 ©
2 3] 1 0] [2-3 0+0] [-1 O
BC = = =

|3 —4[{-1 0 3+4 0+0 7 0

RHS.

asero | L 2|1 O] [ 0+0] 13 0
BO=1_2 1] 7 o] 247 0+0]7[9 0
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LHS. = RHS.
So, (AB)C = A(BC)

(i) To verify: A(B+C)=AB+AC

2 3] [10
LHS. B+C =‘3 _4]+[_1 0]:
241 340] [3 3
" |3-1 -4+0]=[z -4]
T 1 2][3 3]
LHSAB+Q) =|_, 1][2 4]
[ 3+4 3-8 [7 -5
" |-6+2 —6—4_=[—4 -10]
1 2][2 3]
RHS. AB =| , 1][3 "
" 246 3-8] [8 -5
T |-4+3 —6—4_=[—1 —10]
T 12][10
AC =12 1][—1 0
[ 1-2 0+0] [-1 0
“|-2-1 0+0]=[-3 0]
8 -5] [-1 0] [ 8-1 =-5+0
RHS. AB+AC=|_4 —1o]+[—3 o]=[—1—3 —1o+0]
7 -5 !
=[—4 -10]
LHS. = RHS.
Hence, A(B+C) = AB + AC
[(x 0 0 a 00
Q23. If P=(0 y 0|andQ=(0 & 0|, prove that
0 0 2 00 ¢
[xa 0 O
PQ=(0 yb 0|=QP
[0 0 =z
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x 00 a 00
Sol. Giventhat: P=(0 y 0jandQ=|0 & O
0 0 z 00 ¢
[x 0 0][a O O
PQ={0 y ollo b 0
00 zjl0 O ¢

[xa+0+0 0+0+0" 0+0+0
PQ={0+0+0 O0+yb+0 0+0+0
| 0+0+0 0+0+0 0+0+z
[xa 0 O
0 yb O
[0 0 =z
00
b O

N

[ a x 00
Now QP=|0 0y o
[0 0 ¢]|0 0 z
[xa+0+0 0+0+0 0+0+0
QP=|0+0+0 O+yb+0 0+0+0
| 0+0+0 0+0+0 O0+0+2zc

[xa 0O O
QP=|0 yb O
_0 0 2c |
Hence, PQ=QP.
-1 0 -1]['1
Q24. If[2 1 3]|-1 1 0| 0[=A findA.
01 1]{-1]
. -1 0 -1 1
SolL Giventhat:[2 1 3][-1 1 0| 0|=A
01 1f-1
-10 1 1
LHS. [21 3] ,[-11 ©
0 1 1 x3 -1 3x1
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1
= [-2-1+0 0+1+3 -2+0+3]1x3[ ol
-1 x1
1
= [—3 4 1]1)(3 0
-1 x1
= [-3+0-1),, =[-4],,
Hence, matrix A = [-4]

5 3 4] -1 2 1
B-If = = = s
Q25. f A=[2 1],B [s 7 ¢|mdC [1 0 2}

verify that A(B + C) = (AB + AC).

Sol. Giventhat: A=[2 1,B=|> > *lanac=[1 2 !
enthat: A=[2 1].B=\g 5 ¢|™9C=| | o of

53 4] [-1 2 1
L.H.S. (B+C)=[8 v 6}+[ 10 2}
5~1 3+2 4+1 4 55
=[8+1 7+0 2+6}=[9 7 8}
455
AB+C)=[2 l]lle:9 7 S:L,‘a

=[8+9 10+7 10+8] .
AB+Q) =[17 17 18]

8 7 6
=[10+8 6+7 8+6] ,=[18 13 14] .

-1 2 1
AC = [2 1]1x2
- 2x%3

(5 3 4
RHS. AB=[2 1], }
2x3

10 2
=[-2+1 4+0 2+2] .=[-1 4 4],
AB+AC =[18 13 14] . +[-1 4 4],
=[18-1 13+4 14+4] ,
AB+AC=[17 17 18] .
L.HS. = RHS.
Hence, A(B + C) = (AB + AC) is verified.
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1 0 -1
Q26. If A=|2 1 3| then verify that A2+ A=A(A+1), wherel

01 1

is 3 X 3 unit matrix.
10 -1
Sol. Giventhat: A=|2 1 3
01 1

A2=A-A

1 0 -1]f1 0 -1

=21 3i21 3

0 1 1flo 1 1

[1+0+0 0+0-1 -1+0-1 1 -1 -2
=]2+4+2+0 0+1+3 -2+3+3]=14 4 4
[0+2+0 0+1+1 0+3+1 2 2 4
1 -1 =2] [1 0 -1

LHS. AZ+A=|4 4 4] |2 1 3

2 2 4|01 1

[1+1 -1+0 -2-1 2 -1 -3
=i44+2 4+1 4+3|=|6 5 7
_2+0 2+1 4+1 _2 3 5

10 -1]{(1 0 -1} {1 0 0
RHS. A(A+D)=|2 1 21 3l+j01 0
[0 1 1__011\001
1 0 -17[2 0 -1
=[2 1 3{2 2 3
0 1 1flo 1 2
2+0+0 0+0-1 -1+0-2 2 -1 -3
=|4+2+0 0+2+3 -2+3+6| =16 5 7
0+24+0 0+2+1 0+3+2 2 3 5

L.HS. = RHS.
A2+ A = A(A+]). Hence verified.

64 B NCERT ExempLar ProsLEMS MATHEMATICS—XI


http://www.cbsepdf.com

www.cbsepdf.com

40

Q27. If A:[g ‘; _i]andB:[l 3], then verify that:
2 6

O (AY=A (i) (ABY =B'A’ (i) (kA) = (kA")

4 0
Sol. Given that: A=[0 -1 2], B=j1 3
4 3 -4
2 6
R L 0 4
@ A=ly 3 _4f =|-1 3
, 2x3 2 -4 3% 2
, 0 4 0 -1 2
AY=1-1 3 = =A
4 3 -4
2 —4 2 2x3
Hence, (A’Y = A
0 -1 2 4 0
(i) LHS. AB-= 43 —4 13
L 2

x3 2 63x2

[0-1+4 0—3+12j‘ [3 9]
[16+3 -8 0+9-24f . 11 -15 b2

(ABY 3 11}
-9 ﬁ152x2
4 0
4 1 2
RHS, PB'= =
13 [0 3 6]
2 6
w012 | ;
|4 3 -4
2 -4
41 z] g ;
BA’ = -
-0 3 62x3 2 4

3x2

[0-1+4 16+3—8] {3 11]
[0-3+12 0+9~-24 - 9 ~-152x2

LHS. = RHS.
Hence, (AB)’ =B’A’ is verified.
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(i) LHS. kA= k[o -1 2]=[0 -k Zk]

4 3 -4| |4k 3k -4k
0 4k

(kAY = |-k 3k
2% -4k

0 -1 T 0o 4 0 4k
R.H.S. kA’=k[ ]=k—1 3|=|-k 3k

4 -4
3 2 -4 2k -4k
Hence, L.H.S.=RH.S.

(KAY = (kA’) is verified.

12 12 .

Q28. If A_|4 1| B=|6 4| thenverify that:
5 6 7 3

() QA+B) =2A%B (i) (A-BY=A'-B

. 12 1 2]
Sol. Giventhat A -|4 1landB=|6 4
i el §
() To verify that: 2A + By =2A’+B’
12y (1 2\ (2 4) (1 2]
LHS.2A+B)Y=|2|4 1|+|6 4}|=||8 2|+|6 4
| 56} (7 3)] [\10 12) |7 3
[2+1 4+2 3 6
=|8+6 2+41=(14 6 =[
10+7 12+3] |17 15

3 14 17
6 6 15

127 [1 2
RHS.2A’+B = 2|4 1| +|6 4
5 6

[2+1 8+6 10+7] [3 14 17
“la+2 244 12+3| |6 6 15
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Hence, L.HS. = RHS.

(2A +B)Y = 2A’ +B' is verified.

(i) To verify that: (A~B)' =A’-B*

[(1 2) (1 2
LHS.(A-B)'= 14 1|-]6 4
5 6) 7 3
_1-12-z= 2 g 0 -2 2
4-6 1-41=1-2 -3/ =, . ,
|5-7 6-3 -2 3
r r
RES. A5 V21128 45116y
- A 4116 4=, 1 6172 4 3
5 6 7 3 '
1-1 4-6 5-7] [0 -2 -2
2-2 1-4 6-3| |0 -3 3
Hence, L.H.S. = R.H.S.

(A-B) =A’-B’is verified,

Q29. Show that A’A and AA’ are both symmetric matrices for any
matrix A,

Sol. Let P=A'A
= P’ = (A’AY
= P = A'AY [(AB)Y =B’A"]
= PP=AA [+ (A)=A]
= P=P
Hence, A’A is a symmetric matrix.
Now, Let Q=AA
= Q = (AAY
= Q=AY [(AB) =B’A]
= Q = AA’ [+ (AY=A]
= Q=Q
Hence, A A’ is also a symmetric matrix.

Q30. Let A and B be square matrices of the order 3 x 3. Is (AB)?=

AZB?? Give reasons.

Sol. Given that A and B are the matrices of the order 3 x 3.
(ABY = AB - AB
= AA-BB
= A2 . Bz
Hence, (AB)? = A2B?

g
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Q31 Show that if A and B are square matrices such that AB = BA
then (A +B)2=A2+2AB + B~
Sol. To prove that (A + B)?=A%+2AB +B?

LHS. (A+BP=(A+B)-(A+B) [+ A2=A-A]
= A-A+AB+BA+B-B
= A2+ AB+AB+B? [AB=BA]
=A2+2AB+B?2 RHS.
So, LHS.=RHS.
127 [4 0O 2 0
Q32 Let A=[_1 3],B=[1 5],C=[1 ﬁz]anda=4, b=-2
Show that
@ A+B+O)=(A+B)+C () (PA)T=bAT
(b) ABC)=(AB)C (g) (AB)T=BTAT
(¢) (a+b)B=4B+bB () (A-B)C=AC-BC
(d) a(C-A)=aC-aA () (A-B)T=AT-BT
(e) (ANT=A

Sol. (2) To prove that A+(B+C)=(A+B)+C
LHS A+(B+C) = ( 1 2)+[(4' 0)+[2 0)]
-1 3)7H1 5)7(1 -2
1 2] [4+2 0+0
= -1 3]*[1+1 5-2]
1 2] [6 0
- [ 5a 5
[ 1+6 240 7 2
T 142 3+3] [1 6]
1 2
RHS. (A+B)+C = [ ] ) _2
T 144 240
T 11 3+5] [1 -2]
5 2] [2 O
[0 & 2]
5+2 2+0 7 2
='[0+1 8-2]=[1 6]
‘Hence,  LHS.=RHS.
A+ (B +C) = (A+B) + C Hence proved.
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(b) To prove that: A(BC) = (AB)C
LELS. A 1 2[4 o2 o
ABO=1 3 (1 5)[1 -2)

[ 1 2][8+0 0+0 1 2][8 o
-1 3][2+5 o-m]“[d 3][7 —10]
[8+14 0-20] [22 -20
-8+21 0-30] =[13 -30]

RELS. (AB [( 1 2\(4 0Y][2
s ewce | 3)i 5 -2

[ 442 0+107[2
[-4+3 0+15 [1 ]
6 10 0
T 15][1 -2]
(12410 0-20] [22 -20
-2+15 o-m]’[la -30]
Hence, LHS. = RHS.
A(BC) = (AB)C Hence proved.

(c) To prove that: (a +b)B =aB +bB
Here,a=4 andb=-2

0] {4 0] [8 0
LHS. (a+h)B=(4- z)[1 5]=2[1 5]:[2 10]
ST W R T
157715742072 10
[16—8 o-o] 8 0
“l4-2 20-10 "[2 10]
Hence, LH.S. = RH.S.

{a + b)B = aB + bB Hence proved.
(@} To prove thata(C—A)= aC-aA

2 0) (12

s acn- {0 (27
2-1 0-2] [1 -2] [¢ -8
='4[14»1 *2—73]=4[2 —5]=[8 -20]
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RHS. aC-aa=4|> Y]_q| 12
- a—a 1 -2 %|-1 3

[s a1 =]

B-4 0-8] [4 -8
4+4 -8-12| |8 -20

Hence, L.HS. =RHS.
a(C - A) = aC — aA Hence proved.
(¢) To prove that: (AT)T=A

LHS AT= 1 277 11 -1
-1 3| |2 3

2 3

|

(AT)T=[1 'T{_i §]=A RHS.

Hence, (ADT=A
() To prove that: (hA)T = bAT

-1 3

LHS. (bA,T=[_2[ 1 ZJ]T'= [_2 »

T 1 -1
R.H.S. bAT=—2[ 1 2] =—2[

13
Hence, L.HS, = R.H.S.
(8A)T = bAT Hence proved.
(g) To prove that: (AB)T = BTAT

r T
LH.S. (AB)T= ( 1 2)(4 0)]
(-1 3)l1 5

rHS. BraT=|? oLy
e |1 5] [-1 3

Hence, L.H.S.=RH.S.
(AB)T = BTAT Hence proved.
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() To prove that (A-B)C=AC-~BC

e[

L.H.S.

RHS.

Hence,

bl ]

_[-6+2 0-4]_
B -4-2 0+4]|

[ 1-4 2-07[2
[-1-1 3-5||1 -2

4

ST

|-2+3 0-6]

4 -4 [8 O
11 -6][7 -10

LHS. =RHS.
(A-B)C = AC-BC

(i) To prove that: (A-B)T=AT - BT

L.H.S.

RH.S.

Hence,

A_ByTo ( 1 2 ]

1420
| -1-1 3-5

[4-8 -4-0] [-4 -4
“l1-7 -6+10] T|-6

[ 2+2 0-4] [8+0 0+0
2+5 0-10

]

:

o 17! 5Hz 2H

2-0 3-5
L.H.S. = RHS.

(A-B)T = AT - BT Hence proved.

[1~4 -1-1] [-3 -2
I=__ _ = 2_2

MATRICES
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cosqg sing
—-sing cosq

2_[ cos 2g sin2q]

Q33 lfA=[ ],thmshowﬂ'nat

“|-sin2g cos2yg

A= -co.sq sinq]
| -sing cosq

A=AAm co.sq smq][co.sq smq]

|—sing cosq||-sing cosg
[ cos?g-sin?q cos g sin 4 + sin 4 cos q
_sinqcosqacosqsinq —-sinzq+coszq

Fcoqu sian] [':coszA-sinzA=c092A]

|—sin2g cos2q 2sin A cos A =sin 2A
Hence proved.
Q34 If A=[0 —x] B=[0 l]and:rz=-1 then show that
x 0 10 ’
(A+BP=A?+B%

Sol. Giventhat A=|° ~*|anaB=|® ?
0l. 1VEN —x oan —10

LHS. (A+BP=(A+B)-(A+B)

(0 —x) (0 1 0 -x\ (0 1
B _[x 0)*(1 o]H[x 0)+(1 o]]

[0+0 -x+1][0+0 —-x+1
NETS! 0+0Hx+1 o+o]

T 0 —x+1]1[ 0 -x+1
=_x+1 0 ]'[x+1 0 ]

0+ (—x+1)(x+1) 0+0
| 0+0 (x+1)(—x+1)+0]
_[1-2 o

| 0 1-:2]
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Putx?=-1 {given)

_[1+1 0 ][z 0]
RHLS. 0 1+1f |0 2

A2+B2 = A-A+B-B

_ [0 —-x][0 -x] [0 1[0 1
“lx oflx of*|1 of[1 0
[0-22 040 0+1 0+0
040 —x2+0| [0+0 1+0

RE A +[1 0}=- -2+1 040
|0 -2| [0 1 040 -x*+1

~x2+1 0 [1+1 ©
oo -12+1]=[0 1+1] S

2 0
“ o 2]
Hence, LHS. =RH.S.
(A+B)2= A2+B?

0 1 -1
Q35. Verify that A2=Iwhen A=(4 -3 4.
3 -3 4
0 1 -1
Sol. Giventhat: A=|4 -3 4
3 -3 4
[0 1 -=1}jo0 1 -1
LHS. A2=A-A-|4 -3 4|4 -3 4
3 -3 4|[3 -3 4
0+4-3 0-3+3  0+4-4
S10-12412 449-12 -4-12+16
0-12+12 349-12 -3-12+16
1 0 0
=]0 1 0|=1" RHS.
0 0 1
Hence, A2 =] is verified.
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Sol.
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Prove by Mathematical Induction that (A")" = (A"), where
n € N for any square matrix A.
To prove that (A")" = (A"’
Let P(n): (A')* = (A"’
Step1: Putn=1,P(1):A’=A’ whichistrueforn=1
Step2: Putn=K, P(K): (A)¥=(AX)" Let itbe trueforn=K
Step3: Putn=K+1, PK+1): (A)K+1= (AKX
L.HS. (A1 = (AYK- (A)
= (AXY - (A) (From step 2)
= (AK. AY
= (AK*lY  RHS.
The given statement is true for P(K+1) whenever it is true for
P(K), where K € N.
Find inverse, by elementary row operations (if possible), of
the following matrices.

13 1 -3
@ [_5 7] (id) [_2 6]

13
o a1

Al =1x7-(-5)%x3=7+15=22%0
So, A is invertible.

Let A=IA
1 3 [1 0]
-5 7" [0 12
R2-+R2+5R1
1 37 O'A
= 0 2| |51
1 ‘
R,-»—R
2 2 2
1 3'— 1 0
= 0o 1|75 1|A
- 122 22
[7 -3
10] |22 22
= [0 1]’ 5 1|t
22 22

1
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Sol.

Q39.

Sol.
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7 -3
_ 22 9y 7 -3
So Al=|22 22 - 1
S 1 22|15 1
2 22
Hence, inverse of 13 15-1- 7 -3
-5 7| 2215 1
Let A= 1 -3
-2 6

Al =1x6-(-3)(-2)=6-6=0
IAl = 0 so A is not invertible,
1 -3

Hence, inverse of [_ 2 6

] is not possible.

Y 8P| ten find the values of , y, z
z+6 x+y| |0 6

and w.

: xy 4 |_|8 w
G1vent11at:[z+6 x+y:|—[0 6]
Equating the corresponding elements,
Ty=8,w=42+6=0 = z=-6x+y=6

Now, solving x+y=6 w(f)
and =8 --{ii)
From eqn. (i), y=6-x (i)

Putting the value of y in eqn. (/7)) we get,
W6-x)=8 = 6x-r2=8 5
= x*-6x+8=0 = x’-4r-2x+8=
= x(x-4)-2(x-4)=0 = (x-4)(x-2)=0
x=4,2
From eqn. (iii), y=2,4
Hence, x=4o0r2, y=2or4,z=-6andw=4.

1 5 fo 1 .
IfA—[7 lz]andB—[,? 8]’ find a matrix C such that

3A +5B +2C is a null matrix.
Order of matrices Aand Bis 2 x 2,
~ Order of matrix C must be 2 x 2.
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a b
Let c-[¢ ]
3A+5B+2C=0
=,315 591 zab=00
7 12|27 8|7 c 4] |0 0
T3 15] [45 5] [2a 2] [0 ©
=121 36|35 40]"|2c 24| [0 ©
[3+45+2a 15+5+2b] [0 0]

[21+35+2¢ 36+40+2d 00

[48 + 2a 20+2b] =[0 0]

=
56+2c 76+2d] |0 O}

Equating the corresponding elements, we get,
48+22=0 = 24=-48 = a=-24

20+2b=0 = 2b=-20 = b=-10
56+2c=0 = 2c=-56 = c=-28
76+2d=0 = 24=-76 = d=-38
-24 -10
Hence, C=[—28 —38]

Qu0. IfA=[_3 'g] then find A% - 5A - 141. Hence, find A%.

4

. [ 3 -5
Sol. Giventhat A= - 1 2]

2.4 A=| 3 -5 3 -5
AT=A.A -4 2][—4 2

_[9+20 -15-10 29

-12-8 20+4 —20
‘A25A14l-29_2553_5 14
T [-20 2] T|-4 2

29 -25] [ 15 -25
-20 24| [-20 10]"
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29 -25 29 -25
~20 24| |-20 24

29-29 -25+25| 10 O
~20+20 24-24||0 0

Hence, A2-5A-14I=0

Now, multiplying both sides by A, we get,
A2, A-5A.A-141A=0A

= A’-5A2-14A=0

= A’ = 5AZ+14A

RSN

20 24 4 2
[ 145 -125 N 2 -70
-100 120| [-56 28
[ 145+42 -125-70 187 -195
© [-100-56 120+28|7[-156 148
[ 187 ~-195
3o
Hence, A _ 156 148]
Find the values of 4, b, c and 4 if
3'a b] [ a 6 4 a+b
c 2|7 |-1 24[T|c+d 3 |
[a b] [ a 6 4 a+b
Given that: 3| =
en e d] 7|1 2d]+[c+d 3]
304 3b] [ a+4 6+a+h
3c 3d] |-l+c+d 2d+3
Equating the corresponding elements, we get,
3a=a+4 =3a-a=4 =24=4 = g=2
3b=6+a+b =23b-b-a=6 =22-a=6 = 2b-2=6
= 2b=8
= b=

=-1+c+d =23-c-d=-1=2c-d=-1
and3d=24+3 = 3d-24=3 =d=3
Now 2c-d=-1
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= 2A-3=-1 = 2=3-1 = 2c=2
c=1
sa=2b=4,c=landd=3.

Q42. Find the matrix A such that

2 -1 -1 -8 -10
1 0jlA=| 1 -2 -5
-3 4 9 22 15

2
Sol. Order of matrix [ 1 0} is 3 x 2 and the matrix

3 4
-1 -8 -10
1 -2 -5}is3x3
9 22 15}
.. Order of matrix Amustbe2 x 3
Lt A [a b c]
d e f2x3
2 -1 - [-1 -8 -10]
So 1 0 ab e = 1 -2 -5
! d e f
-3 4 4 L9 2 15
20-d  2b-¢ 2c-f] [-1 -8 -10]
a+0 b+0 c+0|=| 1 -2 -5
—~3a+4d -3b+4e -3c+4f] | 9 22 15]

Equating the corresponding elements, we get,
2a-d=-landa=1 =2x1-d=-1 =d=2+1=d=3
2b-e=-8and b=-2= 2(-2)-e= -8 = -4-¢=-8
=e=4
2—f=-10and c=-5= 2(-5) ~f=-10=-10—-f=-10
=f=0
a=1,b=-2,¢=-5d=3,e=4and f=0

1 -2 -5
Hence, A= 3 4 ol

1 2 :
Q43.IfA=[4 1], find AZ+2A + 71
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1 2
Sol. Given that: A=
4 1
1 2711 2 1+8 2+2 9 4
2: = t—1 =
A=A.A {4 ld[4 1] [4+4 8+1:I [8 9]
[0 4] 1 2 10
z =
A“+2A+71 B 9d+2[4 1]+7[0 1]
9 472 47 [7 0
8 9]"ls 2|0 7

Q44.

SolL.

_[9+2+47 4+4+0 18 8
T |8+8+0 9+2+7] |16 18

2 _|18 8
Hence, A“+2A+71 [16 18]'

coso sino :
If A=[ ] ], and A~1=A’, find value of o
—~sina coso
coso sino
Here, A=[ . ]
—sino cosq
Given that: Al= A
Pre-multiplying both sides by A
AA1= AN
= I=AA [ AAI=]]
[1 0] [ cos ¢ sina][cosa —sina]
= = . . ’
_0 1_ l—sina cosa||sina cosc
1 o] cos® o +sin @ ~sin Q.cosa + Sino.cos
= 10 1] 7 |-sinacosa+cosasing  sin‘a+coste
1 07 10
ﬁ =
0 1] 01

Hence, it is true for all values of a.

0a 3
If the matrix ':2 P - 1} is a skew symmetric matrix, find the
fe 1l 0

values of 4, b and c.
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0a 3 0 2 ¢
Sol. Let A=|2 b -1|A'=|2a b 1
c1l 0 3 -10
For skew symmetric matrix, A’ =-A.
[0 2 ] 0a 3
a b 1]=-|2 b -1
3 -1 0 c1l 0
(0 2 ] 0 -a -3
= a b 1|=]-2 -b 1
3 <1 0] [-¢ -1 0

Equating the corresponding elements, we get
a=-2,b=-b = 2b=0 = b=0andc=-3
Hence,a=-2,b=0and c=-3.

. cosx sinx then show that
Q6. KP@)=|_ o oy |- e show
P(x).P(y) =Px +y)= P@[)-P(x)
Sol. Given that:
P(z) = " cosx sinx]
| ~sinx cosx|
| cosy sin !/H i
P() | —siny cosy | eplacg Xty
[ cosx sinx|[ cos Y sin y
P(x).P(y) |-sinx cosx [— siny cos y]

[ cosxcosy-sinxsiny cos xsiny+sinxcosy
- | ~sinxcosy—cosxsiny —sinxsiny+cosxcosy]
" cos(x+y) sin(x+y)
| —sin(x +Yy) cos(x+y)]

=Px+y)
Now
" cosy siny][ cosx sinx
P(y)-P@x)= | —siny cosy][—~sinx cosx]

cosxcosy—sinxsiny  sinxcosy+cosxsiny.
| ~cosxsiny—cosysinx - sin xsiny+cosxcosy
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- [ cos(x+y) sin(x +y)]
—sin(x+y) cos(x+y)
=Plx+y)
Hence, P(x).P(y) = P(x + y) = P(y).P(x).
Q47. If A is a square matrix such that A2 = A, show that
A+AP=7A+1
Sol. To show that: (T+A)°’=7A+1
LHS. (I+Ay=F+A3%+31LA +3[A2

=T1+A%A +3IA + 3IA2

=I+AA+3IA+3IA [« A2=A]
=I1+A%2+3[A+3IA

=T+A+3[A+3IA [ A2=A]

=I1+A+3A+3A =7A+1 RHS.
L.H.S. = RHS. Hence, Proved.
Q48. If A and B are square matrices of the same order and B is a
skew symmetric matrix, show that ABA is a skew symmetric.
Sol. Given that B is a skew symmetric matrix .. B’ =~ B

Let P= ABA
= P’ = (ABAY
= AB'AY [(ABY =B’A’)
= A~B)A
=—ABA=-P
So P=-P

Hence, A'BA is a skew symmetric matrix.
LONG ANSWER TYPE QUESTIONS
Q49. If AB=BA for any two square matrices, prove by mathematical
induction that (AB)" = A"B",
Sol. Let P(n): (AB)" = A"B"

Step 1:
Putn=1, P(1):AB=AB (True)
Step 2:
Putn=k P(k): (AB)*=A*B* (Letitbe true for any ke N)
Step 3:
Putn=k+1,P(k+1): (AB)**1= Ak+1gk+1
L.HS. (AB)**1 = (AB)*.AB
= A'BX.AB [from Step 2]
= Ak+ 1Bk+] RHS.
L.HS. = RHS.

Hence, if P(n) is true for P(k) then it is true for Pk +1).
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Q50. Find x, y, zif A= 0 2; ; satisfies A=A~ L
x -y oz
0 2y =z
Sol. Given that: A= y -z and A’ =A""
: x -y z
Pre-multiplying both sides by A we get,
AA" = AA™!
= AA'=1
[0 2y z|f[0 =x x| (100
=|x y -z||l2y y -y|=|0 1 0
x -y zJ[ z -z 2 001
(0+4y?+22 0+2y% 2% 0-242+2*| [1 0 0
= (0422 -2 P4+ xP-y?-22|=|0 1.0
0-2y%+z2 -y -22 xP+yt+2’ 001
Equating the corresponding elements, we get,
4+ =1 )
2P -2 =0 i)
1 1
Add d t, 6y° =1 =-=y=t
ing (7) and (ii) we get, 6y°=1=y= ==y 7
From eqn. (i), we get,
4t +22=1
1YV 2 2 1
— +2° =1 =2=1-Z=—
=>4(Jg) +2=1=7 = 373
1
=i___
P
2+ +22 ...(iif)
-y - z2 0 ...(iv)
Adding (iii) and (iv) we get,
1
2x2=1=>x2=— =>x=i%

1 ‘ 1
Hence, x=t—, +——— and z= +—.
27" 6 NE]
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Q51. If possible, using elementary row transformation, find the
inverse of the following matrices.

0|5 51 @12 Tl @3]
-3 23 1 01 3

: 2 —1 3
Sol. (i) Here,A=[ 5 }for elementary row transformation
-3
we put
A=1A
[ 2 -1 3] [1 0 0]
-5 3 1/=(0 1 0]lA
-3 2 3] [0 0 1]
R, >R, +R,
2 -1 3] 1 0 0]
-3 2 4171 1 ofA
-3 23] |00 1
R;»R;-R,
2 -1 3] [ 1 0 0]
-3 2 4/ 1 1 o0|A
0 0 -1 |-1 -1 1]
R,->R;+R,
-1 1 7] [2 10]
-3 2 4|=| 1 1 0{A
00 -1j |-1 -1 1]
R,—»R,-3R,
-1 1 71 12 10
0 -1 -17|T|-5 -2 0]A
0 0 -1f |-1 -11

R, >R +RandR,—»-1.R,

-1 o0 -10] [-3 -1 o0
0 -1 -17|=|-5 -2 0]A
0 0 1 1 1 -1
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R, R, +10R,and R, 5 R, + 17R,
-1 00 [7 9 -10
0 -1 0|=[12 15 -17{A
o o1 [1 1 -1
R,—»-1R,andR, »-1.R,
100 [-7 -9 10]
010|=]-12 -15 17|A
oo0o1f [ 1 1 -1]
- [ -7 -9 10]
Hence, "Ala|-12 -15 17
| 11 -1
2 3 -3
(ii) Here, A=|-1 -2 2
1 1 -1
Put A=IA
2 3 -3] [too0
-1 -2 2|=(0o 1 0A
1 1 -1f (001

R, >R, -2R,and R, >R, +R,

0 1 -1] [1 0 -2]
0 -1 1{=10 1 11A
1 1 -1] (00 1]
R, —»R+R,
0 0 0} 1 1 -1]
0 -1 1|=|0
1 1 -1] {00
First row on L.H.S. contains all zeros, so the inverse of the

given matrix A does not exist.
Hence, matrix A has no inverse.

-y
[a—y

A

2 0 -1
(iif) Here, A=[51 0
01 3
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20
51
01

R1—>3R1—R2

R, >R, 5R,

R, R, ~5R,
[1 -1

—
OO
=]

| e—— ]
[= =T
(=2 N e

www.cbsepdf.com

A=1A
-1] 10 0
0/=|0 1 0fA

3] 001

~3] (3—10
0[=|0 1 0]A
3] [0 01
-3] [ 3-10
15|=(-15 6 0[A
3 L 6 01
-3] [ 3 -1 0]
0]=|-15 6 -5|A
3l | o 0o 1
-3] 3 -1 0]
0|={-15 6 -5|A
3] 15 -6 6]
-3] [-12 5 -5]
o[|={-15 6 -5]A
3, 15 -6 6]
-3] [-12 5 -
0/]=|-15 6 -5]|A
1y | 5-2 2
o] [ 3 -1 1
0l=[-15 6 -5|A
1J 5 -2 2
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3 -1 1
Hence, Al=]-15 6 -5
5 -2 2
2 31
Q52. Express thematrix |1 -1 2| as the sum of symmetric and
4 1 2
a skew symmetric matrix.

Sol. We know that any square matrix can be expressed as
the sum of symmetric and skew symmetric matrix ie.

A=%m+Aq+§A~Am
1 1 ,
LetP=5[A+A7 and Q=3{A-A]

3 1y {2 1 4)

-1 1

(2

So

1
P=3

1

-1 21+|3

I:4
2+2

1 2

1

2 2)

3+1 1+4

[ 2
2

2

P 2

AsP’ =P

1

Li4s
2
4+1

| 5/2

5/2
<. P is a symmetric matrix.

-1-1

1+2

2 5/2}
-1 3/2
32 2 |
2 5/2]
-1 3/2

32 2 |

2+1

2+2

Now Q

[A-A']

1
2
1
2

N | =
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0 1 =372 0 -1 3/2
=|~-1 0 1/2 |=-| 1 0 -1/2|=-Q.
3/2 -1/2 0 -3/2 1/2 0
AsQ=-Q .. Qisaskew symmetric matrix.
So A=P+Q
Aw (2 2 572 0 1 =372
12 -1 3/2 -1 0 1/2
15/2 3/2 2 3/2 -1/2 0
(2+0 2+1 3 3
2 2
3 1 2 3 1|
4 1 2
§+§ 3.1 2+0
12 2 2 2 ]
Hence, the required relation is
[2 2 52 0 1 =372
A=12 -1 3/2/+/-1 0 1/2
[5/2 3/2 2 32 -12 0 |

Choose the correct answer from the given four options in each of the
Exercises 53 to 67,

0 0 4]
Q53. ThematrixP=|0 4 0]isa
4 0 0]
(a) square matrix (b) diagonal matrix
(¢) unit matrix {d) None
0 0 4]
Sol. GiventhatA=|0 4 0 .
4 0 0] X

Here number of columns and the nu}ther of rows are equal -
ie, 3. 50, A is a square matrix.
Hence, the correct option is (u)
Q54. Total number of possible mattices of order 3 x 3 with each
entry 2 or 0 is ‘
(@ 9 (b) 27 (©) 81 (d) 512
Sol. Total number of possible matrices of order 3 x 3 with each
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entry 0 or 2=2%=27=512.
Hence, the correct option is (d).
2x+y 4x| [7 7y-13 .
Q55. H[51_7 4x]=[y 6 ], then the value of x and y is
(@) x=3,y=1 ) x=2,y=3
(€) x=2,y=4 dy x=3,y=3
. [2x+y 4 7 7y-13
Sol. Given that: |:51_7 4x] —I:y 46 ]
Equating the corresponding elements, we get,
x+y=7 wel(f)
and dy=x+6 (1))
fromegn. (ii) 4x-x=6
3x=6
x=2
fromegn. (i) 2x2+y=7
4+y=7 ry=7-4=3
Hence, the correct option is (b).

sin~!(xm) tan™ (%)
sin”! (1) cot™}{nx)
L T

Q-

Q56. 1If A=

—cos'l(xn) tan™ (3)

B= “
n sin_l(E—J —tan_l(m)
B T
then A — B is equal to
@1 ® O @A @

sin"Y(xm) tan™! (i—)

_sin'1 (ﬁ) cot™Y(nx)

Sol. Given that: A =

q|=

—cos }(xm) tan’! [5)
and B “

A~

sin™! (3-] — tan"(mx)
T
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1 sin"!(xm) tan”! (%) ) ~cos”!(xm) tan’! ({;)

APy sin_l(%) cot () | * s‘“l(%) )

sin~!(xn) + cos !(xm) tan~! (%J - tan™? (%)

al-

sin™! (%] —sin” (%) co';.'l(rrx) + tan~ (7x)

K
Z o0 tegin™] -1, T
=12 |sinT x+cos” x >
o z tarn'lJt:+c0't"]x=:"£
R 2 . 2
1 w1 0] 1
x 2{0 1 2

Hence, the correct option is (d).

Q57. If A and B are two matrices of the order 3 x m and 3 x n,
respectively and m =n, then the order of matrix (5A - 2B) is
(@) mx3 (b) 3x3 (c) mxn (d) 3xn

Sol. Aswe know that the addition and subtraction of two matrices

is only possible when they have same order. It is also given
that m=n.
» Orderof (FA-2B)is3 xn
Hence, the correct option is (d).

01
Q58. If A=|:1 0], then A? is equal to

10
@ [‘1’ 3] ®) E g] © [g ﬂ @ [0 1]

Sol. Giventhat A = l:(l) (1):|

0 1770 1
A2=A.A=[ ][ ]= 0+1 0+0]_[1 0
1 0jj1 0 0+0 1+0| |0 1
Hence, the correct option is (d).

Q59. Ifman'ixA=[aij]z,2,where a,.].=1iffi¢j
. =i i=j
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Sol.

Qe60.

Sol.

Qb1
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then A? is equal to
(@)1 ® A (© 0 (d) None of these
Given that: A= [,51,.9;]2 3
Let A= [“11 “12]
1 2 by
4, = [i=]]
ay, = [ i=]]
iy = [ i#]]
oy = [~i=]]

]

0+1 0+0
0 1|0 1 10
L, AZ=A.A= =[ ]= =
Now, A I:]' Oill:l Ojl 0+0 140 01 I

Hence, the correct option is (a).

100
Thematrix [0 2 0|isa
00 4
(2) Identity matrix _ (b) symmetric matrix
(¢) skew symmetric matrix (d) none of these
1 0 o]
Let A=|(0 2 0
[0 0 4
(1 0 0]
A’=10 2 0|=A
[0 0 4]

A’=A, s0 A is a symmetric matrix.
Hence, the correct option is (b).

0 -5 8
The matrix | 5 0 12|isa
-8 -12 0
(a) diagonal matrix (b) symmetric matrix
(¢} skew symmetric matrix (d) scalar matrix
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Sol.

Q62.

Sol.

Qe63,

Sol.

Q64,
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[0 -5 8]
Let A=|5 0 12
-8 -12 0
0 5 -8
A=|-5 0 -12
| 8 12 0]
0 -5 8
= A'=-| 5 0 12|=-A
-8 -12 0

A’ =-A, s0 A is a skew symmetric matrix.

Hence, the correct option is (¢).

If A is a matrix of order m x n and B is a matrix such that AB’
and B’A are both defined, then order of B is

(@) m=xm ) nxn (c) nxm (d) m=n
Order of matrix A=m xn
Let order of matrix Bbe K x P

Order of matrix B'=P x K
If AB’ is defined then the order of AB’ism x Kifn=P
If B’A is defined then order of BPAis Px n when K=m
Now, order of B’ = Px K
Orderof B=KxP
= XRn [-.~K=m,P=n]
Hence, the correct option is (d).
If A and B are matrices of same order, then (AB’~BA") is a
(a) skew symmetric matrix () null matrix
(c) symmetric matrix (4) unit matrix
Let P = (AB"—BA")
P’ = (AB’ - BA’Y
= (ABY - (BAYY
= (B)A" - (A)YB’ [*- (ABY =B’A]
=BA’'- AP’
=—(AB -BAN =-P
P’ = -D, s0 it is a skew symmetric matrix.
Hence, the correct option is (g).
If A is a square matrix such that A% =1, then
(A-1* + (A +1)®-7Ais equal to
@ A ®I-A  ©I+A @ 3A
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Sol. (A-IP+(A+D°-7A=A%-P-3AA+3AP+ A%+ P +3A
+3A1-7A
= 2A%+6AIP-7A
= 2A.A%+6A1-7A
= 2AT+6AI-7A [A2=T]
= BAI-7A=8A-7A
=A
Hence, the correct option is (a).
65. For any two matrices A and B, we have
{a) AB=BA () AB=BA
(c) AB=0 (d) None of the above
Sol. We know that for any two matrices A and B, we may have
AB =BA, AB # BA and AB = (, but it is not always true.
Hence, the correct option is (d).
Q66. On using elementary column operation C, - C, - 2C,, in the
following matrix equation

1 -3 1 ~17(3 1
2 4 =_0 1l 2 4,v\rehave.

1 -5] [ 1 -1][3 -5
@lo 4|7|-2 z][z 0}

; 1 -5] [1 -1][ 3 -5
© 0 4] [0 1][-0 2
© (1 -5] [1 -3][ 3 1]
2 o] |0 1f|-2 4 ‘
1 -5] [1 -1][3 ~5]
@ 2 o] |0 1][2 o]
- 1 -3] [1 -1][3 1
Sol. Given that: 2 4 =_0 1|2 4

Using C, - G, -2C,, we get

1 -5 1 -1][3 -5
2 o] |0 1)j2 o
Hence, the correct option is {d).

Q67. On using elementary row operation R, —» R, - 3R, in the
following matrix equation
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4 2 1 2][2 0
[3 3J=[0 3][1 1]: we have:
-5 -71 1 -71[2 0
@13 370 3][1 1]

[-5 -7] [1 2][-1 -3
I
[-5 -7] 1 2][2 0
@ s 3|7 -7][1 1]
[ 4 2] [ 1 2][20

@ -5 -7[[-3 -3][1 1]
£ 71
Sol. We have, [3 ; = I-; ;][i {1)]
Using elementary row transformation R, - R,-3R,

B

It

Hence, the correct option is (4).
Fill in the Blanks in Each of the Exercises 68-81.
Q6s. ... matrix is both symmetric and skew symmetric
matrix.
0 c 00
SolL. Null matrix i.e. [0 0] or|0 0 0 is both symmetric and
000
skew symmetric matrix.
Q69. Sum of two skew symmetric matrices is always ...............
matrix.
Sol. Let A and B be any two matrices
For skew symmetric matrices
A=-A' ™))
and B=-B (i)
Adding (i) and (i7} we get
A+B=-A'"-P
= A+B =—~A’+B’), so A+B is skew symmetric
matrix.
Hence, the sum of two skew symmetric matrices is always
skew symmetric matrix.
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Q70. The negaﬁve of a matrix is obtained by multiplying it by
Sol. Let Abea matnx
-A=-1.A
Hence, negative of a matrix is obtained by multiplying it
by -1.
Q71. The protuct of any matrix by the scalar ................ is the null
matrix.
Sol. Let Abe any matrix
0.A=A.0=0
Hence, the product of any matrix by the scalar 0 is the null
matrix.
Q72. A matrix which is not a square matrix is called a ......cccovcenn.
matrix.
Sol. A matrix which is not a square matrix is called a rectangular
matrix.
Q73. Matrix multiplication is ................ over addition.
Sol. Matrix multiplication is distributive over addition. Let A, B
and C be any matrices.
So, () AB+C)=AB+AC
(i) (A+B)C=AC+BC

Q74. If Ais a symmetric matrix, then A%is @ .............. Matrix.
Sol. Let A be a symmetric matrix
o A'=A
(A% =(AY=A° [ (AY = (AY]
Hence, if A is a symmetric matrix, then A® is a symmetric
matrix,

Q5. If A is a skew symmetric matrix, then A2iS a vooveerrereen
Sol. I.fA is a skew symmetric matrix, -

A=-A

(AY = (AY

= (-A)?
= A?

Hence, A% is a symmetric matrix.
Q76. If A and B are square matrices of the same order then
(@ (AB) =.cerirrercnn
(i) (KAY = e (k is any scalar quantity)

(i) (A =B)) = covvrerrereren
Sol (i) (ABY=B'A’
(i) (KAY =k.A"
(i} [k(A-B)]'=k(A-BY =k(A"-B)
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Q77. If A is a skew symmetric, then kA is @ ....ccceeueee (k is any
scalar)
Sol. If A is a skew symmetric matrix
- A'=-A
(KA)Y = kA= k(- A)=-
Hence, kA is a skew symmetric matrix.
Q78. If A and B are symmetric matrices, then
() AB-BAisa ...
(if) BA-2ABisa ...
Sol. (i) Let P =(AB-BA)
P’ = (AB-BA)
= (ABY - (BAY
=B'A’=AB’ [+ (AB)' =B’A"]
= BA-AB [ A"=Aand B’'=B]
= —(AB - BA) ' '
=-PpP
Hence, (AB - BA) is a skew symmetric matrix.
(i) Let Q = (BA-2AB)
Q = (BA-2ABy
= (BA)' - (2ABY’
= A'B’'- 2(ABY [ (KA) = kA"]
= A'B'-2B’A’
= AB-2BA [ A’=Aand B’ =B]
= —(2BA - AB)
Hence, (BA — 2AB) is neither a symmetric nor a skew
symmetric matrix.
Q79. If A is a symmetric matrix, then B’AB is .................. .
Sol, If A is a symmetric matnx

g A=
Let P= B'AB
P’ = (B’ABY
- BIAI(BI)I [.‘. (AB)I = BIA']
= B’'AB [+ A’=Aand (BY) =B]
P=P

So P is a symmetric matrix.
Hence, B’AB is a symmetric matrix.
Q80. If A and B are symmetric matrices of same order, then AB is

symmetric if and only if ................. .
Sol. Given that A'=A
and B’ =
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Let P=AB
P = (ABY
= B'A’
P =BA [~ A’=Aand B’ =B}
=P
Hence, AB is symmetric if and only if AB = BA.

Q81. In applying one or more row operations while finding A1
by elementary row operations, we obtain all zeros in one or
more, then A™ .....cceeuee.

Sol. A™! does not exist if we apply one or more row operations
while finding A by elementary row operations, obtain all
Zeroes in one or more rows.

State (Exercises 82 to 101) which of the following statementis are
True or False

Q82. A matrix denotes a number.

Sol. False.

A matrix is an array of elements, numbers or functions having
rows and columns.

Q83. Matrices of any order can be added.

Sol. False.

The matrices having same order can only be added.

Q84. Two matrices are equal if they have same number of rows and
same number of columns.

Sol. False.

The two matrices are said to be equal if their corresponding
elements are same.

Q85. Matrices of different orders can not be subtracted.

Sol. True.

For addition and subtraction, the order of the two matrices
should be same.

Q86. Matrix addition is associative as well as commutative.

Sol. True.

If A, B and C are the matrices of addition then

A+(B+C)=(A+B)+C {associative)
A+B=B+A (commutative)
QB87. Matrix multiplication is commutative.

Sol. False.
Since AB = BA if AB and BA are well defined.

Q88. A square matrix where every element is unity is called an
identity matrix.

Sol. False.
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Q89.
Sol.

Q90.
Sol.

Q91.
SolL

Q92.
Sol.

Q93.

SolL
Q94.

Sol.

Q95.
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Since, in identity matrix all the elements of principal diagonal
are unity rest are zero.

' 100
&8 A=lo 1 o|=1,
001
If A and B are two squate matrices of the same order, then
A+B=B+A.
True.

If A and B are square matrices then their addition is
commutative ie, A+B=B +A.

If A and B are two matrices of the same order, then A - B =
B ~A.

False.

Since subtraction of any two matrices of the same order is not
commutative iz, A-B#B-A.

If matrix AB=0, then A=Q or B=0 or both A and B are null
matrices.

False.

Since for any two non-zero matrices A and B, we may get
AB=0.

Transpose of a column matrix is a column matrix.

False.

Transpose of a column matrix is a row matrix,

2
eg, A= H ~A'=[2 3 5] .
5 3x1

If A and B are two square matrices of the same order, then
AB =BA.

False.

For two square matrices A and B, AB = BA is not always true.
If each of the three matrices of the same order are symmetric,
then their sum is a symmetric matrix.

True.

Let A, B and C be three matrices of the same order.

Given that A’=A,B'=Band C'=C

Let P=A+B+C

= PP=(A+B+Cy
=AI+BI+CI
=A+B+C.
=P

So, A+ B+ Cis also a symmetric matrix.

If A and B are any two matrices of the same order, then
(AB)' = A'B".
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False.
Since (AB)' =B’A’".

096. If (ABY = B’A’, where A and B are not square matrices, then
number of rows in A is equal to number of columns in B and
number of columns in A is equal to number of rows in B.

Sol. True. —

N LetA=[a;],,,andB=[b],,,

AB is defined whenn =P
. Orderof AB=mx g
= Order of (ABY = gqxm
Orderof B'isq xpand order of A’isn x m
.~ B’A’is defined when P=n
and the order of B°A’ is g x m
Hence, order of (AB) = Order of B’A” i.e., g x m.

Q97. IfA, B and C are square matrices of same order, then AB =AC

always implies that B=C.
Sol. False.
10 00 d [0 0
LetA= [o 0]'B= [2 o] andC=13 4
AB 1 0lf0 0] [O O
- [0 0][2 0]'[0 o]
AC = [1 0][0 0]=[0 0]
0 0|3 4] |0 O
Here AB=AC=0butB=C.
Q98. AA’is always a symmetric matrix of any matrix A.
Sol. True.
Let P=AA’
P’ = (AAYY
= (A% . A [(ABY = B’A’]
= AA’
=P
So, P is symmetric matrix.
Hence, AA’ is always a symmetric matrix.
2 3 -1 2 3| -
Q99. IfA= [1 4 2] and B= [4 5] then AB and BA are defined
21
and equal.
Sol. False.
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2 3
2 3 -1
A‘=[1 4 z]andBm 4 5
2 1
Since AB is defined
2 3 -1 : ;
AB=1, 4 -
- 1
[4+12-2 6+15-1 14 20
2+16+4 3+20+2| |22 25
BAis also defined.
: : 2 3 -1
BA= 14 2

2 1
(4+3 6+12 -2+6 7 18 4
= |8+5 12+20 -4+10|=|13 32 6
_4+1 6+4 -2+2 5 10 0

So AB=#BA
Q100. If Aisa skew symmetric matrix, then A2is a symmetric matrix.
Sol. True. ’

(AY = (A%
= [-AP [+ A’=—A]
: = A?
So, A? is a symmetric matrix.
Q101. (AB)"'=A"'B" where A and B are invertible matrices satisfying
commutative property with respective to multiplication.
Sol. True.
If A and B are invertible matrices of the same order

- (AB)™ = (BA)™! [~ AB=BA]
But (AB)! = A-1B! [Given]
(BA)! =B A
So A'B! = BlA

- A and B satisfy commutative property w.r.t. multiplication.

QQa
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4 I B B - Determinants

| 4.3 EXERCISE |
W [SHORT ANSWERTYPEQUESTIONS = .~ ]
Using the properties of determinants in Exeruse 1 to 6, evaluate:

—-x+1 x-1
oL ¥-x
x+1 x+1
Sol Leta=|* ~*+1 *-1
x+1 x+1
_|P-2x+2 x-1
0 x+1
=(x+1)(x*-2x+2)-0
=P-22+2x+x2-2x+2=x3-x1+2
a+x y z
Q.| 4 a+y z
x y a+z
a+x y FA
Sol. LetA=| x a+y z
x y a+z
C-C+G+G
a+x+y+z vy z : 1 vy z
=[a+Xx+y+zZ a+y z =(a+x+y+z)1 a+y z
a+x+y+z y a+z 1 y a+z
(Taking a + x + y + z common)
R, 2R -Ry R, = R,—Ry
0 -a 0
=(a+x+y+z)[0 a -a
1l y a+z

Expanding along C; = (a + x + y +z)|(a® - 0)| =Pa+x+y+2)
100
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0 xyf* x2?
3.
Q xzy 0 y22
|x%z zy2 0
0 xyz xzz
xzy 0 !ﬂz
¥’z zy2 0
Taking 17 y? and z2 common from C;, C, and C; respectively
0 x x -
= 2y2ly 0y
z z 0

Expanding along R, h .

0 y|_,|¥v ¥,,|v 0 7
z 0 z 0 z z
= 2y’ [-x(0-y2) + x(yz— 0)]
= xifz(xyz + 1yz) = T2 (20p2) = 2802
3x -x+y -x+z

x-y 3y z-y
x-z y-z 3z

Sol. LetA=

= Py*2?l 0 +x

Q4.

3x -x+y —x+z

x-y 3y z-y
x-z y-z 3z

C,oC+G+C,

x+ty+z -x+y -x+z
x+y+z 3y z-y
x+y+z y-z 3z

Taking (x + y + z) common from C,
1 —x+y -x+z
= (x+y+2)|]1 3y z—-y
1 y-z 3z

R 2R -RyR,-R,-R,

- 0 —x-2y -x+y
={(x+y+2)|0 2y+z -y-2z
1 y-z 3z

Sol. LetA=

=

DeTerminanTs B 101
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Expanding along C;

-x-2y -—-x+y

= 1
_(x+y+z)[ dy+z —y-2z

|

= (x+y+D)[(-x-2y) (~y-22)-QRy +2) (-2 +y)]
= (x+y +2) (xy +2zx + 22 + dyz + 2xy - 2y + zx — 2)
= (x+y+2) (3xy +32x + 3yz) = 3(x + ¥y + z) (xy + yz + 2X)

x+4 x X
Q5. [ xr x+4 «x
x x x+4
x+4 x x
x x x+4
C-2C+G+G
3x+4 x x
“13x+4 x+4 x
3x+4 x x+4
Taking (3x + 4) common from C;
1 x x
= (3x+4)1 x+4 «x

1 x x+4

R =R -RyR, = R,-Ry

0 -4 ¢
=(3x+4)|0 4 -4
1 x x+4
Expanding along C,
= (3x+4) 1]“44 04” = (3x +4) (16 - 0) = 16(3x +4)
a-b-c 2 22
Qs. 2b b-c-a 2b
2c 2c c—a-b
a-b-c 2a 2a
Sol. LetA=| 2, p-c-a 2b
2c 2c c—a-b
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Ri =R +R;+R;
a+b+c a+b+c a+b+c
= 2b b-c-na 2b
2c 2c c—a-b
Taking (a + b + ¢) common from R,
1 1 1
S(a+b+c)|2b b-c-a 2b
2c 2c c—a-b
C-C-GGnG-G
0 0 1
=(a+b+c)|lb+c+a —(b+c+a) 2b
0 a+b+c c—a-
Taking (b + ¢ +a) from C, and C,

0 0 1
=(a+b+c)*{1 -1 2b
0 1 c-a-b>b

b

Expanding along R,

1 -1
0 1

= (a+b+c) 1' ”:(u+b+c)3.

Using the properties of determinants in Exercises 7 to 9, prove that:

2,2 +z
Q7. szz yz: Z+x =0
2yt oxy x+y
v’z gz y+z
Sol. LHS. = [22x* zx z+x
Lyt oxy x+y
E' -> xR, R, = yR, R, — zR, and dividing the determinant
yxyz.

A R
= —|y’2 y=x y+ay
Pty ny mezy
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Taking xyz common from C, and C,

vz 1 xy+zx
zx 1 yz+axy
xy 1 zx+zy

XYz - XYz
S ayz

GG+ G
yz 1 xy+yz+zx
Sxyzizx 1 xy+yz+zx
xy 1 xy+yz+zx
Taking (xy + yz + zx) common from C;

yz 1 1
T (oyz)(xy+yz+zx)ize 11
’ xy 11
yz2 11
T (xyz)(xy+yz+zx)|zx 1 1|=0
xy 11
[+ G and G, are identical]
L.H.S. = RH.S. Hence proved.
y+z z 1}
Q. "z z4x x = 4xyz
y X x+y
+z z
SoL. LHS.= yz z4x Z
y x  x+y
C-CHG+Cy
0 z v
=|-2x z+x x
-2x x x+y
Taking -2 common from C,
0 =z ¥
T -2\x z+x x
x x x+y
0z y
=-2{0 z -y
x x x+y
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Expanding along C,
= 2[x|-zy - zy[] =-2(-22y2) = 4xyz RHLS,
L.H.S.=RH.S.
Hence, proved.
@ +22 22+1 1
Q9. |2a+1 a+2 1=(a-1)°
3 3 1
& +2a 2a+1 1
Sol. L.HS.= 2a+1 a+2 1
3 3 1
R;—R,-R, R, >R,-R,
_|#-1 -1 0] [@+D@-1 2-1 0
“|22-2 a-1 07| 2(a-1) a-1 0
3 3 1 3 3 1
Taking(a—l)commonfromclandq
a+1 1 0
S@-DEa-1 2 10
3 31
Expanding along C,

a+1 1
= (a-12]1
w3 ]
=@-1P@+1-2)=(a-1)2(a-1)=(a~1P° RHS.
L.LH.S.=RH.S.
Hence, proved.
Q10. If A+B+C=0, then prove that
1 cosC cosB
cos C 1 cos A
cosB cosA 1

=0

1 cosC cosB *
Sol. L.HS.=|cosC 1 cos A
cosB cos A 1
Expanding along C,
B 1 cos A cosC cosB
" leosAa 1 [T 0sA 1
N B cosC cosB
cos 1 cos A
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= 1(1 - cos? A) — cos C(cos C - cos A cos B)

+ cos B (cos A cos C —cos B)
= sin? A—cos?C+cosAcosBecosC

+cos A cos B cos C - cos? B
= gin? A—cos2B—cos2C+2cos AcosBcosC
= -cos(A+B)- cos (A-B)-cos?C+2cos AcosBcosC

[~ sin? A-cos?B=-cos (A+B)-cos (A-B)]
=—cos(—C)-cos(A—B)+cosC(2cosAcosB—cosC)
[+ A+B+C=0]
= — cos C(cos A cos B +sin A sin B) '

+ 08 C(2 cos A 008 B - cos C)
=—cosC(cosAcosB+sinAsinB—2cosAcosB+cosC)
= —cos C(- cos A cos B+sin Asin B +cos C)
= ¢os C(cos A cos B -sin A sin B—cos C)
= cos Ccos(A+B)—cos C]
= cos Cfcos (-C) — cos C] [~ A+B=-(C]
=cosC[cosC-—cosC]=cosC-0=0R.H.S.

LHS.=RH.S.
Hence, proved.
Q11. If the coordinates of the vertices of an equilateral triangle with
sides of length ‘a’ are (x,, ), (X ¥) and (x5 ¥a), then

2
n h 1 34
X, Y 1 =T.
X3 ¥ 1
Sol. Area of triangle whose vertices are (xy, ¥1), (*2 ¥2) and (x3 ¥a)
115 % 1
R ¥ 1
“lx Yy 1
2
n oyl n %l
LEtA‘:';"‘z ¥, 1| = Az"%"z Y2
X3 Y3 x3 Y3 1 3
But area of equilateral triangle whose side is ‘2’ = —4-az
2
’ 2 Hn h
1
L——?—az) Y v 1
X3 Y3 1
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Q12

Sol.
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2 2
n nil n oyl
_a4=.l ¥, 1| = |x 1 '=-ia"><4=—a4
16 a2 % 2 b 16 1
X y; 1 x3 Y3 1
Hence, proved.
1 1 sin30
Find the value of @ satisfying [ —4 3 cos20|=0.
7 -7 =2
1 1 s5in30]
Let A=|-4 3 c0s20|=g
7 -7 -2 ]
1 1 sin30
|A]=|-4 3 cos26[=0
7 -7 =2
G-G-G
0 1 sin30
= -7 3 cos20{=0
14 -7 -2
Taking 7 common from C,
0 1 sin36
= 71-1 3 cos20{=0
2 -7 =2
0 1 sin36
= -1 3 cos20| =0
2 -7 =2
Expanding along C,
1 1 sin3e 1 sin39 0
= -7 -2 {%%[3 cos20
= -2+75in 30 +2 (cos 20 - 3 5in 30) = 0
= ~2+75in30+2co520-65in30 =0
= -2+2c0820+sin38 =0
= -2+2(1-25in?0)+3sin0—-4sin0 =0
= -2+2-45in0+3sin0-4s8in°0=0
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= -4sin?0-4sin20+3sin6=10
= —sin@(4sin@+4sin0-3) =0
5in0=0 or 4sin’0+4sin0-3=0
f=nr or 4sin20+6sin0-2sin08-3=0
whenne l
= 25in@(2sin0+3)-1(2sin8+3)=0
= (2sin0+3)(25in0-1)=0
= 25in0+3=0 or 2sn6-1=0

snB=—" or sin@=—
2 2

sinB:LZ‘?’- isnot possibleas-1<x<1

1 n n
sin@=— = sin@=sin— = O=nm+(-1)"-=
> sin sm6 -1 6

Hence, 6=#nn or rm:+(—1)"%

4-x 4+x 4+x
Q13. If |[4+x 4-x 4+x|=0, then find values of x.
44+x 4+x 4-x

4-x 4+x 4+x]

Sol. Let A=|4+x 4-x 4+x| =0
4+x 4+x 4-x]

4-x 4+x 4+x

|A|=|4+x 4-x 4+x{=0

44+x 44+x 4-x

R, >R +R;+R;
124+x 12+x 124+x
= 4+x 4-x 4+x|=0

4+x 4+x 4-x

Taking (12 + x) common from R,,
1 1 1
= (12+x)|4+x 4-x 4+x| =0
4+x 4+x 4-x

C,=C-C G C-G
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0 0 1
(12+x)|2x -2x 4+x| =0
0 2x 4-«x
Expanding along R,
2r -24]
2 1- =
=5 (1 +x)[ jo ?_IJ 0

(12+x) (4x2~0)=0=312+x=0 or 4x2=0
= x=-12 or x=0
Q14. If a,, a,, a,, ..., 4, are in G.P, then prove that the determinant

a
a

r+1 8,5 @9 .
47 Gpq1  8,,5| is independent of r.

a1 a1y Gy
Sol. Ifay, a,, 4y ... a,be the terms of G.P, then
a, = AR*!
(where A is the first term and R is the common ratio of the GP)
. a4y = ARH-I-] - AR'; A5 = ARrS-1- AR
B,5= ARr+9—1 = ARHB; Bpy= ARM-1 o AR™
@ = ARrH1-1 - AR"]D; Q5= ARH-]S—] = ARM1¢
By = ARr+17-1 = AR""]GI A0y = ARM21-1 ARM
The determinant becomes
AR’ ARrH ARr+8
ARr+6 ARr+]0 ARr+14
ARH-ID ARr+16 ARHZO

Taking AR, AR™ and AR™® common from R,, R, and R,
respectively.

1 R* R
AR’ -AR™.AR™[1 R* R
1 R6 R‘IO

= AR’ ‘ARH-G _ARr+‘lO '0[
[** R, and R, are identical rows]
Hence, the given determinant is independent of r.
Q15. Show that the points (a+5,a—4), (2 -2, 2 + 3) and (g, a) do not
lie on a straight line for any value of 2.
Sol. If the given points lie on a straight line, then the area of the
triangle formed by joining the points pairwise is zero.
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a+5 a-4 1
y la-2 a+3 1
a a 1
R, >R -Ry R, 2R, -R,
7 -7 0
= -2 3 0
a a 1
Expanding along C;
7 -7 .
1-|_2 3|-~21—14—7umts
As 7 #0. Hence,, the three points do not lie on a straight line
for any value of 4.
Q16. Show that the AABC is an isosceles triangle if the determinant
1 1 1
A=| 1+cosA 1+cosB 1+cosC |=0.
cos’A+cosA cos?B+cosB cos?C+cosC
1 1 1
Sol. 1+cos A 1+cosB 1+cosC |-

cos’A+cosA cos’B+cosB cos?C+cosC
S A N
0 0 1
= cosA-cosB cosB-cosC 1+cosC =0 .
cos?A +cosA  cos’B+cosB

2 .
~cos’B-cosB -cos?C—cosC cos”C+cos C
0 0 1
= cosA-cosB  cosB-cosC 1+cosC -0

2 2 2 2
cos°A —cos“B  cos°B — cos“C 2
+cosA-cosB +cosB-cosC cos”C+cosC
0 0 1
cosA-cos B cos B—cosC 1+cosC

2cosA+cosB)x {cosB+cosC)x
cosA—-cosB cosB—cosC) cos®C+cosC
+cosA—-cosB) +(cosB+cosC)

=
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Taking (cos A ~ cos B) and (cos B - cos C) common from C,
and G, respectively.

0 1

1 1+cosC|=0
B+ cos®C+
sC+1 cosC

0

= (cosA~cosB)(cosB-cosC) 1
cos A +
B

§§

+1
Expanding along R,

(| 1 1

= (c0sA—cosB)(cosB-cosC)| 1lcos A+ cosB+ ||=0

cosB+1 cosC+1

[(cos B+cos C+1) - o
| (cos A+cos B+1) -
= (cos A~ cos B)(cosB-cos C)[cos B+cos C +1-cos A—cosB~1]=0
= (cos A—-cos B) (cos B—cos C) (cos C-cos A)=0
cosA~-cosB=0 ot cosB-cosC=0
or cosC-cosA=0
= c0sA=cosB or cosB=cosC or cosC=cosA
= ZA=LC or £B=4C = LA=/B
Hence, AABC is an isosceles triangle.

= (cos A -cos B)(cos B—cos C)

A? _31
T

011
Q17. Find A71if p _ [ 0 l:l and show that A™! =
10

011
Sol. Here, A=|1 0 1
110

IAI=0

110
10 10 11

=0-1(0-1)+1(1-0)
=1+1 =2+ 0 (non-singular matrix.)

Now, co-factors, .
0 1 11 10
=y o"_l’ "‘2"\1 ol'l' B3 =t 1"1
11 0 1 01
= - =1, = =-1, = - =
“n 10" “ﬂ+1o} b |11‘1
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%= "lo 1’=1’ 2 l1 1\=1’ T =% 0’=_1
-1 1 17 [-1 1

AdiA) =1 -1 1= 1 -1
1 1 -1 1 1 -1

11
A-1=lIT|Adj(A)=1[ 1 -1 1
1
1

Now, A%2= A-A=

0+1+1 0+4+0+1 0+1+0 211
=(0+0+1 1+0+1 1+0+0|=71 2 1
0+1+90 1+0+0 1+1+0 11 2

211
Hence, A2={1 2 1
112
. AZ_3I
Now, we have to prove that A~ = >
2 111 100
1 2 1|-3{0 10
112 00 1
RHS. = .
2
21 1] [3 00
2-1|-{0 3 0
112|100 3] 1 -1 1 1
== S =l 111
 =A7l=LHS 1 1 -1
H@CE,proved. . A
B [LONG ANSWER TYPE QUESTIONS . -
1 2 0
Q18. If A=[-2 -1 -2|, find AL, Using A7, solve the system of
0 -1 1

linear equations x -2y =10, 2x -y —z=8, -2y +z=7.
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Sol. Given that
1 2 0]
A=|—-2 -1 -2
0 -1 1
-1 -2 -2 =2 -2 -1
1Al =1 -1 1)—2 0 1 +0[ 0 _1:‘

=1(-1-2)-2(2-0) +0
= -3 +4 =10 (non-singular matrix.)

Now co-factors,

-1 -2 -2 - -2 -1
=t 1=_3'a‘2=_' 0 1T M=+ —l‘z
20 10 1 2
= =2, =+ =1, = — =1

I I 1’ 2=t 1’ "5 '0 —1‘
+ 2 0 4,05, = ! 0--2 + 12
M T MM T TRy gl

-3 2 27T [-3 -2 —4]

Adj(A)=]-2 1 1=} 2 1 2

-4 2 3 | 2 1 3]

-3 ~-2 —4]

Al= I—:TIAdi(A)=—} 2 1 2

[ 2 1 3
-3 -2 -4
= Al= 2 1 2
2 1 3

Now, the system of linear equations is given by x — 2y = 10,
2x -~y -z=8and -2y +z =7, which is in the form of CX=D.
1 -2 0]« 10
2 -1 -1f|y|=1|8
0 -2 1|}z 7

1 -2 0 x 10

where C=(2 -1 -1 X = y and D=| 8

0 -2 1 z 7
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(AT = (A
1 2 0
CT =2 -1 -2|=A
o -1 1
E3 x -3 2 2110
y| =CID =y|=|-2 1 1} 8
| 2| Z -4 2 3|7
[ x] -30+16+14 x 0
z] -40+16+21 z

Hence, x=0,y=-5andz=-3
Q19. Using matrix method, solve the system of equation
3x+2y-2z=3,x+2y+3z=6,2x—-y+z=2.
Sol. Given that
3x+2y-2z=3
x+2y+3z=6
2x—-y+z=2

3 2 —2 3
Let A=11 =6
2 —1 2

Al = 3 23 2
-1 1 2 1| 2 -1
=3(2+3)-2(1-6)-2(-1-4)
=15+ 10 + 10 = 35 # 0 non-singular matrix
Now, co-factors,
1 2|
=5

2 3| _ 13

I 2 1
3 -2 B 2
2 1I=7'a”= }2 —ll

2 -2
=(J, =+
1 1‘ 0r a2

an= —l_

ay =+

2 -2 3 -2 3
=10,y =—| |=—11, a5=+
2 3‘ a2 ‘1 3| “as

5 5 -57 50 10
AdGa)y={o0 7 7{=]57 -1
10 -11 4 -5 7 4
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; ) 50 10
A‘1=mAdi(A)=§5- 5 7 -11
-5 7 4
X = A-1B
. 5 0 103 . 15+0+20 . 35
-5 57 -11||6|=—|15+42-22 "3 35
-5 7 4|2 -15+42+8 35

[ 2. 2 -4 1 -1 0

Q20. If A=|-4 2 -4|andB=|2 3 4|, then find BA and
[ 2 -1 5 0 12
use this to solve the system of equations y + 2z=7, x— y=3 and
2x+3y+4z=17.
] 2 2 -4 1 -1 0
Sol. Wehave, A=|—4 2 —4|andB=|2 3 4
T2 -1 5 0 12

1 -1 0][ 2 2 -4
BA=(2 3 4(/-4 2 -4
0 1 2ff 2 -1 5

[ 2+4+0 2-2+0 -4+4+0
=(4-12+8 4+6-4 -8-12+20
0-4+4 0+2-2 0-4+10]|

100
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The given equations can be re-write as,
x-y=3,2x+3y+4z=17and y+2z=7 -

1 -1 0]fx] [ 3

2 3 4i|lyl=117

0 1 2||z] | 7
x] [1 -1 0]'[3
= yl=12 3 4 17
lzf {0 12 7
1'2 2 -4][3
=E"4 2 -4i{17

| 2 -1 5|7
T 6+34-28 1 [12] [ 2

= % ~12+34-28 =% -6|={-1
| 6-17+35 | [24] | 4
Hence, x=2,y=-1and2=4
a bc
Q21. Ifa+b+c¢0and[2 z ;}=O,thenprovethata=b=c.

a
Sol. Giventhata+b+c#0and |:b
c

C,-oC+G+G

at+b+c b ¢
= a+b+c ¢ a|=0
at+b+c a b

1b c

= (@+b+c)|l ¢ af =0 (Takinga +b +c
1 a b common from C;)
1bec

= a+tb+c20 1 c g =0
1 akb

R1—>R1—R2andR‘2—)R2—R3
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0 b-¢c c-a
= 0 c~a a-b| =g
1 a b ~
Expanding along C,
b-¢ c—a
= =0
c—-a a-b
= (b-c)(@a-b)-(c~a=0
= ab-bP-ac+bc-2-a2+2ac =0
= -2 - -2+ab+bc+ac=0
= 2+P+E-ab-bc—-ac=0
= 202+ 267 + 22— 2qb ~ 2bc - 2ac = 0

(Multiplying both sides by 2)
(@ + 0% - 2ab) + (b2 + 2 - 2bc) + (@2 + 2 - 2ac) = 0
(@-bP+@B-cP+@-cP=0
It is only possible when (a - b2 = (b - c)2=(a - c)?=0
a=b=c Hence, proved.
bc—a* ca-b ab-—c?
Prove that |ca~b* ab-c* bc—a| is divisible by a + b + ¢
ab—c* be-a® ac-b?
and find the quotient.
bc-a* ca-b® ab-J*
LetA=|ca—b ab-c? bc-g?
ab-c be-a® ac- b

=
=

C =G+ G+ G
ab+bc+ac—a* -b - ca-b? ab—c?
= ab+bc+ac-a* - - ab-c2 be—-a?

ab+bc+ac—a® - -2 bc-a® ac-b
Taking ab + bc + ac - a2 - b2 — ¢ common from C;
1 ca-b> ab-c?
(ab+bc+ac~a*-v* - *)|1 ab—c? bo-a?

1 be—a? ac-b

Rl—-)Rl—RiandRQ-)Rz—Rg
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= (ab+bctac—a*-b*-c?)

0 ca-b?—ab+c® ab-c*-bc+d

0 ab—c?—bc+a® bc—a*-ac+b?

1 bc - a* ac - b*
= (ab+bc+ac-a* -1 —c?)
0 alc-by+(c+b){(c—-b) YWa-c)+(a+c){a—c)
0 b(a-c)+(a+c)(a—c) clb—a)+({+a)(b—a)
1 be - a? ac - b?
= (ab+bc+ac—a?-b2-%)
0 (c-b)(a+b+c) (a—c)(a+b+c)
0 (a—c)(@a+b+c) (b—a)(a+b+c)
1 bc - 2* ac—b*
= (ab+bc+ac—a2—b2—cz)(a+b+c)(a+b+c)
0 c-b a-c
0 a-c¢ b-a
1 bc—a* ac-b*
= (a+b+c) (@b+bc+ac-a* -b -c?)
0 c-b a-c
0 a-c b-a
1 be-a* ac-b

Expanding along C;

b a-c

= (@a+b+c)? (ab+bc+ac—a2—bz—c2)[1c_
a—c b—a

|

= (a+b+c)?(ab+bc+ac—a? —b —c?)[(c~b) (b—a)—(a—c)*]
= (a+b+ci(ab+be+ac—a® -b? —c*) (o —ca-b* +ab-a* - c* +24c)
= (a+b+c)*(ab+bc+ac—a® b —c*) (ab+bc+ca—a’ —b* —c?)
= (a+b+c)(ab+bc+ac—a®— b -
= (a+b+c){a+b+c) (@+ b+ -ab-bec-ac)
Hence, the given determinant is divisible by a + b + ¢ and the
quotient is

(a+b+c) (@ +b2+2—ab-bc—acy
= (a+b+c)(@+b*+2—ab-bc—ac) (@®+b*+ 2 —ab-bc—ac)
= (@+b+A3-3abc) @+ +c2—ab—bc—ac)
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= —(a® +6® +c® - 3abc) (24° + 26 + 2c% - 2ab — 2bc — 2ac)

= %(af' + B+ = 3abc) [(a=b)? + (b - & + (2 - 0)?]

xa yb zc a b c

Q23. Ifx+y+z=0, provethat |yc za xbi=xyzjc a b

zb xc ya b ¢ a
Sol. L.H.S.

xa yb zc
Let A=[yc za xb

zb xc ya
Expanding along R,
za xb yc xb yc za
xc ya —ybzb ya T xc
xa(yza? - x%c) - yb(yPac — xzb?) + zc(xyc? — z2ab)
xyza® — x3abe — yabe + xyzb® + xyzc® - Pabc
xyz(a® + B3 + ) — abe(x® + 12 + 29)
xyz(a@® + b + ¢) — abc(3xyz)

[(v x+y+z=0)(~ 2B+y’+22=3xy2)]

xyz(@® + b + A — 3abc)
ab c

c ab
b ¢ a

R;—=R;+R;, +R,
a+b+c a+b+¢c a+b+c

= xyz| c a b
b a

L iuy

U

R.H.S. xyz

= xyz(a+b+c)c

[
O R o

1
b (Taking 4 + b + ¢ common
a from R,)

€= G-G, GGG
0

= xyzla+b+c)

S o
IR
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Expanding along R;

—-a a-b

|

c
= xyz(a+b+c)[1b_c ez

= xyz(a+b+c)[(c—a)z—(b—c)(a—b)]
= xyz(e+b+c)(c® +a* —2ca—ab+b* +ac - be)
= xyz(a+b+c)(a2+b2+c2—ab—bc—ca)
= xyz(@® + b + 3 - 3abc)
[@®+ B+ 3 -3abc=(a+b+c) (a®+ b2+ 2 —ab—bc— ca)]
L.HS.=RHS.
Hence, proved.

B OBJECTIVETYPEQUESTIONS(M.CQ) -~
Choose the correct answer from given four options in each of the
Exercises from 24 to 37.

2 6 -2

Q24. If * 5\—7 3,thenthevalue.:)fxis

(@) 3 ) +3 ) 6 (d) 6
Sol. Given that

2x 5 _ 6 -2

= 8 x| |7 3

= 202 -40 =18+ 14 = 2¥2=32+40

= =72 = x2=36

x=%6

Hence, the correct option is (c).
a—-b b+c a
Q25. The value of determinant |b—a2 c+a b|is
c—a a+b ¢
(@) @+ +3 (®) 3bc
(¢} @+b5+ 3 -3abe () None of these
a-b b+c a
SoL. Here, wehave |b-a c+a b
c—-a a+b c

C, =G+ G
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a+b+c
a+b+c
a+b+c¢

a-b
b-a
c-a
a-b
b-a
c—-a

(a+b+¢)

2(a-b)
b-c
c-a

= (a+b+o)

(Taking @ + b + ¢ common
from C;)

Taking (2 - b) and (¥ - c) common from R, and R, respectively

= (a+b+c)a-b)(b-c)
Expanding along C,

= (a+b+c)(a-b)(b-c)

01
01
1 ¢

H

c—a

21
11

_1‘

= @+b+o)(a=b)(b-c) (1)

= (a+tb+c)(a-b)(c-Db)

Hence, the correct option is (d).

0Q26. The area of a triangle with

vertices (- 3, 0), (3, 0) and (0, k) is

9 sq units. Then, the value of k will be

(@) 9 (b) 3 (©) -9 (d) 6
Sol. Area of triangle with vertices (x, y;), (¥, 1,) and (x5, y;) will be:
) -3 01
x y 1
A=y v, =>A=% 301
X Y3 1 0 k 1
1 01 [3 1] |30
—|-3 -
ST o
= = %[—3(-k)—0+1(3k)]
= =%(3k+3k) = —;-(Gk)=3k

k=9 = k=3

121
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Hence, the correct option is (b).

Sol. Let

A:

. b —-ab b-c
Q27. The determinant | , 2 . _,

be—ac c—a

(a) abc(b—c)(c—a) (a-b)
(©) (a+b+c)y(b-c)(c-a)(a—b)

b* —ab
ab-a*
bc -ac
b(b—a)
u(b - )
(b - n)

(b - af*

c
-b B —ab
a

c
~b Bb-a)
a

(b} (b-c)(c—a)(@a-b)

be —ac

ab—a*
c(b — a)

(d) None of these

(Taking (v — a) common

a(b-a)

Hence, the correct option is (d).

Q28. The number of distinct real roots of
in the interval ~=<x<Z is
4 4

(=) 0 () 2 ©1 d) 3
Sol. Given that
sinx cosx cosx| _
cosx sinx cosx|
cosx cosx sinx
GG +G+G
2cosx+sinx cosx cosx
= 2cosx+sinx sinx cosx] =
2cosx+sinx cosx sinx

Taking 2 cos x + sin x common from C,

cosx sinx cosx
COSX CosXx sinx

from C; and C;)

(C,and C, are
identical columns.)

sinx cosx cosx
=0
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1 cosx cosx
= (2cosx+sinx)|1 sinx cosx| =@
1 cosx sinx
Ri=»R-Ry R R -R,
0 cosx-sinx 0
= (2cos x+sinx)|0 sinx—cosx cosx—sinx|=0
1 Cos X sinx

[ . T
cos X —sin x 0
= {(2cosx+sinx)|1

sinx-cosx cosx-—sinx

= (2 cosx +sin x) (cos x-sinx)2 =0
2cosx+sinx= 0 (cos x —sin x)2= 0
2+tanx=0 cosx—sinx=0
tanx=-2 = tanx=1
But —ESxSE = I:me=‘tanE
4 4 4
,,_EE[-_“ £]
4 L44 :
So, x has no solution. So, it will have only one real
root.

Hence, the correct option is (¢).
Q29. If A, B and C are angles of a triangle, then the determinant
-1 cosC cosB
cosC -1 cosA| isequal to
cosB cosA -1
(@ 0 ) -1 01 (d) None of these
-1 cosC cosB
SoL LetA=|cosC -1 «cosA

cosB cosA -1
C;—=aC +bC, +cC;

—a+bcosC+ccosB cosC cosB
= {acosC~-b+cCosA -1 cosA

acosB+bcosA-C cosA -1
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—a+a cosC cosB » From projection formula

= |[-b+b -1 cosA
—c+c¢ cosA -1

a=bcosC+ccosB
b=acosC+ccos A

c=bcosA+acosB
0 cosC cosB

= [0 -1 cosA|=0
[0 cosA -1
Hence, the correct option is (a).

cost t 1
Q30. Let f(1)=|2sint ¢ 2¢|,

then 1‘1_1:)%{—(:—) is equal to
sint t t

@ 0 (b -1 () 2 @ 3

Sol. We have f(f) = [;:iit ;i ;t]
sint t ¢t
Expanding along R,
t Ztl t.Zsint 2t\+ 2sint t’
t sint ¢t sint ¢
cos #(t? —242) — #(2¢ sin t — 2t sin £) + (2t sin t — ¢ sin )
—cost+tsint

I

cost‘

1

[ _ t*cost +tsint
$ £
in ¢
= f(t) cost+smT
= f(zt) —]im(—cost)+lim§—l?—t- =-1+1=0
:—»0 ¢ 50 -0 f

Hence, the correct option is (g).

Q31. The maximum value of
1 1 1] .
1 1+sing 1|
1+cos@ 1 1

Wl o -‘5@’- @i @B

4

1 1 1
1 1+sin® 1
1+cos@ 1 1

A= {0 is real number)

Sol. Given that: A=
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G-G-G GGG

0 0 1
= |-gin@® sin® 1
cos 0 0 1
Expanding along R,
~sin@ sin®@ .
1 c0s8 0 i —sin @ cos 0
= = —l-2sin0c059=—lsin29
2 2
but maximum value of sin20=1 = —1-1 =%
Hence, the correct option is (a).

0 x—-a x-b
Q32. If fix)=|x+a 0 x-~c|, then
x+b x+c O

(@) f(@)=0 () fB)=0 () f(O)=0 () f(1)=0

xX—a x-b
x+a 0 x-c¢
x+b x+c O
0 0 a-b
2q 0 a-c
a+b a+c 0
2a ]

a+b a+c
= (a~b)[2a(a+c)] =(a—b)-22- (@ +c)#0
0 b-a 0

fO=|pb+a 0 b-¢
2b b+c O

Sol. Given that: f(x) =

f@@)=

Expanding along R, = (4 — b)

Expanding along R,
b+a b-c
2 0
= —(b~-a)[(~2b) (b~ c)]=2b(b ~a) (b—c) 0
0 —a -b
f@®=1la 0 —c
b ¢ 0

—(b—a)
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a - a 0
Expanding along R, = 4|, =9, .

=a(bc) - b(acy= abc - abc=0
Hence, the correct option is (c).

2 A -3
Q33. f A={0 2 5 [ then Alexistsif
11 3
(@) A=2 by A=2 (c) Az—2 (d) None of these
Sol. We have,

2 -3 2 A -3
A=tp 2 5| =1Al=|g 2 5

11 3 11 3
dinalezslosaoz
Expanding along 8, = 21, 4/=A1; 317711

=2(6-5)-A(0-5)-3(0-2)
=2+5L+6=8+5A
If A-! exists then Al 20

K s+5x¢o.sox¢"—8
Hence, the correct option is (d).

Q34. If A and B are invertible matrices, then which of the following
is not correct?

(@) adjA=IAI A1 (b) det(A)!=[det(A)]"
() (ABY'=B1A1  (d) (A+Byi=Bl+A"
SoL If A and B are two invertible matrices then
(a) adj A= Al - Al is correct
1
det(A)
(¢) Also, (AB)! =B'A™ is correct

(b) det (A)! = [det(A)]' = is correct

A+B)yl= -adj(A+B
@ (B! =g adi(A+B)
(A+B)1#B" +A™
Hence, the correct option is (d).
. 1+x 1 1
Q35, Ifx, y, z are all different from zeroan| 1 14y 1 |=0-
1 1 14z
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then the value of x1 +y 1 + 21 js

(@) xyz ® Yyl () -x-y-z (@) -1
Sol. Given that
I+x 1 1
1 1+y 1 |=0
1 1 14z
Taking x, y and z common from R,, R, and R, respectively.
l+1 l l
xl 1x ;lt
= - = = |=
xyz +1 =0
y v ly
1 1 —+1
Z 4 F4
R =R, +R,+Ry
—1-+l+1 1 l+l l+1 —+l+l+1
X y z X y z x y z
1 1 1
=
xyz — —+1 - =0
y y ¥
1 1 1
- - -+1
4 F4 F4
1 1
Takmg;+;+-z-+1<:o:)mmoni"romR1
1 1 1
= :cyz(-l—+—1-+l+1Jl l+1 1 =0
Xy z y v y
111,
4 z
C=2C-GGo G- G
0 o0 1
1 1 1
—+—+—+1f-1 1 = |=
s arie) R
0 -1 -1+1
4
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Expanding along R,
1 1 1 -1 1
Za—+o+1|l1 =
:xyz[x y 2 )[ 0"1” ’
1 1 1
—+—=+=+1|(1) =
= xyz(x y z )() 0
1 1 1
= ;+-§+;‘-+1=0andryz =0 (xzy=z#0)

- leyl+zl=-1
Hence, the correct option is (d).
X x+y x+2y
Q36. The value of the determinant |x + 2y x x+ylis
x+y x+2y X
@ 93 +y) () Wx+y) (O 3Px+y) (d) 7e¥x+y)
x x+y x+2y
Sol LetA=|x+2y x x+y
x+y x+2y x
CG2G+G+G
3x+3y x+y x+2y
= |3x+3y x x+y
3x+3y x+2y «x

1 x+y x+2y
= (3x+3y)1 «x x+y

1 x+2y x
[Taking (3x + 3y) common from C,]
0 vy ¥
= 3x+y|0 -2y vy
1 x+2y x
Expanding along C,
NERY
= Mx+y]l H
Y | -2y y
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= 3x+y) (P +2) =3(x+y) (3P =>9y2(1+y)
Hence, the correct option is (b).
Q37. There are two values of ‘¢ which makes determinant,
1 -2 5
A=12 g -1]|=86, then sum of these numbers is
0 4 2a

(a) 4 () 5 (c) -4 @ 9
1 -2 5

Sol. Giventhat, A=|2 4 -1]=86

0 4 2

Expanding along C,

-2 5
4 2a

(242 + 4) - 2(~4a - 20) = 86
22 +4+8a+40 =86
222 +8a+4+40-86=0
222 +8a-42 =0
#+4a-21=0
#+72-32-21=0
aa+7)-3a+7)=0
@-3)(@+7) =0

a -1

1
4 2a

+0

Y

_2‘

*25_
a -1

N R I 1 1 1 A

a=3,-7 .
Required sum of the two numbers =3 -7 =—4,
Hence, the correct option is (c).
Fill in the Blanks
Q38. If A is a matrix of order 3 x 3, then I3Al =
Sol. We know that for a matrix of order 3 x 3,
IKAl = K3 |Al
|3A|=3%|A|=27|A|
Q39. If A is invertible matrix of order 3 x 3, then |A-{
Sol. We lcnow that for an invertible matrix A of any order,

|a7]= ﬁ

L)
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Q40. ¥f x, y, z € R, then the value of determinant
@* +2-1)2 (2" _2-1)2 1
(3 +37)2 (3" -37)* 1|isequalto
(& +47%)? @ -4 1
(2* +2—x)2 (2" _Zﬁz)z 1
Sol. Wehave, |(3* +37%)> (3" - 37?1
(@ +477P (@ -47)? 1
C-2C-G
(2* +2—:)2 -(2* ___Z—x)Z T _2~x)2 1
= |3 +3—-x)2 _(3':: _3-x)2 (3* _3—x)2 1
(41 +4—:)2 _(4z _4—x)2 (4x _4—:)2 1
4.25.27F (2*-27Y 1
= ]4-3°.37F (3 -37%)? 1 [applying
4-4%.47F (4 —47FP 1 (a +b)?2 — (a—by? = 4ab]

4 (F-2779 1

= l4 (3*-37)Y 1

4 (@ -4 1
1 @*-27%¢% 1

= 4|1 (3* -3¢ 1 (Taking 4 common from C;)
1 (¢ -47% 1
= 4-0=0 (-« C, and C; are identical columns}

0 cos® sin@f
Q41. If cos 26 =0, then |cos® sin® 0 | =
sin® 0 cos®

Sol. Given that: cos20=0

=5 C0529=c051—t- =>2(9=E
2 2

o=

4
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Sol.

Sol.

Q44

Sol.
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The determinant can be written as

2 1 1[
0 cos — si.nE 0 = —+=
il | 2
= T sin® = |-=—= 0
cos4 sm4 0 \/5 \/5
sinE 0 cos — i 0 i
4 1 z° R
_1 1 10 i Takin 1 fr
= '\/_EE-J——I 10 g—J—E-common om
i 140 1_ C,,C,and C,
Expanding along C,,
- 2 2
1 11 |11 [ 1 : }
- — -1 +1(0 -1
= 2&‘ ‘0 1|1 0” = |zl iO+10-0)
[ 1 1 1
-1- 24y =2
= 2\/_| ll] g @ 2

If A is a matrix of order 3 x 3, then (A% =
For any square matrix A, (A% = (A-1)2,

. If A is a matrix of order 3 x 3, then the number of minors in the

determinants of A are
The order of a matrix is 3 x3

Total number of elements =3 x3=9
Hence, the number of minors in the determinant is 9.
The sum of the products of elements of any row with the
co-factors of corresponding elements is equal to
The sum of the products of elements of any row with the
co-factors of corresponding elements is equal to the value of
the determinant of the given matrix.

4 Gp 43
iy A Oy
A3 A3 Ay
Expanding along R,

LetA=

]

A3

Ay

a3

azz “23
A3 33

(e
4y

= ayMy +apMy; +a;3Mp,

a; “12

“31

DeterMinanTs B 131


http://www.cbsepdf.com

www.cbsepdf.com

(where M;;, M;, and M;; are the minors of the
corresponding elements)

Q45. If x = -9 is a root of = (), then other two roots are

®» NN

xR W

NNeR

x 37
2 x 2
7 6 x
ExpandingalongRl/
x 2 2 2 2 x
6 x |7 x| |7 6
= x(x2-12)-3(2x~-14)+7(12-7x) =0
= P©-12x6x+42+84-49x =0
= P-67x+126=0 (1)
The roots of the equation may be the factors of 126 i.e., 2 x 7 x9
9 is given the root of the determinant put x =2 in eq. (1)
2P-67x2+126 = 8-134+126=0
Hence, ¥ =2 is the other root.
Now, putx=7ineq. (1)
7P-67(7)+126 = 343-469+126=0
Hence, x =7 is also the other root of the determinant.
: 0 xyz x-—2
Q4. ly-x 0 y-z[= —
z2-x z-y 0
0 wyz x
y-x 0 y-
z-x z-y 0

CG-G-G

Sol. We have, =0

= x = (

7]

Sol. LetA=
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R]—)R]—RZ,R2—>R2—-R3
0 2z x-y
=(z-x}|0 y-z y-z
1 z-y O
Taking (y - z) common from R,
0 xyz x-y
=(z-x)(y-2)10 1 1
Expanding along C, 1 z-y 0
yz x-y
1 1
=(z-x)(y~-2) (xyz-x+y)= (y~12) (z-x) (y—x+xyz)
1+07 1+2" Q+n?
Q7. It fl)=|(1+2)" (1+2” (1+x)*|=A+Br+Cx? +...
1+0" (1+2® Q+x)¥

= (Z—I)(y—Z)[l

then A=
Sol. Given that
1+x)7 Q+2® Q+02
1+x)2 1+2% Q+2* | =A+Bxr+C2 +...
A+ (1+x® 1+27
Taking (1 + x)V7, (1 +x)® and (1 + x)** commeon from R;, R, and
R; respectively
1 1+2? Q+2°
A+x)7  A+02 -1+ 1 1+2)° 1+
1 (1+x)2 (1+x)°
= (1+2)7-(1+x)2-(1+0".0 (R, and R, are identical)
0=A+Bx+Cx2+...
By comparing the like terms, we get A=0.
State True or False for the statements of the following Exercises:
Q48. (A% =(A")®, where A is a square matrix and IAl =0,
Sol. Since (A% = (A-)K whereK & N
Sa, (A% = (A3 s true
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Q49.

Sol.

Q50.
Sol.

Q51,
Sol,

Q52.

Sol.

Q53.

Sol.
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(aAy 1= z A!, where a is any real number and A is a square
matrix. 4

If A is a non-singular square matrix, then for any non-zero
scalar ‘@, aA is invertible.

(aA)-(lA'IJ = a.l-A-A‘l =1
a a

So, (aA) is inverse of (l A—l)
a
= (aA)= 1 A7l is true.
a

‘A'1| #|A["?, where A is a non-singular matrix.
False:i
Since |A’1| =|A["! for a non-singular matrix.
If A and B are matrices of order 3 and |A|{=5,|B|=3 then
|3AB| =27 x5x 3 =405
True.

[3AB| = 3°|AB|=27 |A||B| =27 x5x3 [ IKA[=K"|A[]
If the value of a third order determinant is 12, then the value

of the determinant formed by replacing each element by its
co-factor will be 144.

True.

Since [A]=12

If A is a square matrix of order n
then |adjA] = A"

|adjA| = |APTT =|Af =(12)' =144 [n=3]
x+1 x+2 x+a T
*+2 x+3 x+b =0 wherea, b, carein AP
x+3 x+4 x+c -
True.

x+1 x+2 x+a
Let A=|xr+2 x+3 x+b
x+3 x+4 x+c¢

RZ__)ZRZ—(RI+R3)

r+1 x+2 x+a
=10 0 2b-(a+0)
x+3 x+4 x+¢

a,b, c are in A.P.
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s~b—a=c-b = 2b=a+c
x+1 x+2 x+a
10 0 0|~
x+3 x+4 x4+
Q54. |adj A|=|A|*, where A is a square matrix of order two.
Sol. False.
Since [adj AI =|A""" where # is the order of the square
matrix.

sinA cosA sin A+cosB
Q55. Thedeterminant {sin B cos A sin B + cos B| isequaltozero.

sinC cosA sinC+cosB
Sol. True.
sinA cosA sinA+cosB
LetA=|sinB cos A sinB+cosB
sinC cosA sinC+cosB
Splitting up C,
sin A cosA sinA| [sinA cosA cosB
=sinB cos A sinB|+[sinB cosA cosB
sinC cosA sinC| |sinC cosA cosB

sin A cosA cosB

=0+|sinB cosA cosB [*- C, and C,; are identical]
sinC cosA cosB
sinA 1 1
“cosAcosBisinB 1 1
sinC 11
[Taking cos A and cos B common from C, and C; respectively]
=cos A cos B (0) [ C, and C, are identical]
=0

x+a ptu I+f
y+b g+v m+g
z+c r+w n+h

determinants of order 3, each element of which contains only

one term, then the value of K is 8.
Sol. True.

Q56. If the determinant splits into exactly K

x+a p+u I+f
y+b g+v m+g
z+¢c r+w n+th

Let A=
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Splitting up C,

x p+u I+f| |a ptu 1+f

=|y qg+v m+g|+|b 9+v m+g

z r+w n+h| |[c r+w n+h
Splitting up C, in both determinants

x p I+f| |x wu I+f] ta p I+f
=>|ly q m+g|+|ly v m+gi+(b g m+g
z r n+h| |z w n+h| |c 1 n+h

a u l+f
+(b v m+g
c w n+h
Similarly by splitting C; in each determinant, we will get 8
determinants.
apx
Q57. Let A=|b q y| 16
cr z

p+x a+x a+p
then A =|9+y b+y b+q|=32

r+z c+z c+r
Sol. True.

=16

ap
Given that: A=|b q
cr

N OO

p+x a+x a+p
LHS. A, =|q+y b+y b+g

r+z c+z c+r
C,-GCG+G+ G

2p+2x+2a a+x a+p
=(29+2y+2b b+y b+g
2r+2z+2¢c c+z c+r

p+x+a a+x a+p

136 E

=2|q+y+b b+y b+gq [Taking 2 common
r+z+c c+z c+r from C|]
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p a+x a+p
C—-C-C=2(qg b+y b+g
r c+z c+r

P a+x a
G C-Cl=2|g b4y b
Splilﬁngupg r c+z ¢

p aa P xa P x a
=2qg b b|+2|q y bj=2(0)+2|q y b
rcc r zc L
P x a apx
=2|q y bj=2|b q y (C, e CGand
T z ¢ cr z Goed)
=2x16=32
1 1 1
Q58. The maximum value of [1 (1+sin®) 1 is%.
Sol. True. 1 1 1+cos@
1 1 1

Let A=|1 (1+sin®) 1
1 1 1+cos@
CG=2G-G GGG

0 0 1
= t—-sin® sin® 1
0 —cos® 1+cos@
Expanding along C,
—-s5in® sinB .
=1 =5in B cos O —0=sin 6 cos &
0 —cos @

= 1 osin0cose = 1 g 09
2 2
1
= EXI [Maximum value of sin 26 = 1]

= l
2 oag
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Continuity and
Differentiability

[ 5.3 EXERCISE |

B SHORT ANSWERTYPE QUESTIONS -~ -
Q1. Examme the continuity of the funct]on
flty=2>+2*-1 at x=1
Sol. We know that y = f{x) will be continuous at x = a if
lim f(x) = lim f(x)= im_f(x)
x—da x—a x—a
Given: fi=+ 22 -1
lim f(x)=Bm @+ )+ 20+ 0 -1 =1+2-1=2

lim f(x}=(1)° +2(1)* - 1

=1+2-1=2
lim f(x)= Bm(1+#)® +2(1+h)? -1
x=1" -

=1+2-1=2

lim f(x)=lim f(x) = lim f(x)=2.
x-1 x=1 x-1
Hence, f(x) is continuous at x = 1.

Find which of the functions in Exercises 2 to 10 is continuous or
discontinuous at the indicated points:

3x+5,ifx22
= 22
Q2. flx) ifx<2 atx
Sol, hmf(x) 3x+5

= lim 3(2 + ) +5=11
lim f(x)=3x+5=3(2) +5=11
P_glf(x) = lim (2~ hy?
= g(2)2+h2—4h=(2)2 =4
Since li“z‘ flo = lim f(x)# }iinz f(x)

Hence f (x) is discontinuous at x = 2.

1-cos2x .
——,ifx=0
Q3. fix)= x* atx=0.
5, ifx=0
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. 1-cos2
Sol.  lim f(x) - —SF°%
x—o0 x
_ lim1—1:052(02—-h) =lim1_cos2(—2h)
h—=0 (O—h) h—=0 h
.. 1-cos2h
T ko0 B2
. 2
= | 2sin” b [ 1-cos @=2sin
k=0 K2
2sinh sinh i
= T 2112 [hmmJr
k=0 h h o0 X
. 1—-cos 2x
hm*f(x) = 2
x=0
=1im1—(:052(02+h) o 1-cos 2k
>0 (0+h) k0 K
. 2sin’h  2sink sink
= lim = . =211=2
r=0 hz h h
lim f(x) =5
xr=0
As lim f(x) = lim f(z)# lim f(x)
=~ fix) is discontinuous at x = 0.
2x2 -3x-2
— . ifx#2
Q4. fix)= x-2 AL atx=2
5, ifx=2
L 2t -3x-2
So flx) = P
2¢% —dx+x-2 2x(x~2)+Lx-2)
x-2 - x—2\
2x+D(x -
_rehe-2)
x—2
lim f(x) =2x+1
=2
=lim2(2-h)+1=4+1=5
k=0
lim f(x) =2x+1
x—-2

=lim2(2+h)+1=4+1=5
h—0
mfe =5
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As lim f(x)= lim f(x)= lim f(x}=>5
Hence, f{x) is continuous at x = 2.
-t
Q5. fix)={2(x~4) atx=4

0, ifx=4
) |x—4 forx<4,|r-4=-(x-4)
Sol. zh-ﬂ- f(x) 2(x—4) for x> 4, |x —4| =(x—4)

~[4-n-4] I B
a_.uz[4 h- 4] o021 2

|x -4 [4+h-4] 1
_.4*f()"2(x 4) h-»02[4+h 4] "2
lim f(x) =0

lim_f(x) » lim f(x)# lim f(z)
Hence, f(x) is discontinuous at x = 4.

]xlcosl,ifxato
x atx=0

Q6. fix)=
0, ifx=0
. 1
Sol. xh_{l(lr f(x) = |x|cosx 1
. 1
= ].m‘ O—h COS = i —
fim) |cos Gy = fimcosy

=0 [ cos 1 oscillate between — 1 and l]
x

, 1
Jlim f(x) = || cos "

=1im|0+h|cos hcosl=0
h—0

! limn
(O+h) h-o h

lim f(x) =0
lim f(x) = lim, f(x)=lim f(x)=0
Hence, f{x) is continuous at x =0.

1 Lifx#0
—a atx=a.

|x—a| sin
x

Q7. flx)=
0, ifx=a
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SoL.  lim f(x) = |x—d|sin

X—=a xX—a

=;Jf},ia—h—a|.sma_h_a —mh.sm_h
. 1 e o
_;l,lf}; k.smz [ sin (- 8) =—sin 6]
= 0 x [a number oscillating between — 1 and 1]
=0
lim, f(x) = | - | sin —
x4 X—a
. . _ 1
—E_Jf})la+h—a|.sma+h_a—k_m -sin -

= 0 x [a number oscillating between — 1 and 1]
Lim f(x) = 0
Aszli_l,l;l_ flx) = Jrli)llral’ f(x)=:1ri£1af(x) =0

Hence, f{x) is continuous at x = a.

el/:
—,ifx%#0
+el'*

Q8. fix)=41 atx=0
Or ifx=0
lim el/z
Sol. z—)O“f(x) = 1_,_81/2
1
= lim e’ = e
E—0 1 h—)01+e”1/h
140"
. 1 1
B ’]l.]i‘)})ellh(l_e_llh) - h—)OelIh_l—ello_l
1 1
= =-—=—.1 . n-n=
" -1 0-1 [ e”=0]
ell:
Jim ) = 7
1
= lim et B el?
B h—0 1 B h—)01+euh
14042
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. 1 1
’III—I::})E—UH (1+e™y ko0 41
1. 1 .
Tt 0wl =01
lm f(x) = 0
x—0

As lim f(x)# lim f(x)# lim f(x)
=0 x—0" =0
Hence, f(x) is discontinuous at x = 0.

x2

—2—, if0sx<1
Q9. fix)= 3 atx=1.
2x2-3x+—2—,if1<xsz
. £ (1=K 1
Sol.  lim f(x) = = jim=——=3
2 2
. _x )1
]lclgllf(x) 7 > =3
; Y RPN BEPyaty 3 3_,.3,3.1
:h_{l}*f(x) 2x 3x+:Z 2(1) 3(1)+2 2 3+2 2

. v s 1
As lim f(x) = Yim f(x)=lim f(x) =5
Hence, f(x) is continuous at x = 1.
Q10. f(x)=|x]+|x—1| at x=1.
Sol.  lim f(x) = |l +}x~1 = limf1—#|+[1-h -1
= [1-0[+[1-0-1 =1+0=1

Jlim F) = |2 +]x -1
= lim[1+h+[1+k-1=1+0=1
h—0
lim f(x) = [l +}x -1 = 1{+-1=1+0=1
x—1

As lim f(x) = lim f(x)=lim f(x)

Hence, f(x) is continuous at x = 1.
Find the value of k in each of the Exercises 11 to 14 so that the
function fis continuous at the indicated point:
3x-8,ifx<5
Q11. fix)= { 2%, if x>5 atx=5
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Sol. limsf(x) =3x-8
x>
= Iim35-h)-8=15-8=7
h—0

lim f(x) =2k
x5
As the function is continuous at x =5
* lim f(x) = lim f(x)
x5 x—5* 7
7=2k = k=5

Hence, the value of k is % .

x+2
~2—161.fx#2
Q12 fix)=41 4" -16 atx=2
k, ifx=2
Sl 2%+2 _1g 2227 _16 42* -4)
ol. .f(x)_ 41 —-16 (21)2 ( ) ( 1’ _4)(21+4)
fx) = 2*+4
lim 4 4 4 4_1
zh—{rzl'f(x)=h'—’022h+4 2214 4+4 8 2
lim f(x) =k
As the function is continuous at x = 2.
. li = lim
xl—ubl."!l' f(x) :i -2 f(x)
k=5 1
Hence, value of k is 5"
1/1+Ic7c—,/ kx
1- Jf-1<x <0
Q13. fix)= atx=0
2"”, if0<x<1
x—1
,/1+kx—,/1-kx
Sol. lim f(x) =
x>0
_ hm\/”’“‘ ~J1-kx J1+kx+J1 kx
10 x J1+kx+J1 kx
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(1+kx) - (1 kx)

TR R

l+kx-1+kx

T[T i-k]
= lim 2kx
-0 x[@+ﬁ]

lim
0 fl+ka+{1-kx
lim 2k
h—v0J1+k(0—h)+,/1—-k(0-h)
2k _Z_k_k
Ji+4d1 2
. 2x+1  2000+1 1
l]m = = =—=—1
1—b0f(x) x—-1 0-1 -1
As the function is continuous at x = (.
» lim f(x) = lim f(z)
k=-1
Hence, the value of kis - 1.

——-——I—COSkx,ifx;eO

Q4. flx)= 1 atx=0

144

—, ifx=0

a0 x xsinx
_ . 1-cosk(0-h) =liml—cos(~kh)
k>0(0—h)sin(0—h) *>°—hsin(-h)
. 1-coskh +sin(—@)=-sin@
~ k>0 hsink [ cos{(—0)=cos O

kh
2sin® -
AT
k-0 hsinh
5 sin Kt kh
. Sy Kk ST k1
= X—X X —.—
Eh—)ﬂo E 2 ﬂ 2 h Slnkh
—_ 2 2 .‘—‘—“*h -
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sin k
M1 Jim =5 =1ane
B R
2 2 h limsmkh
k-0 kh

n

""N[’t, N

lim f(x) =

x—=0

As lim f(x) = y_lg},f(x)
21

2 72
= =1 = k=%1
Hence, the value of k is + 1.

Q15. Prove that the function f defined by
X
fix)= 4 |d+ 22"
k, x=0
remains disconﬁnuous at x =0, regardless the choice of k.

0-h
Sol.  Jim £ = oo = lim ~H[+2(0—hy
~h

= =2 lim —————
1111-%},+2h2 k-0 h(1+ 2h)
-1 -1 -1

}1-’.‘})1+2h 1+2(0)
0+h
fx) =

hm = lim
g I+ sz k=00 + B +2(0 + h)?
h h 1 _
TR e Yo B
Lim f(x) # Lm f(x)
Hence, f{x) is discontinuous at x = 0 regardless the choice of .
Q16. Find the values of 2 and b such that the function f defined by

(x-4
-4
flx) =<a+b ifx=4
x-

[x-4
is a continuous function at x = 4. .-

+a,ifx<4

+b ifx>4
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x
Sol. lim f(x) =7—Fxt4
-4 |

-4
-—4—’!—-‘-1— lim:—h+a=—1+a
h—>0I4 h— 4| k-0 h
lim f(x) =a+b
x4 4
x—
lim = ——+b
r—>4“f(x) |x 4[
= 4—”-1——4 +bh= lun +b 1+b
h_>o]4+k 4|

As the function is continuous at x = 4.
lim f(x) = lim f() = lim, f(z)

~1+a=a+b=1+b
~1l+ag=a+b = b=-1
l1+b=a+b = a=1
Hence, the valueof a=1and b=-1.
1
Q17. Given the function f{x)= Y12 Find the point of discontinuity

of the composite function y = ff(x)].

1
Sol. fx) = 712
1 1 1 x+2
f[f(x)]=f{x)+2= 1 +2=1+21'+4—21+5
) x+2 x+2
X+
el = 5—

This function will not be defined and continuous where
2r+5=0 = x= 1;

Hence, x = _7 is the point of discontinuity.
Q18. Find all the points of discontinuity of the function
f) =

=i

Sol. We have f{t) =

, where =
2

_1
2 4f-2

1 . 1
= f(t) = 1 T I:Puttlngt=ﬁ:|

-1 (x-1)

x-1
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Q19.

Sol.

Q20.

Sol.
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~ 1 (x-17
T A4x-1-2x-1)° x-22-2+4x
(x-1)?

(x-1y (x -1y
=—2':2+5;:c—2=—(2x2-5x+2)
_ (x-1)° _ (x-1)7°

—[2x* - 4x-x+2] -[2x(x-2)-1x-2)]

I s N Ot V

S —(x-2)2x-1)  @2-x)2x-1)

So, if f(t) is discontinuous, then2-x=0 . x=2

1
and2x-1=0 . x= 2

1
Hence, the required points of discontinuity are 2 and 2"
Show that the function fix) = |sin x +cos 2| is continuous
atx=n. T
Given thatf{x) = [sinx +cosz| atx=n
Put  g(x)=sinx+cosx and h(x)= |
hlg(x)] = h(sin x + cos x) = Isin X +cos x|

Now, g(x) = sin x + cos x is a continuous function since sin x
and cos x are two continuous functions at x =,
We know that every modulus function is a continuous
function everywhere.

Hence, f(x) = |sm x+cos x[ is continuous function at x = 7.
Examine the differentiability of f, where fis defined by
xfx], f0<x<2
fix) = {(x—l)x,if2$x<3 atx=2.
We know that a function f is differentiable at a point ‘2’ in its
domain if
Lf() = Rf"(c)
where Lf () = lim fe-R-f@ 4
B0 -h
R (0 - i S0 )=S0

{ x{x],if0sx<2

Here, f(x)= (x—1x,if2<x<2

atx=2

atx=2.
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ljm(2—5‘1)[2—]1]—(2—1)2

2-h)- f(2
o g [RR=1E)

=0 -h
=ljm(2_h)'1_2 [—.-[2—h]=1]
B0 -h
_ limz—h~~2 -1
0 —h

R0 1 L2 R =12
h-0 h

_ lim(2+h—1)(2+h)—(2—1).2

B0 h
=lim(1+h)(.?.+h) 2=lim2+h+2h+h 2
h—0 h h—0 h
2
g 3h+h =limh(3+h)=3
=0 h h—0 h
Lf(2) # Rf'(2)

Hence, f(x) is not differentiable at x = 2.

Q21. Examine the differentiability of f, where fis defined by

atx=0.

1,
_ﬂx)== xzsm;,lfx;to
0, #x=0

Sol. Given that:

148

.1,
fix) = xzsm;,foatO
0, ifx=0

For differentiability we know that:
Lf'(c) = Rf (c)
0-h)- F(O
2. 1 2 1
O-HPsingto-0 #ein(-1]
= lim o —n T
h>0 —-h -h

: h.sin (;11') = OX[—ISsin(%)Sl]

atx=0

0
(0+h)’-sin(_1-—)-o

- 0+h

Rf’(0)= ;,-_.of(0+hlz f(0)=h.-.o h -
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# s
= ﬁm__h = hmhsm(l)
h—>0

hs0 h h

= Ox[—lsﬁn(%JSI:l =0
So, Lf'(0) =Rf'(0) =0
Hence, f{x) is differentiable at x = 0.
Q22. Examine the differentiability of f, where fis defined by
1+x,ifx<2
fx) = 5-x,ifx>2 atx=2.
Sol. f{x)is differentiable at x = 2 if
s Rf’(z} 2-h) - f(2)
2 3 ( - -
o S

-h)- -h- -h
-=Iim(1+2 h) (1+2)=lim3 h-3
k>0 -h . h=0 -~k -h

-
R @)- im FEH1)= SO

_ lim[5-(2+h)]~(1+2) g 3-h=3

So, Lf'(2)2Rf’'(2)
Hence, f{x) is not differentiable at x =2,

Q23. Show that f(x) = |x - 5| is continuous but not differentiable at
x=5,

Sol. We have f{x) = |x - 5|
—(x-5)ifxr—5<0o0orx<5
= fx) { x-5ifx—-5>00rx>5
For continuity at x =5
L.HL. lim f(x) =-(x-5)
h-3 = lim-(5-#~5) = lim h =0
h>0 k>0
RHL. lim f(x) =x-5
x5 )
= lim (5+%-5) = lim h=0
k>0 h-0
L.HL. =R HL.
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5o, f(x) is continuous at x =5.

Now, for differentiability
h 5
L) - Jim LE=R=IO)
_ Hm-(5—h—5)—(5-—5) lim—h—=—‘1
h—>o0 -h h-o0-h
R - tim L1 I
=11m(5+h 5) (5-5) _ h__=1
b0 h T ko0 h
Lf'(5) = RF'(5)

Hence, f{x) is not differentiable at x = 5.

Q24. A function f: R — R satisfies the equation f(x +y) = f(x).AY)
VY x, y € R, fix) # 0. Suppose that the function is differentiable
at x =0 and f’(0) = 2. Prove that f’(x) = 2f(x).

Sol. Given that: f : R — R satisfies the equation f(x + ¥) = f(x).f(¥)
Vx,ye R fix)#0.
_ Let us take any point x = 0 at which the function f(x) is

differentiable.
£ = tim LO*R=JO)
2= 1m JOSOSO ooy iy 0
= 2= lim _J_’Q![f_("ﬂ
Now f'(x)= ’Hoﬂihh)_,@
- tim JEOSBTE (e 1) = o). fi0)]
- H’)&U;f’tﬂ =2f(x) from eqn. (i)

Hence, f'(x) = 2f(x).
Differentiate each of the following w.r.t. x (Exercises 25 to 43):

Q25. 2 *
Sol. Let y = 205
' Taking log on both sides, we get

logy=1032“”2‘ = dog y = cos’x . log 2
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Differentiating both sides w.r.t. x
;:x_y —logZ.Ed;coszx
1dy d
= Y dx log2|:2cosx.zcosx}
1 dy
== =]og2 -
= ydx 0g 2 [2 cos x (— sin x)]
1 dy
—.—— =log 2 (-sin 2x
= e o8 (= sin 2x)
dy .
I =—y.log 2 sin 2x
d
Hence, o _peostx (log 2 sin 2x)
8* ax
Q26. —¢
x g*
Sol. Let y= =

X
Taking log on both sides, we get, logy = log 8—3
x

=  logy=log8 -logx* = logy=xlog8-8logx
Differentiating both sides w.r.t. x

Bt A 1-= L =y|log
) dx og 8.1 . = I x

Q27. log (x+ \/x" +u)
Sol. Let | y = log (;\t+,/.ﬂr2 +a)

Differentiating both sides w.r.t. x
%y %log (x +2? + a)

1 d 7

T xePra ,/E'E(“ )
1 d,, ]
X—(x“ +a)

1
= J1+
x+\/x2+u[ 2xl4a 9

i
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i

—1—--.1+ L .Zx]
L 2Vx? +a

= ! -1 PO ]
x+ P ral JrP+a
1 (,/xz +a+x 1
x+,[x2+u'\ J¥ +a J3i+a
Hence, _d_y = ! .
dx 2 +a
Q28. Jog [log (log x°)]
Sol. Let ¥ = log [log (log x°)]
Differentiating both sides w.r.t. x
dy d 5
rolialrm log [log (log x°)]
1 d
= —x—1 x°
log (log x°) dx o (log x°)
1 3 jog x5
loglog =) " log(®) dx
1 1
log (log x°) log(z®) )
1 1
log (log x°) "log(x°)
_ 5
x log (x°).log (log x°)
dy 5
dx  xlog(x®).log(log x°)
Q29. sin Vx +cos? Vx
Sol. Let y = sin x +cos’ Vx
Differentiating both sides w.r.t. x

% = dix-(sm J;) + %(c:os2 \[;)

= cosﬁ.-%(‘f;)+2cos~f;.%(cosﬁ)

d s
St

4

Ntn] - Hull L

2
"

Hence,
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= cosx. J_+2cos\/—(—51n\/_)
= m.cos&—Zcos\/;.sinJ;.-z-ﬁ
- cos\/;_sinZJ;

2Jx 2Jx

- dy cosVx sin2Jx
ence, dx 2-\/; 2& .
Q30. sin” (ax? + bx +¢)
Sol. Let y =sin” (@x® +bx +c)
Differentiating both sides w.r.t. x

%= %sin"(a::c2 +bx+¢)

= p.8in”” l(axz+bx+c)—sm(a.x2+bx+c)

= nsin® ™ Yax? + bx + 0). cos(ax2+bx+c) —(a:rz+bx+c)
= n.sin"~Yax? + bx + c).cos(ax® + bx + ¢).(2ax + b)
Hence, Zx—y = n(2ax + b).sin" ~1(ax? + bx + c).cos(ax? + bx + )

Q31 cos(tanVx+D—— - ——— "

Sol. Let Yy = cos (taan+1)
Differentiating both sides w.r.t. x

Q = —cos(tan\/:-rT)

dx dx
= —sin (tan V3 ¥1). < (tan V7 +1)
dx
= "Sin(tan\/x+1).secz\/x+l.£—\/}T1
: P 1
= —Sm(tan x+1).seczvx+1.2—-—&_+T.l
dy _ 1
Hence, ol o sin {tanVx+1).sec® Va+1
Q32. sin 22 + sin’x + sin’(x?)
Sol. Let y = sin 22 + sin?x + sin?(x?)

Differentiating both sides w.r.t. x,

Conminuity anp DiFFerenmiasiTy B 1563


http://www.cbsepdf.com

www.cbsepdf.com

4y
dx

%sin(xz)+%sin2 x+£x—sin2(x2)
= cos x* .;}-(xz) +2 sinx.;x-(sin x) +2 sin (x*) %sin(xz)

d
= cos x2.2x + 2 sin x.cos x + 2 sin xz.cosxz.a(xz)
= 2x.cos X2 + sin 2x + 2 sin x2.cos x2.2x

d
Hence, E}I = 2x.cos x2 + sin 2x + 2x sin 222

o1 1
0Q33. sin (MJ
— 'l -1 1
Sol. Let y = sin {Jm]

Differentiating both sides w.r.t. x

e ] [t

,fx+l .
1 d -1/2
= e (x+1
x+1
- 1 -1 .y d
= x+1_1.2(x+1) .dx(x+1)
x+1
1/x+1 -1
= —(x+1)7¥2.1
PREAAE
-1 ,/x+1 1 L 1
T2 U T+ 2Jx(x+)
dy 1
Hence, ol NPT Tax+1)
Q34. (sin x)***
Sol. Let y = (sin x)™°*
Taking log on both sides,
log y = log (sin x)***
= log y = cos x.log (sin x) [+ log x¥ =y log x]
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Differentiating both sides w.r.t. x,

ldy d .
—.—%~ = —cos x.log (sin x
ydr i g (sin x)
= ;lf_zx_y = COS x.%log (sin x) + log (sin x).%cosx
=- i% = €08 x.sian.i(sin x) + log (sin x).(- sin x)
= 14y = cotx . cos x —sin x. log (sin x)
Y dx . - log (
Yy _ —si i
I Y [cot x.cos x — sin x.log (sin x)]
dy cos® x

Hence, = (sin x)*=* [ —sin x.log (sin x)]

sinx

Q35. sin"x.cos"x
Sol. Let y=sin"x.cos"x
Differentiating both sides w.r.t. x

Zx_y = -;;(sin'" x.cos" x)

= sin™ x.%(cos" x) + cos” x.% sin™ x

\ 1 d . m—
= sin™ x.n.cos" 1J:E(cosx)+cos":c.m.sm'" lx

Ei—(sin x)

= n.sin™ x.cos" ~ ! x.(- sin x) + m.cos” x.8in™ ! x.cos x

= —n.sin™*lx.cos" ' x+mcos"* ! x. sin™ " lx

sin x cos X
+ i.—

cos x sin x

sin™ x.cos” x[— n

Hence, % = sin™ x.cos” x[ - ntan x + m.cot x |

Q36. (x+1)%(x +2)%(x +3)*
Sol. Let y=(x+1)(x+2)%x+3)
Taking log on both sides,
logy = log[(x+1)*.(x +2)%.(x + 3)]
=  logy =log (x+1)*+log (x + 2)% + log (x + 3)
[~ log xy =log x +1og y]
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=  logy=2log(x+1)+3log (x+2)+4log(x+3)
[~ logx¥ =y log x]

Differentiating both sides w.r.t. x,
1dy 2-11 (x+1)+3 i1 (x+2)+4.£lo (x+3)
ydr  Cdx B “dx OB ix 8
1 dy 1 1 1
— 2 =2. 3. 4,
= y dx x+1+ x+2+ x+3
dy _ 2 + 3 4
= Ehy[;@l x+2  x+3
dy 1 30y +3y}| -2 3 4
= - = (x+1)°(x +2)"(x +3) [r+1+x+2+x+3
= (x + 1%(x + 2)*(x + 3)*
2(x+2)(x+3)+3x + 1)(x+3) +4{x+1)(x +2)
(x+)(x+2)(x+3)
= (x+1)(x +2)%x + 3’22+ 10x + 12+ 3x2 + 12x + 9
+4x*+12x+8)

= (x + 1)(x + 2)%(x + 3)*(9x% + 34x + 29)
Hence, Z—Z— = (x + 1)(x + 2)%(x + 3)*(9x% + 34x + 29)
_1fsinx+cosx L T
Q37. cos (——JE ),
1 (sin x+cos I)
V2

1 .

Sol. Lety= cos™
= cos_l[—smx+—1—cosx]
2

V]

_1[ . T, T ] -1[‘. (ﬂ )]
= COS sin — sin x + COs —.C0s x |=CO5 cos|——X
4 4 4

T | 14
y =3°°% ['.'—Z<x<z]
Differentiating both sides w.r.t. x
L/
dx
1-cosx T n
38, tan! , ——<x<—
Q [ 1+cosx] 4
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[ 1=
Sol Let y= tan"! /“ﬂ]
| l+cosx
tan“lr 2sin” x/2 +1—cos x=2sinx/2
2 cos® x/2 1+cos x =2 cos? x/2

- tan"l (Sin 112] _ tan—l[tan i:l

| cos x/2 2
x
2
Differentiating both sides w.r.t. x
dy 1d 1 1
—_— = —— = - 1=—
dx de( ) 2 2
dy 1
Hence, a2

- T
Q39. tan"!(sec x + tan x), -5 <x<y

Sol. Let y = tan" '(sec x + tan x)
Differentiating both sides w.r.t.
% = %[tan‘lisec x+ tan;)]
= — +tan
1+ (sec x + tan x)? dx(secx %)
1

1+seczx+tan2x+25ec:rtanx

(secxtanx
+sec? x)

. sec x(tan x
+secx)

1
. (+tan’x)+sec’x+2secxtanx
1
sec” x+sec® x+2secxtanx
1

2sec’x+2secxtanx

= 1 .secx(tan x +sec x) =
2 sec x (sec x + tan x)

dy 1
Hence, x -2

. sec x(tan x + sec x)

.8ec x (tan x + sec x)

N|=
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Alternate solution

: Lety=tan'1(secx+tanx), —;—u<x<-1-2t—

tan'l( 1 +smx)=tan_1(1+sme

cosx cosx cos x

- cos? x/2 + sin® x/2 + 2 sin x/2 cos x/2
cos” x/2 — sin” x/2

I

[‘.’sin2x=251nxcosx :l

cos 2x = cos® x —sin? x

_ (cos x/2 +sin x/2)
= tan
cos x/2 +sin x/f 2)(cos x/2 —sin x/2)
[cosx/2+smx/2]
= tan~
cos x/2 —sin x/2
N 1+ tan x/2 g
= tan” [1 tanx/2] [Dividing the Nr. and

Den. by cos x/2]

- tan-! tan /4 + tan x/2 - tan-| tan T x
1 - tan n/4.tan x/2 (4+2)
.z
Y=272
Differentiating both sides wrt x
dy 1 d
% _ _1__
dx () 2
dy 1
Hence, w2
Q40. tan’! acosx-bsinx TP ex<l and 2tanx>-1.
bcosx+asinx 2 b
—bsi
Sol. Let y= tan™! gcosx- 72 smx]
\bcosx+usmx
_aCOSx_bsinx
_1| bcosx bcosx
= y = tan T
bcosx+asmx
Lbcosx bcosx
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E—tanx
= ye= tan~! 2
1+-tanx
b
= y = tan 1——tamnl(l:aIlJ.')

= ¥y = tan” -,-;—x
Differentiating both sides with respect to x
% = %(tan’lgj—%(x)=0-l=—l
d
Hence, Ey =-1,
Qi4i. Sec_l(4x31—31]' 0<x<%.
Sol. Let y=sec”! =

Putx=cos® ..0=cos lx

1 1
= sec
¥ [4cos3 0 -3 cos G)

= y=sec"1(c0:39) [+ cos 36 = 4 cos®0 — 3 cos 0]
= y =sec (sec 36) = y=30
y=3cosx
Differentiating both sides w.r.t. x
dy d 1 -1 -3
- =3.—cos 'x =3 =
it
Hence, A .
dx 1-x?
32%-22) -1 x 1
Q42 tan™ | ———— |, =<Z<—.
( 3:11] V3 a3
3a’x - x*
= tan” |
Sol. Let y [ 3ax2:|
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Putx=gtan® .. 0=tan '
a
y= tan”! 32%.atan@-a’ tan’ @
T
. ] tan_l'3a3tane—a3 tan’® @
y | " & 34 tan?0
_1[3tan0~tan® 0
= y=tan"!| ————
| T1-3tn’e
~—tan®
= y = tan"'[tan 30] -.-tan39=3—ta“*—e—79-
1-3tan“0
= y =39 =>y=3tan‘1%

Differentiating both sides w.r.t. x

.1 d(xy_, & 1__3a
I sl Te
i
3a
Hence, o ~ZP+r

Q. L/lﬂ\t2 \1Fx

Sol. Let

Putting x = cos 20

y=tan"(

=

y:

] —1<x<1,x+0.

e
=Ecos'1x2

J1+cos 26 +f1—cos 20
J1+cos20 -J1-cos20

J2cos?6 + 2 sin? 9]

[,Fcos 0 rmn 0
V2 cos 0 ++/2 sin @
V2 cos8-2sind

|
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( cos 0 + sin @
| cos 0~ sin O

|'cose+sin0
cos® cosO

-1
= y= tan cos@ . sin@
| cos® cos 6
tan_lr1+tan9
= ¥ | 1-tane
tan > +tan@
1-tan —.tan @
A 4
n
= y= tan~! tan(%+0):|
= =20 = =-1-t-+lcos'1xz—
LA L
Differentiating both sides w.r.t. x
dy d ﬂ) 1d 1
Y_dfm) 1d ey
dx dx(4 2z %)
0+1x" -1 d( ) -1.2x ___ X
2 —xt dx 2,/1-:4 1-x*
d
Hence, & X .
dx 1-x*

d
Find Exy— of each of the functions expressed in parametric form in

Exercises from 44 to 48:
Q4. x=t+%, y=t—-—t1-

Sol. Given that;
1

1
X=ph=, y=f-=
* t y t
Differentiating both the given parametric functions w.r.t. ¢
dr 1 dy o1

a2 ar £
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dy
dy _E_t-_l tz_t2+1
& -1 -1
dt 2
2+1
Hence, d_y=_2__
dx t°-1

1 1
45, x=¢° e+—), = '“(e——)
Q45. x e( oY e o
Sol. Given that:

o 1 -8 1)
= =, y= 0——
x=28 (9+e) y=e ( o

Differentiating both the parametric functions w.r.t. 8.

dx 9 1)( 1)9
— = - 0+=|.
B e(l 9,,_+ +ee

2 3
- 0
,Zd_x_ ee(l—l+0+l)=>ee _e_ﬂL.
46 0? e o’

e®(0° +6> +0-1)
02

(o)

=
I

&
1]
1
D
[
+
Rs]
——
+
—
@
|
O =
~_
—~
&
&
A

2 _a?
ii;y_ E—B 1+l._0+_].',)=>e_e w
0’ 0 6’

e_e(—e3+ez+e+1)
92

i

e_e[—e3+ez+e+1]
dy  dyld® _ e?
dx  dx/de e°(°3+92+9_1J

92

_ —-20 —93+92+9+1
0 +0%2+0-1
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29[ -0 +02+0+1
0°+6>+0-1 )

Q4s. x=3cos0—2c0539,y=351r19—25i1139.

Sol. Given that: x=3 cos § -2 cos® § and y =3 sin 6 - 2 sin? 6.

Q47.

e

Differentiating both the parametnc functions w.r. t 9
dx

~3sin0—6cos’ 0. ——(cose)

0
=-3sin§- 6cosZB.(—smB)
=-3sin0+6cos’H.sin0

dy _ o d

0 3cos@-6sin B.Ba(smﬁ)
=3cos0-6sin’0.cos O

dy _dy/d®  3cos8—6sin’0cosd

dx  dx/d®  —3sin@+6cosB.5in O /

dy cos 8 (3 — 6 sin? 0) cose[3—6(1-cos?9):’

= _— = =

dr  sin@(-3+6cos’0)  sinB[-3+6cos’6]

3-6+6co0s’0 —3+6cos’0
= cotO ;s =cot @ —m8 ——
~3+6cos” 0 -3+6cos’ O
=cot @
Hence iy—’=cot6
7] dx .
2t
siny=-——, tany =
+12 YTiTe
2t 2t
Sol. Given that sin x = 5 and tany= 3
1+¢ 1-t¢
2t
. Taking sin x =
& 1+ ¢
Differentiating both sides w.r.t £, we get
d d
i (1+t2).E(2t)-—2t.E(1+t2)
COSX,— =
dt (1+£)
dx  2(1+t2)—2¢.2¢
cosX.— = —————
dt (1+12)2
dr  2+28 442  q
—_— = x
dt (1+#)* cosx
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. dx 2-27 w1
” dt 1+ ,{l_sinzx
2
o E_-Z(l—t)x 1
dt (148 2
2t
1-
[1+t2]
dx  2(1-£%) 1
= —_—= 72 X
dt 1+8Y  Ja+P)YP -4
(1+£)y
_ 42 2
_ dx _ 21 :)x 1+t
dt (1+8)7 fiett 428 -4
. dx 2(1—t2 (1+ %)
at 1 %y ﬁﬁ 262
dx 2(1-t2) 1
=> —
dt (l+t2 J(l t2)2
_ ax _21-#) "1 dx 2
d 1+ Q-8) d 1+
Nmﬂﬂmgﬂmr 2
D1fferenl1at1ng both 51des w.rt, £, we get
df 2
—tan = e— [}
‘- 4(2)
2, d d 2
, g 1820 -2t —(1-#)
Seczy y dt — dt
it (1-£)
d —12).2-2t.(-
o sy B _(1-#9).2-26.(-20)
i dt (1-;2)2
[
” dy 2-217+4f7
Ry L
= SeC Y (1-£2)?

dy 2+288 1
dt (1-£2) sec’y
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dy  2(1+#) 1

- @ (1-£2)? 1+tan’y

dy 2(1+t2)x 1
242 2

#oa-f7 ( u ]

1-¢2

y_21+¢) 1
b (1-£22  (1-2)*+4

(1-#)
&y 21+ (1-#£)?
B Q-2 142422 4482 S
dy  201+#)  (1-#2)
dt =(1—t2)2 1+ ¢ 4242
dy  20+£) (1-£) &y 2
d " (1-PR (+BF T &t 14p

2
Qndyldt=l+t2=1
dt  dr/dt 2

1+¢%
Hence @- =1
dt

l1+logt 3+2logt
Q48. x= Z 'y= : .

l+logt 3+2logt
Sol. Given that: x= tfg jy="08"

t
Differentiating both the parametric functions w.r.t. ¢
2 d : d 2
dx t .d—t(l'l'log t)—(1+log t).'d—t'(f )

—

dt , tt
2
t_(.t_)—(1+logt).2t £~ (1+log #).2¢
= P = ¢
t[1—2—2103f] -(1+2logt)
= t" = t3
3+2logt

t
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d d
— - t).—
t dt(3+2108 t)—-(3+2logt) dt(t)

%y _

dt #
t{2/t) - (3+2log t).1
2-3-2logt —(1+2logt)

= tZ = tz
—(1+2logt)

dy oy P,

dx  dojdt —(1+2Togt) " 2

dy £

Hence, —= =1t.
dx

Q49. If x =% and y = ™% rovethatiy—=_ylogx,
‘ y ‘P dx «xlogy

Sol. Given that: x =¢™*% and y=¢™%
= cos 2t = log x and sin 2f =log y.
Differentiating both the parametric functions w.r.t. ¢

dx 03 2 d 0s . d
e '-E(cos 2t) = ¢ (- sin 26).—-(21)

at
=2 gin2t.2=—2e% sin 2t
Now y=e5m2’

il

d . d . i
dy _ snn 'E(sm 2t) = ¢ cos 2t.%(2f)
= Fn2 0052, 2=2¢N2% cos 2t

dy  dy/dt 2¢°"% cos 2t % cos 2t ycos2i

e At 2% sin2t e gingt  —xsin2t

_ ﬂﬁi s cos 2t =log x
—xlogy sin 2t =log ¥
Hence, ¥ = _Y10B%
dx xlogy

Q50. If x=un sin 2f (1 + cos 2t} and y = b cos 2t (1 - cos 2t} show that

(ﬂ] _b
dxatt=% a

Sol. Given that: x = sin 2t (1 + cos 2t} and y = b cos 2t (1 — cos 2t).
Differentiating both the parametric functions w.r.t. ¢
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|
I}

dx a[sin 2% 1+ cos 24) + (1 + cos 2¢). % sin 2t
dt dt dt

I

a[sin2t.(~sin2¢).2 + (1 + cos 2t)(cos 2t).2]
= a[—25in22t+2c052t+2c0522t]
a[2(cos® 2t — sin® 2t) + 2 cos 2i]

= 4[2 cos 4t + 2 cos 2¢] [ cos 2x = cos? x ~ sin® x]
= 2q[cos 4t + cos 24]
y =bcos 2t (1 - cos 2t)
d;
d_z = b[cos 2t.:?;(1 —cos 28)+(1—cos 2t).—j—t(cos 2t)]

= b[cos 2t.sin 2+.2 +(1—cos 2t).(— sin 21).2]

b [2 sin 2¢.cos 2t — 2 sin 2t + 2 sin 2¢ cos 2¢]

b[sin 4t — 2 sin 2t + sin 4¢] [~ sin 2x =2 sin x cos x]
b2 sin 4t — 2 sin 2¢] = 2b (sin 4t — sin 2¢)

_dy _ dyldt _ 2b[sin 4t —sin 2¢] hg[sinflt—sinZt]

" dx  dx/dt 2a [cos 4t +cos2t] 4| cos 4t + cos 2t

]

[

Put  t=2
4
[ T T T
4" ) -sin2 (% in 7 — sin =
@) o (3)-3m2(5)| o[ smn-sm}
T
dx art=2 -cos4(g)+c052.[§) a cOS T +cos
_y[0-1]_pf-1) b
2| ~1+0 a\—-1) a
Hence,'[d_y) =2.
ﬂf!:E a
) * dy R
Q51. Ifx=3smt—mnSt,y=3cost-c053t,ﬁndE att= 3"

Sol. Given that: x =3 sin f —sin 3, y =3 cos t - cos 3t.
Differentiating both parametric functions w.r.t.

% = 3 cos ¢ - cos 3t.3 = 3(cos t — cos 3¢)
dy . . . .
m = -3 sin ¢ + sin 3£.3 = 3(— sin # + sin 3f)
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f—‘i dyfdt  ¥—sint +sin3t) —sin ¢ + sin 3¢
dx  dxfdt  IHcost—cos3t) cos ¢t — cos 3¢

Tt
. ?ut t=§ \
d_y=—sm—+sm3(g-)
dx cos~——c093(§)
J3 3 J3 J3
X -4 X2
- T T2 "2 -1
1 1 3 3
S— Z(-1) —=+1 =
5 CcoS T -1 ) 2
dy -1
Hence, —= = —=.
dx 3
Q52. Differentiate —; w.r.t. sin x.
sin x
Sol. Let y=—7x— and z=sinx.
: sin x
Differentiating both the parametric functions w.rt. x,
sin x i(Jc)—x i(sin:t:)
dy __ dx dx
dx (sin x)°
_ sinx.1-x.cosx sin x — xcos x
sin? x sin? x
E=cosx
dx
sinx—xcosx
dy  dyldx sin? x sinx-xcosx
dz  dz/dx €08 X sin? x cos x
sin x XCO5X
sinf xcosx sin’xcosx
tan x x _tanx—x
sinfx sin’x sin® x
dy tanx-x
Hence, I = il

\/1 +x2 -1
Q53. Differentiate tan~! [ux_} wrt. tan” ! x, when x 0.
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L[ -1
Sol. Let y=tan — andz=tan"!x
\
Put x =tan 0.
/

1+ 0-1
y= tan_l -——-taT]andz=tan‘1(tan9)=0.

>~’s_ect:-l]=m (zeo)

= tan
tan @
k ~
[l—cose)
= tan~!
sin®
cosB
- 2 sin® 0/2 - tan-! sin 6/2
2 sin 0/ 2 cos 0/2 cos 0/2
..1 = -
= ¥ = tan 2 =Yy 2
Differentiating both paramemc functions w.r.t. 6
dy 14 d2 d
= = = — — = —(0
= 2p® amd o=250
1 1 dz
=—=1== d —=1
1=y ad 3

4y _ dyldo _u2_1
dz  dzfde 1 2

Find Ey when x and y are connected by the relation given in each

of the Exercises 54 to 57:
Q54. sinxy+§- =rz—y.

Sol. Given that: sinxy+§ ax-y,

Differentiating both sides w.r.t. x
d dx)_4.2_4
—gi — |2 = —— __(
dxm(xdex(yJ )W
Yy——x-x 4y
d AT x5 W
= cosxy.dx(xy)+—y—z- = 2x e
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d
= cosxy[x%+yl] i/,zl yxz:;—z-— x- dz
ﬁxmsxy%+ycosxy+l—;g 2x—-%
dy x dy dy 1
= xcosxydx yz I dx ——ycosxy——y—+21
= xcosxy—i+1 i =2x—ycosxy—l
yz dx y
. [chosxynx+y2:|dy _ 2xy—y cosay-1
¥ dx y
2 _ 2
- ﬂ _ 2xy—-y* cos xy 1>< . y ,
dx ¥ Xy cosxy—x+y
- 2xy” —y* cos (xy) — ¥
xy? cos (xy) - x + y*
I - _
Hence, &y = 2vy Y cos(xy) —y

dx  xytcos(xy)-x+yt
Q55. sec (x +y) =xy
Sol. Given that: sec (x +y) =xy
Differentiating both sides w.r.t. x
isec (x+y) = —( )
iz Yy Xy

d dy
= sec(x+y) tan(x+y) —(x+y) = X. —+y1

d dy
= sec(x+y).tan(x+y)(1+£—) = X. -d;+y
= sec(x +y).tan(x + y) + sec(x + y). tan(x +y).§—x = x-%ﬂ/
= sec(x +y).tan(x + y).%i—— xj—}; =y —sec(x +y).tan(x +y)
= [sec(x + y). tan(x + y) —x] % =y —sec(x+y)tan(x +y)

dy  y—sec(x+y). tan(x +y)

dx  sec(x+ y)-tan(x+y)—-x
y —sec(x +y).tan(x +y)

dx  sec(x+y).tan(x+y)-x

=

Hence,
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tan~ (2% + ) =a

Given that: tan™'(x* + *) =4

= P+ y2 = tana.
Differentiating both sides w.r.t. x.

: 4
" %(1.2 +y') = —(tana)

dy dy
2x+2y.—L = 2y~ =—
= X+ 2y 1y 0 =2y Tr
o dy -2 _-x
de 2y y
Hence, % = :ji
(2 + ) =xy

Given that: (22 + y?)? =

= vyl =ay

Differentiating both sides w.r.t. x

d 4 d d, 52 4
E(x )+E(y4)+2.E(ny ) = dx(xy)

d d dy
=423 +4y3.a—%+ Z[x2 .2y.?d%+y2_.2x] = Ia*‘b’-l
s a0 W o W
= 4y3dy+4x U 4y _ Y =y—4x* —dxy?
dx dx
= 4y’ +4:c.'2y—x)1r;z =y~ 407 — dxy?

dy y—4x° —4xy?

= =
dx 4y +4x’y—x
CANS A
Hence, 40 - 54040,
dx  4dx°y+4y° - i d
| QB8. Ifax+ 2hxy + by2+ng+2fy+c 0, then show that Ey rat
Sol. Given that: ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0.
Differentiating both sides w.r.t. x
2@+ Dty + b+ 254 2y +) = - (0) -
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dy dy dy
. . 2. 2¢.1+2f. 0=0
=>a.2x+2h(x +y1)+b y.——+2g1+2f. >+
dy dy dy
. X 2g4+2f.— =0
= 2ax+2hx.—=+2hy+ 2by.-=+2g+2f !

dy dy dy
— - . =—2ax- -2
=  2hx.—=+2by—=+2f 2hy -2g

= @uryr2pE --2aehy+g)
= 2(hx+by+ﬂ% =-2ax+hy+g)
- dy —2ax+hy+g)

dx  2Ahx+by+ f)

d —(ax+hy+g)
® & (xby+f)

Now, differentiating the given equation w.r.t. y.

(@ Dy P 2Ty = O
dx dx dx
= 2ax.—+2h|y—+x1|+2by+2g.—+2f140=0
dy (y dy J o f
= Zax.%+2hy.%+2hx+2by+23.%;-+2f =0
dx dx dx
=  2ax T 42hy. =42 =—2hx-2by-2f
dy Zhydy o
= (Zax+2hy+23)% = —2hx-2by-2f
dr _ —2he-2by-2f
= dy  2ax+2hy+2g
= dx _ —2Ahx+by+f) =_q_x_=—(hx+by+f)

dy  2Aax+hy+g) dy (ax+hy+g)
dy dx _|-(ax+hy+g) || —(x+by+f)|
dx " dy (hx+by+ f) || (ax+hy+g)

Hence, %—% =1, Hence, proved.
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dy _x~y
 Ifx=c, y_xy
Q59. Ifx provethatdx Tlog 2
Sol. Given that: x=g%
Taking log on both the sides,
log x = log ™
= logx=—;-loge =>logx=-; [*loge=1] ..()
Differentiating both sides w.r.t. x
ilogx = _4... E.
dx dx y
dy
yl—x.—%
o 1.7 e
x y
dy dy
= ¥ = xy—xz.zr- = zZ-E‘:xy—yz
4y _ yx-y) &y 1(I—y)
= dx x? MR
dy 1 x-y) ( x .
- = . '-'1 x=_&°m
- & logx( - ogx= from eq. ()
Hence, Ay _ =y .
dx xlogxd (1 +log y)?
. If = _:’ tl:ﬂ.
Q60. If y* =% prove tha o og
Sol. Given that y*=¢¥~*

Taking log on both sides log y* =log &V ~*

= xlogy=(y-x)loge
= xlogy=y-=x [~ loge=1]
= xlogy+x=y
= x(logy+1)=y
y
= *= logy+1
Differentiating both sides w.r.t. y

LY .
dy  dyllogy+1
d
(10gy+1)~1—y-35(103y+1)

~(log y +1y?
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logy+1-— 1
&Y y'y _logy+1-1 log y
logy+1?  (ogy+1? (ogy+1’

We know that
dy 1 1 _(logy+1)
dx  dx/dy log y log y
(log y +1)*
d 2
Hence, Y. Qogy+1y D) .
dx log y

08 x} o0 d y? tan x
61. Ify= (s 2™ show th Y. I ==
Q y= (cos x) show that - ylog cosx—1
)(msr)uw

Sol. Given thaty = (cos x)leos®
= y = (cos x)¥ [ y = (cos x){® 2o ]
Taking log on both sides log y =y.log (cos x)

Differentiating both sides w.r.t. x

;1{-% = .g;log (cos x)+log(cos x).%

= _;_% = y.cosx.—;;(cos x)+log(cos x).%
= i% = y.cosx.(—sin x)+log(cosx).%
= l.%——log(cos x)% =-ytanx
= [%—log (cosx)]% = ~ytanx
= dy  -ytanx _ y” tan x

dx 1—log(cosx) ylogcosx—1

2

Hence, & __w_x_ Hence, proved.

dcr ylogcosx—1

dy sin®(a +v)

62. Ifxsin(a+ i =0, t
Q x sin (2 +y) +sina cos (a+¥) =0, prove tha I g

Sol. Given that: xsin(a+y)+sinacos(a+y)=0
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= xsin(a+y) =-sinacos (a+y)

—sin a.cos (a + y)

= x= =>x=—sina.cot(é+y)

sin (a + y)

Differentiating both sides w.r.t. y

dx , d

— = —sina.—cot (a +
= 3y ay (a+y)
= % = —sina[—cosecz(a+y)]

dx sin g
= T PR

dy  sin“(a+y)

d_y g 1 1

dx dx/dy sin a

sin?(a + ¥

d in2

Hence, Ey = %}ﬂ. Hence proved.

.2
If 1-x*+1-y* =a(x -y), prove that Zx—y='f1—zz——.

Given that: \1-x% +1-y? =a(x-y)

Put x = sin § and y = sin ¢.
0=sin"!xand ¢=sin"'y

y1-sin®@+1-sin®¢ =a(sin 6 - sin ¢)

= Veos? 8 +\fcosz¢ =a(sin 8 ~ sin ¢)

= cos O + cos ¢ =a(sin 8 — sin §)
+¢
€050 + cos ¢ 2C05—2—-C05—”
= ———— =g
sin@ —sin ¢ 2cose+¢sin
2 2
* cosA+cosB=2cos .COS A-B
A-B
sin A—sinB=2cos .sin

2

CoNmiNuITY AND DiFFerReNTIABILITY B 175



http://www.cbsepdf.com

www.cbsepdf.com

(3

@
N
-9'

o e (i)

=('3)
=7

= (e-a; 2

2

- " -
= —2—~ t'qg =6-¢=2cot!
= sin"lx—-sin"ly =2 cot 1a
Differentiating both sides w.r.t. x

i(sin" x) —i(sfurr1 y) = Z%cot'l

1 dy
fxz iy

- Yy __1
1-y2'dx -2
By _N1-¥
dx 1-«7
2
Hence, dy ‘:2

g
Q64. Ify=tan~!x, find Fy in terms of y alone.

Sol. Giventhat y=tan 'x=x=tany

Differmh‘aﬁng both sides w.r.t. y
dy = o’
& =secdy = I seczy—cos y

Agaih differentiating both sides w.r.t. x

d dy _i 2
Ex'(dx) = ﬂbr(cos )]
d*y

o2 2 cos y.{x—(cos y)
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d*y dy
= — = —sin y).—~%
2 2 cos y( smy)dx
2
= sz—y =-2sinycosy.cos’y
2
sz—y =-2sinycos’y

Verify the Rolle’s Theorem for each of the functions in
Exercises 65 to 69:
Q65. f(x)=x(x-1)2in ][0, 1]
Sol. Given that: fix) =x(x-1)2in [0, 1]
() ftx) = x(x - 1)% being an algebraic polynomial, is continuous

in [0, 1].
(i) Fi@) =x2(x-1)+@x~-1)21
=22 -2x+x2+1-2x
= 322 - 4x + 1 which exists in (0, 1)
(#ii) fix) =x(x -1y
A0)=000-1/=0; 1)=1(1-1)*=0
= f0)=f1)=0

As the above conditions are satisfied, then there must exist at
least one point ¢ € (0, 1) such that f’(c) =0
Fl©)=32-4c+1=0 =32-3c-c+1=0
= 3c-1)-1c-1)=0 =2({-1){3c-1)=0
= c~-1=0 =c¢=1
3c-1=0 =23c=1 .'.c=§e(0,1)

Hence, Rolle’s Theorem is verified.
Q66. f(x)=sin®x +cos* x in [0, ;]
Sol. Given that: f{x) =sin® x + cos* x in [0, %]
(i) fix) =sin® x + cos? x, being sine and cosine functions, f{x) is
continuous function in [0, %:I .

(i)  f'(x) = 4sin’ x.cos x + 4 cos® x (—sin x)
= 4 sin® x.cos x — 4 cos® x.sin x

CoNTINUITY AND DIFFERENTIABILITY
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= 4 sin x cos x (sin’ x — cos? x)
= —4 sin x cos x (cos® x — sin® x)
*s €08 2x = cos’ x —sin® x]

= —2.2 sin x cos x.cos 2x . ]
sin 2x =2 sin x cos x

= — 2 sin 2x.cos 2x
= —sin4x which exists in (o,g).
So, fix) is differentiable in (o, 325) :
(iif) fl0) = sin*(0) + cos*(0) = 1
f (EJ = sin* (EJ + cos? (EJ =1
2 A2 2
0= ()1
As the above conditions are satisfied, there must exist at least
one point ce (0, %] such that f'(c) =0

= -—sin4c=20

= sindc =0 = sindc=sin0
= dc =nn
nn
c=—,nel
4
Y% b7
= =—g|0,—=
Forn=1, c 7 ( 2]

Hence, the Rolle’s Theorem is verified.
Q67. flx)=log (x*+2)-log3in[-1,1].
Sol. Given that: f{x)=log (x> +2) ~log 3in [- 1, 1]
() fix) = log (x* + 2) - log 3, being a logarithm function, is
continuous in [-1, 1.
1 2x
i) filx)= 2xr-0=
@ fo= 0=
So, fx) is differentiable in {~ 1, 1).
(i) A-1)=log(1+2)-log3 = log3-log3=0
fil)=log(1+2)-log3 = log3-log3=0
S f-D=f1)=0
As the above conditions are satisfied, then there must exdst
atleast one point ¢ € (-1, 1) such that f*(c) = 0.

which exists in (~ 1, 1)
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. 2
T2
Hence, Rolle’s Theorem is verified.

Q68. fix)=x(x+3)e *2in[-3,0].
Sol. Given that: f{x) = x(x + 3) e *? in [- 3, 0]
@ Algebralc functions and exponential functions are continuous
in their domains.
- f{x) is continuous in [- 3, 0]

=0 = 2=0 ~c=0e(-1,1)

(i f'(x)= x(x+3).»dixe-’f2 +x.e“"z.%(x+3)+(x+3).e"/2%.J:

1}

x(x+3).e ™2 -(-— —;—) +xe 21+ (x+3).e72.1

- [— x(x +3)
| 2

g2 __x(x+3)+2x+3:|=e~z/2[—x2—3x+4x+6] -

+x+x+3]

2

2| = rx+6
= g —_——

2 } which exists in (- 3, 0).

So, f(x) is differentiable in (- 3, 0).
(@)  f-3)=(-3)(-3+3)e =0

f0) = (0) (0+3) e 2=0
~ f=-3)=f0)=0
As the above conditions are sat:sﬁed then there must exist
atleast one point c & (- 3, 0) such that
2
- - +c+6
fle=0 = e CIZ[TC] =0

-cf2

:_

[*—c-6] =

—-cf2

= - {(c-3)c+2) =0

= %220 = (c-3)(c+2)=0
Which givesc=3,c=~2€ (-3,0).
Hence, Rolle’s Theorem is verified.
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0Q69. fix)= ,/4 -x* in[-22].
Sol. Given that: f(x) = ,)4 ~x% in[-22]
(i) Since algebraic polynomials are continuous,
- fix) is continuous in [-2, 2]

, d 2 1 —-X . .
(i) f'(x) = E\M"I S X -2 = which exists
Lh—ﬁ

4-x*
in(-22)
So, f’(x) is differentiable in (- 2, 2).

(iii) f(-2)=,/4—(—2)2=./4-4=0

f@= ,/4-(2 ?=f4-4=0
So f(-2)=f(2)=0
As the above conditions are satisfied, then there must exist
atleast one point ¢ € (-2, 2) such that

f©=0 =

=0 = c¢=0e(-22)
4-¢*

Hence, Rolle’s Theorem is verified.
Q70. Discuss the applicability of Rolle’s Theorem on the function
given by
2 .
x"+Lif0sx<1
fRx)= :
3-x,if1gx<2
Sol. (i) flx) being an algebraic polynomial, is continuous
everywhere.
(ii) fix) must be differentiable at x=1
LHL = tim S8 =f@

-1 x—} 1

lim( +1)-(1+1)
x—1 x—-1
) x7'+1-2=]jmx2—1
-1 x-1 31 x—1
L (x-D(x+1)

= Iim————=lim(x+)=(1+1)=2
21 x-1 x->1

i S = £

x—1" x-1

and R.HL.

I
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Sol.

@

)

(iii)

Q72

Sol.
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i 3= =+ D)

x—=1 x-1
e im BN -2 e 1-x
-1 x-1 r—=1x-1
LHL. = RHIL.

So, f(x) is not differentiable at x = 1.

Hence, Rolle’s Theorem is not applicable in [0, 2].

Find the points on the curve y = (cos x— 1) in [0, 2x], where the
tangent is parallel to x-axis

Given that: y =cos x — 1 on [0, 2x]

We have to find a point ¢ on the given curve y = cos x ~ 1 on
[0, 2n] such that the tangent at ¢ € [0, 2] is parallel to x-axis
i.e., f'(c) =0 where f‘(c) is the slope of the tangent.

So, we have to verify the Rolle’s Theorem. .

y = cos x — 1 is the combination of cosine and constant
functions. So, it is continuous on [0, 2x].

Z_z =~ sin x which exists in (0, 21),

So, it is differentiable on (0, 2x).

Let flx)=cosx-1
fl0)=cos0-1=1-1=0;f(2n)=cos2n-1=1-1=0
f0) = fi2m) =0

As the above conditions are satisfied, then there lies a point

c € (0, 2m) such that f(c) = 0.

s—sinc=0 = sinc=0

se=nmnel

=c=ne (0, 2n)

Hence, ¢ = &t is the point on the curve in (0, 2x) at which the

tangent is parallel to x-axis

Using Rolle’s theorem, ﬁnd the point on the curve y =x(x - 4)

x € [0, 4], where the tangent is parallel to x-axis, .

Given that: y=x(x - 4), x € [0, 4]

Let fx) =x(x-4),xe [0,4]

() fix) being an algebraic polynomial, is continuous function

(if)

everywhere.

So, f(x) = x(x - 4) is continuous in [0, 4].
f’(x) = 2x — 4 which exists in (0, 4).

So, f(x) is differentiable.

CONTINUITY AND DIFFERENTIABILITY 181


http://www.cbsepdf.com

(iiz)

www.cbsepdf.com

A0)=0(0-4)=0

fi4) = 44-20)=0
So f0)=fi4)=0
As the above conditions are satisfied, then there must exist at
least one point ¢ € (0, 4} such that f’(c)=0
5 2c-4=0 = c¢=2€(0,4)
Hence, ¢ =2 is the point in (0, 4) on the given curve at which
the tangent is parallel to the x-axis.

Verify mean value theorem for each of the functions given in
Exercises 73 to 76.

Statement of Mean Value Theorem:

Let f{x) be a real valued function defined on [4, b] such that if

(i) f{x)is continuous on [z, b]
(i)) fx)is differentiable on (a, b)

Then there is some ¢ € (4, b) such that

by —
i - LO-1@

Q73. fix)= -41—1_7 in[1,4].

1
Sol. Given that: flx)= m in [1, 4]

182

() fix)is an algebraic function, so it is continuous in [1, 4].
.- 4 - 4 . . .
@@ f'x)= @17 which exists in (1, 4).

So, f(x) is differentiable.
As the above conditions are satisfied then there must exist a

point ¢ € (1, 4) such that

.. fo)~ f(a)

fl@e= VR

1 1
-4 4(4)-1 4(H-1
(4c—1)? . 4-1

-, _—4 15 3 _1-5 -4 1 _1
(4c-12 3 15x3 45  (4c-17 45

= (4c-1Y=45

=  4c-1=%35 = dc=+1+35

. C=+1i43J§
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e(l,4)

Hence, Mean Value Theorem is verified.
Q74. fix)=x*-2x*~x+3in [0, 1].
Sol. Given that: f{ix)=x>-2x* —x+3in [0, 1]
(1) Being an algebraic polynomial, f{x) is continuous in [0, 1]
(i) f'(x) =32 - 4x — 1 which exists in (0, 1).
So, f(x) is differentiable,
As the above conditions are satisfied, then there must exist
atleast one point c € (0, 1) such that

c=+113~/§
4

b) —
£40) = £( ;_({(a)
3 2 - 0

. 32 4o = [(n? - 2(1) —(1)141?)] [0-0-04+3]
= 32 -4c-1= (1_2"1:3)"(3)
= 32 -4c-1=1-3 =32 —4c-1=-=2
= 32-4c+1=0 =3%-3c—c+1=0
= 3c(c-1)-1(c-1)=0=(c-1)(3c-1)=0
= c-1=0 ., c=1

I~-1=0 .,c= %E(O,l)

Hence, Mean Value Theorem is verified.
Q75. f(x) =sin x —sin 2x in [0, ©].
Sol. Given that: f(x) = sin x — sin 2x in [0, x]

(1) Since trigonometric functions are always continuous on their
domain.
So, f(x) is continuous on [0, 7.

(#) f'(x)=cos x -2 cos 2x which exists in (0, x)
So, f{x) is differentiable on (0, ).
Since the above conditions are satisfied, then there must exist
atleast one point ¢ € (0, nt) such that

v SO = f(a)
fe= b-a

(sin 7t — sin 27t) — (sin 0 - sin 0)
n-0
= cosc-2(2cos’c-1)=0=>cosc—4costc+2=0
=  4cos’c-cosc—-2=0

cos¢c—2cos2c =
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(D)2 ~4xax-2
2x4
+ f1+32 11433
8 -8
1%
= c:cos'l( J_] (0, r).
Hence, Mean Value Theorem is verified.

Q76. fix)= J25-* in[1,5].
Sol. Given that: f{x) = /25— in[1,5]
(i) f(x)is continuous if 25— x*20 = -2’2~ 25
=2x2<B=x<:5=>-55x<5
So, f(x) is continuous on [1, 5].

1 -x
(i) flx)= —F— ——=—= which exists in (1, 5).
2\/25 -2 J25- 2
So, f{x) is differentiable in [1, 5}.

Since the above conditions are satisfied then there must exist
atleast one point ¢ € (1, 5) such that

= C€O5C~=

= COSC~+

X (—2x)=

v JB)—f(a)
f(c)-——-—b_a
—c  |B5-25-425-1
\[25—02 - 5-1
- 0-24
= —_— =
25-¢? 4
- c 26 - c =£
J5-2 4 JB-2 2
Squaring both51des
¢ _6_3
B2 4 2
= 22 =75-32 =252=75 =2=15
¢=£15&(L5)

Hence, Mean Value Theorem is verified.
Q77. Find a point on the curve y = (x — 3)%, where the tangent is
parallel to the chord joining the points (3, 0) and (4, 1).
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Sol. Given that: y = (x - 3)?

Let Ax) = (x-3)

() Being an algebraic polynomial, f{x) is continuous at x, =3 and

x,=4ie.in[3, 4].

(i) f'(x)=2(x - 3) which exists in (3, 4).

Q78.

Sol.

Hence, by mean value theorem, there must exist a point ¢ on
the curve at which the tangent is parallet to the chord joining
the points (3, 0) and (4, 1).

f©)= m{{—(—@ whereb=4and 2=3

b
(4-37-(3-3)°
= 2(c-3)= .
= 2c—6=1—“1'—0=1 = A=6+1=7
7
c= —
2
7 7 ¥ 1
=t ay={=-3]| =
frx=y oy (2 ) 4

24
is parallel to the chord joining the points (3, 0) and (4, 1).
Using Mean Value Theorem, prove that there is a point on the
curve y = 2x” — 5x + 3 between the points A(1, 0) and B(2, 1),
where tangent is parallel to the chord AB. Also, find that
point.
Given that: y =2x* - 5z +3
Let  flxy=2x2-5x+3

7 1
Hence, (- —) is the point on the curve at which the tangent

(1) Being an algebraic polynomial, f(x) is continuous in [1, 2].
(#) f'(x)=4x-5 which exists in (1, 2).

As per the Mean Value Theorem, there must exist a point
¢ € (1, 2) on the curve at which the tangent is parallel to the
chord joining the points A(1, 0} and B(2, 1).

by —
So 0= f ;_;f(a)
_ (8-10+3)—(2-5+3)
4c-5= 2.1
=  4e-5=—=1=4c=145 = 4c=6

1
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_6_3
€247 2

-3

=2(2] -5[2]+3
y (2)

9 15 9 15 9-15+6

o2 15 a2 23 2000

2x4 2+3 273 2

Hence, (g, Uj is the point on the curve at which the tangent

is parallel to the chord joining the pomts A(l 0) and B(Z 1).

B LONGANSWERTYPEQUESTIONS
Q79. Find the values of p and g so that
X +3x+p,ifxsl | _
_f(x)={ gr+2,ifx>1 is differentiable at x = 1.
Sol. Given that:

) = x* +3x+p,ifxsl
qx+2,ifx>1

) = f(x)- f(c)
LHL. f'(c)= 11_)11]1_ r—c

f(x) fQ)

r—)l‘ x—1

i & t3%+p)-(1+3+p)
=1 x-1
i (L= 430 = 1) + p] - [4+7]
k=0 1-h~-1
hm[1+h2—2h+3ﬂ'3h+p]—[4+p]
k>0 -h
_ lim[hz—5h+4+p]—[4+p]

k=0 -h ’
_ limh2—5h+4+p—4—p
k=0 -h

2—- -_—
= Hmﬂ:ﬁmh[h 5] =5
k=0 —h =0 —h

atx=1.

= f()=

RHL. f(1)= Tim {20
1 x—1
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= lim (gx+2)-(1+3+p)

x=1* x-1
= i A+ +2]-[4 +p]
>0 1+h-1
=IJ_me;¢+qh+2~~4—p =Iimqh+q-—2-p
h>o0 h A0 h
For existing the limit
g-2-p=0 = q-p=2 (i)
. qh—0=
k=0 )

IfL.HL. f'(1) =R.H.L. f(1) then g =5.
Now putting the value of 4 in eqn. (i)
5-p=2 = p=3.
Hence, value of p is 3 and that of 4 is 5.
If x™y" = (x + y)" "7, prove that
Y_y iy LY
® dx  x # dxz_o'
(1) Given that: ™.y" = (x + y)™ "
Taking log on both sides
log x™.y" = log (x + y)™*" [ log xy=1log x +log y]
= logx™+logy" = (m+n)log({x+y)
= mlogx+nlogy=(m+n)log(x+y)
Differentiating both sides w.r.t. x

= m.{x—logx+n.d%_logy = (m+rz);;log (x+y)

1, 1dy oo 1 [1+5-’1J
= m.;+ ﬂ;a = (m n)°x+y‘ dx

m u dy m+n( dy]

—t =< = J1+-2
= x+y dx x+y dx

m ndy m+n m+n dy
= —t—L st —

x ydx XxX+y x+y dx

dy m+n d m+n

L rdy mindy min m

ydx x+y dx  x+y x
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z w0 Y '
y-y_20
= =—=0
2
2
Hence, sz_y = 0. Hence, proved.

Qsl1.

Sol
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- _ri_m+n\_dl_m+n~ﬂ
y x+ydx x+y x
- nx+ny—my—ny\d_y=(mx+nx-mx—my)
y(x+y) dx x(x+y)
L (e (=)
y(x +y) ) dx x(x +y)
dy nx— my ylx+y)
- ay _
dx x(x+y) nx —my
v _y
= " x Hence proved.
dy _y
(i) Given that: il

Differentiating both sides w.r.t. x

&) &)

If x = sin ¢ and y = sin pt, prove that

d’y . dy

2 2y =

1-x )F—x.a+p y=0.

Given that: x =sin { and y = sin pt

Differentiating both the parametric functions w.r.t. ¢
&= =cost and &y =cos pt.p =p cospt
2 at pt.p =pcosp

dy dyldt pcospt
dx dx/dt cost
dy _ pcos pt

dx cost

Again differentiating w.r.t. x,
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i(d_y d [cospt
dxc\dx) = Pax| cost

iy cos t.%(v':os pt) — cos pt.%(cos t)
= —_—=
dx? P cos’t
i . dt o dt
cost(—mnpt).pa;-—cospt(wsmt).E
=P cos? ¢
p-—pcostsinpt+cosptsint_ dt
- I cos’ ¢ Jdx
_ (—pcostsinpt+cosptsint” 1
p- cos? ¢ Jcost
3 (—pcostsinpt+cosptsint”
p_ cos>t J
Now we have to prove that
d2
(l—xz).ﬁ—x%+p2y =0
v - t sin pt +cospt sint cospt
LHS~(1- 3 ( Lo ) e LA
( )[r S ¥ P f TPY
= (1-sin’ t)[p(—pcostsmpt;-cospt smt)]_psmt.cospt
: cos” & cost
+p?.sin pt
o cos?t —p’ cos t sinpt +pcospt sint | psint.cospt
cos’ t cost
+pP.sin pt
2 . . .
- £ t+ tsint t
P” cos smfostpcosp sin _psu:oscczspt+pzsinpt
=>—pzcostsinpt+pcosptsint—psintcospt+p2sinptcost
cost
0 =0=RHS.
cost

Hence, proved.
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2 +1
Q82. Find y ify= 2T
2
x+1
Sol. Given that:y= x™"" + >
x? +1
I..etz4£=:ct"m and =4
y=u+v
D:fferenuatmg both sides w.r.t. x
d du dv
Ey = ()

Now taking u = x®"*

Taking log on both sides log u = log (x"™"%)
logu =tanx.log x

Differentiating both sides w.r.t. x

%% = %(tan x.log x)
= -3;% = tanx.%(logx)ﬂogx.&d;(tan x)
1 du 1 2
—.— = tanx.—+log x.sec” x
= u dx x &
= d_u=u[tanx+l xseczx]
dx PR
du xmx[ﬂ+logxsec2xi|
dx X
)
x+1 1
. - _ 1 1
Taking v ) = V=7 +
Differentiating both sides w.r.t. x
do 1 1 x

Z .2 2x=
dx Jiz\/x"+1 : J—Z—\/x2+1

. du a
Putting the values of I and Iz neqn. ®

LU x"’“[l!dgxseczx+tanx]+ ol
dx X J—Z_\[xz +1
B : OBJECTIVE TYPE QUESTIONS : :

Choose the correct answers from the gwen four 0phons in each of
the Exercises 83 to 96.
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2
Q83. If fx) = 2x and g(x) = % +1, then which of the following can
be a discontinuous function

@ 450 O fi-ge) @ frat) @ £
Sol. We know that the algebraic polynomials are continuous
functions everywhere.

~fix) + g(x) is continuous [+ Sum, difference and product
f(x) — g(x) is continuous of two continuous functions is
flx) . g(x) is continuous also continuous]

ﬂ;ﬂ is only continuous if g(x) # 0

fx)
f_ 2x ax

: ] )
8(x) g 2
2
x2+1 2
5 x°+2
Here, ﬁg; = 221 = iz which is discontinuous at x =0,

Hence, the correct option is (d).

2
QB84. The function f{x) = i "x_,, is
(a) discontinuous at only one point
(b) discontinuous at exactly two points
(c) discontinuous at exactly three points
(d) none of these
) 4-x*
Sol. Given that: f{x) = P
For discontinuous function
dx-x*=0
= x4-x)=0
= x2-x)2+x)=0
= x=0,x=-2,x=2
Hence, the given function is discontinuous exactly at three
points. Hence, the correct option is {c).
QB5. The set of points where the function f given by
fix) = |2x~1| sin x is differentiable is
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(@ R () R- {%} (¢) (0,) (d) none of these
Sol. Given that: f{x) = |2x 1| sin x
Clearly, fx) is not differentiable at x = =

R.H.L.=f'(%) - mf(%+h2“f(%)
i e

AlsoLH.L.=f( ) mf(f_'i)h—f(i)
) flronle-s)e
_ I"Zhl[‘i:(l‘h)] L, (1)

~RHL.= f'(—l—) #LHL. f'(-l-)

So, the given function f{x) is not differentiable at x

Nlr—-

.. fix) is differentiable in R — {%} .
Hence, the correct option is (b).
Q86. The function f{x) = cot x is discontinuous on the set
(@) {x=nm;ne Z} (b) x=2nm;ne Z}
(© {x=(2n+1)g—;neZ} ) {x=?n, ne Z}
Sol. Given that: f(x) =cotx '

cosx
= flx)=

sin x
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Sol.

Qs88.

Sol

Q89,

Sol.
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We know that sin x =0 if {x) is discontinuous.
~ I sinx=0
X = NR, n € HI.

So the given function f{x) is discontinuous on the set {x = nm;
ne Z}.
Hence, the correct option is ().
The function fx) = e is
(a) continuous everywhere but not differentiable at x =0
(b) continuous and differentiable everywhere.
(c) Notcontinuousatx=0 (d) None of these
Given that: f{x) = ™
We know that modulus function is continuous but not
differentiable in its domain.,
Let 8(x) = |x| and #(x) =¢*

Ax) = got(x) = g[t(x)] = M
Smce g(x) and Kx) both are continuous at x = 0 but fix) is not
differentiable at x = 0.
Hence, the correct option is (a).

If f{x) = x* sin 1 Where x %0, then the value of the function f
x .
at x =0, so that the function is continuous at x = (, is
(a) O () -1 © 1 (d) none of these
Given that: f{x) = x* sin 1 where x = 0.
x

S0, the value of the function fat x = 0, so that f(x) is continuous
is 0.
Hence, the correct option is (a).

mx+1,if x< z : _—
If fix)= is continuous at x = 2 then

sinx +n,if x >§

(@) m=1,n=0 (b)m:ﬁz’ln (c)n:ﬂzﬁ (d)m=n=§

mx+1,ifxr<Z n
Given that: f{x) = . is continuous at x = >
sinx +n,if x>—

LHL.= lim (mx+1}= }}in}’l:m(g—h)+1]=vm7n+1

I—)E
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Q90.

Sol.

Qo1.

Sol.
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RHL.= lim (sinx+#n)- lim[sin(E+hJ+n]
x—;E+ -0 2
2

=limcosh+n=1+n
h—0

When f{x) is continuous atx=g
LHL.=RH.L.
mn mm
T+1 =1+n =n= 5

Hence, the correct option is (c).
Let f{x) = |sin xI. Then
(#) fis everywhere differentiable.

(b) f is everywhere continuous but not differentiable at
x=num,ne Z
(¢) fiseverywhere continuous but not differentiable at

x= (2n+1)-1-2t-,neZ.

() none of these
Given that: f{x) = [sin ]
Letg(x)=sinx and #x)= |x|
n fix) = tog(x) = tig(x)] = Hsin x) = |sin ¥
where g(x) and t(x) both are continuous.
=~ f(x) = got(x) is continuous but #(x) is not differentiable at

x=0.
So, f(x) is not continuous atsinx=0=x=nx,ne Z.
Hence, the correct option is (b).

_ 42
Ify=log(%ﬁ], then%isequa]to
3 —4x 1 —4x°
@ 3 BT O @

1-22
Given that y = 1
iven that: y og(l+12]

= y=log(1-x%)-log (1+x%) ['.'log—;;=logx—logy]

Differentiating both sides w.r.t. x
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dy 1 d 1 4
1 dy oy 1 44,0
dx 1-x* dx( ) 1+ 22 dx( )

-2x 2x —2x-2x% —2x +2x° -4x

T1-2 142 (-B)a+d 18
Hence, the correct option is (b). -
Q92 If y=/sinx+y, thmgx—yisequalto -
cos x cos x sin x sin x
(a) 2y-1 (b) 1-2y © 1-2y (d) 2y -1

Sol. Giventhaty=4sinx+y

Differentiating both sides w. r t.x

dy

i ZJT 26Ty
= g = ;.(C081+d—y)

de 2Jsinx+y dx
= Z—xy- = %.[cosx+:x—y]

dy cosx 1 dy
dx 2y 2ydx
d_y_iﬂ_y cosx
dr 2y'dx 2y

1)dy cosx 2y-1)dy cosx
= |1-—Z = = =
[ Zdex 2y 7 ( 2y de 2y
dy cosx 2y dy cosx
= T2y 21 a1
Hence, the correct option is (a).
Q93. The derivative of cos 1(27:2 1) w.rt. cos™ ! xis

2
2 b = 1-x2
@ (b) —— J——xz © 3 @
Sol. Lety=cos {(2x*~1)and t=cos 1 x
Differentiating both the functions w.r.t. x

d -
% = —dd;co “1(2x? - 1) and é=£—cos Tx
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= 4y _ ——————1 .—d—(2x2—1) and£=—;1-—
de J1-e? -1 i 1-2
—-14x af -1
= and — =
J-@xt +1-4?) & V12
~ —4x _ —'4x _ —4x
- ﬁ—4x4—1+4x2 H\/47xz—4x4 Zx\fl—xz
dy -2
= ax 1-x?
-2
d dyldx  1-x*
Now o = T 1"

Hence, the correct option is (a).
2
Q94. If x=#and y=1£, then ;—xz-y— is
3 3 3 2
@ 3 ®) yn © 3 @ 3
Sol. Given thatx=£and y=#
Differentiating both the parametric functions w.r.t. ¢

dx dy
T, 2t and I_Stz

dy _dylat 3¢ 3. dy
A " dMat 2t 2 dx
Now differentiating again w.r.t. x
(i) s dy _31_3
dx\dx) 2dx de* 2
Hence, the correct option is (b).
Q95. The value of ‘¢’ in Rolle’s Theorem for the function f{x) = -3

in the interval [0, V3] is

1
@ 1 ®-1 @3 @3

3
Sol. Given that: f(x) =% - 3xin [0, /3]
We know that if f{x) = x* - 3x satisfies the conditions of Rolle’s
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Theorem in [0, v/3], then

fie)=0
= 32%2-3=0>3%=3 = =1

c=x1 = 1le (0 V3 )
I-lence, the correct option is (a).

Q96. For the function fix) = x+l,xe[1, 3], the value of ‘¢" for
; x
mean value theorem is
(@ 1 (B) V3 () 2 (d) none of these
Sol. Given that: fx) = x +~, xe[1, 3]
X 1
We know that if flx) = x+-;,xe[1,3] satisfies all the

conditions of mean value theorem then

fllo= f() f( ) wherea=1andb=3
1 (3+-1—)-(1+%)
> 1-Z= 3
c 10 3-1
=2
1 _3 1 4 2 1 2
-5 = =—— 1-——=2—== e = —=1
= c? 2 = 2 6 3 = 2 3
11 1 _1
2 T2ty T2 = c=1%3.

Herec= 3 ¢(1,3).
Hence, the correct option is (b).
Fill in the blanks in each of the Exercises 97 to 101

. Q97. An example of a function which is continuous everywhere

but fails to be differentiable exactly at two points is ...............
Sol. |::| + |x - 1| is the function which is continuous everywhere
but fails to be differentiable at x =0 and x = 1.
We can have more such examples.
Q98. Derivative of 2 W.L.t. x> i8 v.vevveesrvennee

Sol. Lety=x’and t=%°
Differentiating both the pa.rametric functions w.r.t. x

Y gyand & —3x2
dx
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dy _ dyldx _ ﬁ__z_

@ dtfdx  3x* 3x
So, the derivative of ¥2 w.r.t. ©° is %

Q99, If fix) =
Sol. Given that: f{x) = |cos xl
= fix) = cos x if xe(O,g)

Differentiating both sides w.r.t. x, we get f’(x) = —sin x
n T 1

n
tx=—, fi{—|=-sin—=-—
at x 2 f(4) sm4 N
Q100. If f(x)=|cosx—sinx|, then f’(%) S rereneresasearens
Sol. Given that: f{x) = |cosx—sinx|

We know that sin x > cos x if xe[% %)
=cosx—sinx<0

fx) = - (cos x — sin x)

f'(x) =—(-sinx-cosx) = f’(x)=(sinx+cosx)
’(n = sinE.l.cosE _— Jg 1 —_ [3_...'-_1.
flz)=sngtesg =5 +3""2

d 11

Q101. For the curve Vx +.fy =1, —yat( —)is ...................

4’4
Sol. Given that: \/;+J37 =1
Differentiating both sides w.r.t. x

.................

2Jx 2y ax
x y dx
1ay _ -1 _ dy_-y
= —— — = — =
y dx Jx dx Jx
1
dy (1 1) _¥4_
x 272 1
4
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State True or False for the statements in each of the Exercises
102 to 106. ’

Qioz

Sol.

Q103.
Sol.
Q104.
Sol.
Q105.

Sol.
Q106.

Sol.

Rolle’s Theorem is applicable for the function f{x) = |x - 1| in
[0, 2].

False. Given that fix) = |x - 1] in [0, 2]

We know that modulus function is not differentiable. So, it is
false.

If f is continuous on its domain D, then |#] is also continuous
onD.

True. We know that modulus function is continuous function
on its domain. So, it is true.

The composition of two continuous functions is a continuous
function.

True. We know that the sum and difference of two or more
functions is always continuous. So, it is true.

Trigonometric and inverse trigonometric functions are
differentiable in their respective domain.

True.

If fg is continuous at x = g, then f and g are separately
continuous at x =a.

False. Let us take an example: f{x) = sin x and g(x) = cot x

. . Cos x A .
- fix).g(x) =sinx.cotx = sin x.—— =cos xwhich is continuous
x
at x =0 but cot x is not continuous at x = 0.

aoQ
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6 Application of
Bl B Derivatives

B | SHORT ANSWER TYPE QUESTlON’S

Q1.

Sol.

Q2.
Sol.

[ 6.3 EXERCISE |

A spherical ball of salt is dissolving in water in suc.h a manner
that the rate of decrease of the volume at any instant is
proportional to the surface. Prove that the radius is decreasing
at a constant rate.

Ball of salt is spherical

Volume of ball, y = émﬁ , where r = radius of the ball
3

As per the question, % 'S, where S = surface area of the ball

d(4 3) 2
= —_— - oc 4 o' S=41tr2
dt(sm ~ [ :
4 2 dr 2
—m-3r-—oc 4
= 31; " r
2 dr
= 4nr -d——I( 4nr’ (K = Constant of proportionality)
= £=K.4_TE’:._
gt 4nr?
T
=K-1=K
dt

Hence, the radius of the ball is decreasing at constant rate.

If the area of a circle increases at a uniform rate, then prove
that perimeter varies inversely as the radius.

We know that:

Area of circle, A = r%, where r = radius of the circle.

and perimeter = 2nr

As per the question,

i;: K, where K = constant
= —(ﬂ:r)—K =>1|:2r%—1(

dr K

it  2mr =)
Now Perimeter c=2nr
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Q3.

Sol.
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Differentiating both sides w.r.t,, t, we get

a d de dr

dczKK

= E = TE'E=? [From(l)]
dat r

Hence, the perimeter of the circle varies inversely as the
radius of the circle.

A kite is moving horizontally at a height of 151.5 metres. If the
speed of the kite is 10 m/s, how fast is the string being let out;
when the kite is 250 m away from the boy who is flying the
kite? The height of the boy is 1.5 m.
Given that height of the kite (#) =151.5m
Speed of the kite(V) = 10 m/s

Let FD be the height of the kite i
and AB be the height of the boy. A T
Let AF=xm H
BG=AF=xm fE G E
and —= =10 m/s e ]
A E F

From the figure, we get that
GD = DF - GF = DF - AB
=(151.5-15m=150m [+ AB=GF]
Now in ABGD,
BG?+ GD? = BD? (By Pythagoras Theorermn)
= x2+(150)? = (250)?
= x2+22500 = 62500 = x2=62500 - 22500
= x? = 40000 = x=200m
Let initially the length of the string be y m
In ABGD
BG?+GD? = BD? = 2%+ (1502 =12
Differentiating both sides w.r.t., #, we get
dx 4y oo
= Zx.E.;.o =2y 7 [ E—-lom/s:l
= 2x200x10=2x250x%

dy  2x200x10

=8m/s
dt 2x250
Hence, the rate of change of the length of the string is 8 m/s.
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Q4.

Sol.

QSQ
Sol.
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Two men A and B start with velocities V at the same time from
the junction of two roads inclined at 45° to each other. If they
travel by different roads, find the rate at
which they are being separated. A
Let P be any point at which the two roads are
inclined at an angle of 45°.
Two men A and B are moving along the
roads PA and PB respectively with the same
speed V. A Q B
Let A and B be their final positions such that
AB=y
ZAPB =45° and they move with the same speed.
AAPB is an isosceles triangle. Draw PQ L AB

AB=y - AQ=2 and PA=PB=x (let)
2 5 1,
ZAPQ = /BPQ= =227
[-- In an isosceles A, the altitude drawn from the vertex, bisects
the base]

Now in right AAPQ,

= y= 2x-sin 22%°

%
5
g
g
5
8,
o
)
- A
3
B

dy _,. 8%

= \/Z—JZ_Vm/s

Hence, the rate of their separation is ,fZ ~ 2 V unit/s.

Find an angle 8, 0 <6 < % which increases twice as fast as its
sine.
As per the given condition,
L 2 d (sin ©)
at - e
do do
= -‘-E=2cose--d— = 1=2cos®
¢ n
cosB = 2 = cosB=cos§ = 0= E
Hence, the required angle is g
NCERT ExempLAR PROBLEMS MATHEMATICS~XH
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Qe.
Sol.

Q7.

Sol.

Q8.
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Find the approximate value of (1.999)%.

(1.999)° = (2 - 0.001)°

Let x =2 and Ax =-0.001

Let y=x°

Differentiating both sides w.r.t, x, we get

dy 4 4
Y _ 5t =502yf =80
o or =2

d
Now Ay = (Zry—)-Ax =80 - (~0.001) =—0.080

(1.999° = y + Ay
= x° - 0.080 = (2)° - 0.080 = 32 — 0.080 = 31.92
Hence, approximate value of (1.999)° is 31.92.
Find the approximate volume of metal in a hollow spherical
shell whose internal and external radii are 3 cm and 3.0005 cm
respectively.
Internal radius r=3 cm
and external radius R =7 + Ar = 3,0005 cm
: Ar = 3.0005 - 3 = 0.0005 cm

Let y=1 = y+Ay= (r+AP=R*=@EO005P ..(i)
Differentiating both sides w.r.t., r, we get
Y 32
dr P
Ay = d—yxAr=312 x 00005
7
= 3 x (3)2 X 0.0005 = 27 x 0.0005 = 0.0135
(3.0005) = y + Ay [From eq. (i)]

= (3)3 +0.0135 =27 + 0.0135 = 27.0135
4
Volume of the shell = g‘m[RS -7

- -;in [27.0135 — 27] = %n x 0.0135

= 4ux 0.005=4x3.14 x0.0045=0.018 T cm?

Hence, the approximate volume of the metal in the shell is
0.018% cm?.

A man, 2m tall, ;va]ks at the rate of 1; m/s towards a street
light which is Sé—m above the ground. At what rate is the tip
of his shadow moving? At what rate is the length of the shadow
changing when he is 3§m from the base of the light?
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Sol. Let AB is the height of street light post and CD is the height of

the man such that
AB=51=£mandCD=2m
3 3
Al
D
¢ S%m
2m
B

+—1—>Ct—y—>

Let BC =x length (the distance of the man from the lamp post}

and CE =y is the length of the shadow of the man at any instant.
From the figure, we see that

AABE ~ ADCE [by AAA Similarity]

Taking ratio of their corresponding sides, we get

AB BE - AB _ BC+CE

CE CD CE

x+ 8 x+
¥ o 2 Y

cD
. 16/3
2

=

y- 3 .Y
8y=3x+3y = 8y-3y=3x =5y=3x
Differentiating both sides w.r.t, £, we get

g
dt dt

dy 3 dx dy 3 23(—5]

o= 4 2 |qL)=2 =
= xTs @ T 5( 3)5 3

[~ man is moving in opposite direction]

=-1m/s

Hence, the length of shadow is decreasing at the rate of 1 m/s.
Nowletu=x+y

(u = distance of the tip of shadow from the light post)
Differentiating both sides w.r.t. f, we get

du _dx dy
dt dt dt
- (-1%-1) - —(§+1)=~§=—2—2—m/s

Hence, the tip of the shadow is moving at the rate of 2_ m/s

3
towards the light post and the length of shadow decreasing at
the rate of 1 m/s.
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A swimming pool is to be drained for cleaning. If L represents
the number of litres of water in the pool { seconds after the pool
has been plugged off to drain and L=200(10 - £}2. How fast is the
water running out at the end of § seconds? What is the average
rate at which the water flows out during the first 5 seconds?
Given that L=200(10 - £)?

where L represents the number of litres of water in the pool.
Differentiating both sides w.r.t, ¢, we get

%=200x2(10-t) (1) =—400(10 - £)

But the rate at which the water is running out

- - _s000-1) (1)

Rate at which the w%tter is running after 5 seconds
=400 x (10 - 5) =2000 L/s (final rate)
For initial rate put ¢ =0
= 400(10 - 0) = 4000 L/s
The average rate at which the water is running out
_ Initjal rate + Final rate _ 4000 + 2000 _ 60200 =3000L/s

2 2
Hence, the required rate = 3000 L/s.
The volume of a cube increases at a constant rate. Prove that
the increase in its surface area varies inversely as the length of
the side,
Let x be the length of the cube
Volume of the cube V =23 (1)

Given that %—Yﬂ =K
Differentiating Eq. (1) w.r.t. £, we get
NV _ 32 2 ¢ (constant)

dt dt
dr _ K
dt  3x%

Now surface area of the cube, S = 6x2
Differentiating both sides w.r.t. f, we get

ds dx K
—=6-2.2. 2 = 12p. —
g; 62 dt * 3
- s 4K & 1 (4K = constant)
dt x at  x

Hence, the surface area of the cube varies inversely as the
length of the side.
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Q11.

Sol.

Q12.

Sol.
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x and y are the sides of two squares such that y = x — x%. Find
the rate of change of the area of second square with respect to
the area of first square.

Let area of the first square A, = x?

and area of the second square A, = 2

Now A;=x%>and A, =y? = (x-x%)?

Differentiating both A; and A, w.r.t. {, we get

dA, dx . dA dx
1 - 2y . and 22 = — 2\ (1 = hssad
a = ey T Zx) =20
72 - - R
A, _ @ =2(x x*)(1-2x) 5
dAl & ZI'E
dt dt
=w=(1_x)(1_zx)

S 1-2x-x+22=242-3r+1
Hence, the rate of change of area of the second square with
respect to first is 2x? — 3x + 1.
Find the condition that the curves 2x = y? and 2xy = k intersect
orthogonally.
The two circles intersect orthogonally if the angle between
the tangents drawn to the two circles at the point of their
intersection is 90°.
Equation of the two circles are given as

=y -{i)
and xy=k ..(if)
Differentiating eq. (i) and (if) w.r.t. x, we get
dy dy 1 1
21=2y.-2 L =—
Vi = y ™
(m, = slope of the tangent)
= xy =k
dy ] !
2lx-Zyy1|=0
= [x Y
dy .

[m, = slope of the other tangent]
If the two tangents are perpendicular to each other,
then myxny = -1
= 1x(—1) =-1 = -1-=1 = x=1
¥ x x
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Q13.
Sol.

Q14.

Sol.
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Now solving 2x =2 [From ()]
and 2y =k [From (ii)]
From eq. (if) = %

Putting the value of y in eq. (1)
A% K
= [E - —
(Zx) T
= 8= kK = 8(1P=K = 8=k
Hence, the required condition is k2 = 8.
Prove that the curves xy = 4 and x2 + y2 = 8 touch each other.

Givencirclesare xy =4 (1)
and x+y2 =8 (i)
Differentiating eq. (i) w.r.t., x
dy
=< +y-1=0
x = + yd
- E%= _% = my= _% {#ii)

where, m, is the slope of the tangent to the curve.
Differentiating eq. (i) w.r.t. x

d d x x
?_x+2y-~d% =0 = Ey=__ = fily= ——

y
where, m, is the slope of the tangent to the circle.
To find the point of contact of the two circles
Putting the value of 42 in eq, (i)
¥+x2=8=322=8 = x2=4
x=12

. =y = y=z2

- The point of contact of the two circles are (2, 2) and (- 2, 2).
Find the coordinates of the point on the curve v + Jy=4 at
which tangent is equally inclined to the axes.
Equation of curve is given by vx + Jy=¢
Let (x,, y,) be the required point on the curve

: NN

Differentiating both sides w.r.t. x,, we get

d d d
EJI_H'EJI = jdx—l(‘l)
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REREN N T
d
L L, L dn o dy 3% 0
Jx_l' \/y_l dxl dxl ‘\/x_l.
Since the tangent to the given curve at (x;, y;) is equally
inclined to the axes.

Slope of the tangent I _ ttan % =11
So, from eq. () we get  “X1
_._J_£ = tl
*
Squaring both sides, we get

A1 s yi=x

x
Putting the value of y; in the given equation of the curve.

i+ =4
= JZ+JZ=4 =>2JZ=4 =9\/E=2 = x =4

Since Y1=%
- n=4
Hence, the required point is (4, 4).

Q15. Find the angle of intersection of the curves y = 4 — x* and
y=x

Sol. We know that the angle of intersection of two curves is equal
to the angle between the tangents drawn to the curves at their
point of intersection.
The given curvesare y=4-x2..(}) and y=x (i)
Differentiating eq. (/) and (ii) with respect to x, we have

4 =-2x = m=-2

dx
m, is the slope of the tangent to the curve (i}.
and %=Zx = my=2x
m, is the slope of the tangent to the curve (ii).
So, m;=—-2x and m,=2x
Now solving eq. (i) and (ii} we get
= 4-2=22 = =4 = =2 = x=12
S0, my = —2x=—22 and m,=2x= 242
Let 9 be the angle of intersection of two curves
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Sol.

-Hence, the required angle is tan
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my —my
1+mm,
L 2N2+242 _
11-(2v2)(2v2)

(s

tan@ =

42| |4V2|_ 42
1-8f |-7 1|

_1(4J_ '

Prove that the curves y? = 4x and x2+ 42 - 6x + 1 =0 touch each
other at the point (1, 2).

Given that the equation of the two curves are 2 = 4x ()
and P2+ -6x+1=0 ()]
dy dy 2
Differentiatin; Lt X, et 2y—=4 = <=2
Ten g wrt. x, weg ydx iy

Slope of the tangent at (1, 2), m = % =1

Differentiating (if) w.r.t. x = 2x +2y- % -6 =0

dy _ dy 6-2x
= 2y- T 6-2x = i~ 2y
Slope of the tangent at the same point (1, 2)
6-2x1 4
= ™= Toxa T4

We see thatm1=m2—1 at the point (1, 2).

Hence, the given circles touch each other at the same point
1,2

g”md) the equation of the normal lines to the curve 3x% — y2 =8
which are parallel to the line x + 3y =4,

We have equation of the curve 3x2 - 32=8

Differentiating both sides w.r.t. x, we get

dy dy dy 3x
6 2 =0 2y—= = 6. = = =
= X — Y dx = ydx X I »
Slope of the tangent to the given curve = 3
y
1 __¥
Slope of the normal to thecurve——E_—a
y

Now differentiating both sides the given line x + 3y = 4
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]

dy
= 1+3- -0 =
dx

Since the normal to the curve is para]lel to the given line
x+3y=4.

&I@“

—_y-=—l = y=x

o ax 3
Putting the value of y in 3x* — y? =8, we get
3x2-x2=8 = 22=8 = x*=4 = x=i2
y==x2
The points on the curve are (2, 2) and (-2, - 2).
Now equation of the normal to the curve at (2, 2) is

y-2- —<(x-2)

= 3y—-6=—x+2 = x+3y=8
at(-2,-2) y+2=—}5(x+2)
= Jy+6=-x-2 = x+3y=-8

Hence, the required equations are x+3y =8 and x + 3y =-8 or
x+3y=+8.
Atwhatpomtsonthecurvexz+y1 —2x -4y +1=0, thetangents
are parallel to the y-axis?
Given that the equation of the curve is

X+ -2x-4y+1=0 _ )
Differentiating both sides w.r.t. x, we have

2x+2y--‘i—z-—2—4-d—y =0

dx
dy dy _2-2x .
= (2y—4)—— =2-2x = T 2y 2 (i)
Since the tangent to the curveispa:allel to the y-axis
al dy _ n_ 1
ope = = tan—z-—w—a
So from eq. (ii) we get
C2-2x 1

5 4=— = 2y-4=0 = y=2
Now putting the%alue of y in eq. (i), we get

= ®+(2P-2x-8+1=0

= P2-2x+4-8+1=0

= ¥2-2x-3=0 = x*-3x+x-3=0
=

=

o

x(x-3)+1(x-3)=0 = (x-3)(x+1)=0
x=-1 or 3
Hence, the required points are (-1, 2) and (3, 2).
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Q19. Show that the line = + % =1, touches the curve y =b - ¢ ¥ at
‘ “the point where the%u"rve intersects the axis of y.
Sol. Given thaty=b - ¢/, the equation of curve
and %+%=L the equation of line.
Let the coordinates of the point where the curve intersects the

y-axis be (0, y,)
Now differentiating y = b - ¢~ both sides w.r.t. x, we get

ﬂ:b-e“’"( 1) b g

dx Ta)T T

So, the slope of the tangent, m, = L e,
Differentiating §+% —1 both sides Wit z, we get
a0
So, the slope of the line, m, = —Tb'
If the line touches the curve, then m, =m,

N

- -b
= L e =1

a a .
= _Txlog e =log1 (Taking log on both sides)
= —_ai =0 = x=0
Putting x =0 in equationy =b - ¢ ~**
= y=b-&=b ~
Hence, the given equation of curve intersect at (0, b) ie. on
y-axis.

Q20. Show that f(x)=2x+cot™ x +log(y/1+2* - x) is increasing
inR.

Sol. Given that f(x) = 2x +cot™ x + 1og(,/1 +x2 - %)
Differentiating both sides w.r.t. x, we get

) = 2 1 L _
fi)=2 A T J1+22 —x)

x (22 -1)
oo 1 +(2 1+ }
1+%° J1+422 —x
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1 x—,f1+x2

2-—
+2 " 42 (fie 2 —2)

1 (J1+2 -2)

) 2—1""‘2 —,f1+x2 (,/1+x2 —x)
1 1
T i

For increasing function, f'(x) 20
2

1 1
1+Iz ﬁ+x2 20
’ 2
L, 20+2) UIHY 50 o 2428 -1+ (14 20
1+x%)
= 2x? +1+J1+x2 >0 = 22+12 —J1+2°
Squaring both sides, we get 4x% + 1 +4x? 21 +x?
= 4t+42-x220 = 44 +3x220 =>2(42+3)20
which is true for any value of x € R.
Hence, the given function is an increasing function over R.
Q21. Show that for a 2 1, f(x) = JIsinx—cosx~2ax+b is
decreasing in R.
Sol. Given that: f(x)= V3 sinx—cos x—2ax+b,221
Differentiating both sides w.r.t. x, we get
f(x) = J3cosx+sinx -2z
For decreasing function, f'(x) <0
J3cosx+sinx—22 <0

= - Z[J—Za-cosx+%sinx)—2a <0
3 1.
= ~\{2——cosx+55mx—a <{

4 . T,
= (coszcosx+smgsmx)—a <0

n
= cos[x—g)—a <0

Sincecosxe [-1,1]anda21

- f'(x)<0
Hence, the given function is decreasing in R.
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Q22. Show that f(x) = tan~!(sin x + cos x) is an increasing function
in[0,Z).
4 -
Sol. Given that: f(x) = tan”)(sin x + cos x) in (0, —4')

Differentiating both sides w.r.t. x, we get

1 d .
= — +
f) 1+(sin x+cos x)* dx (sin 2 + cos 2)

1x{cos x —sin x)

= f)=
= fl)=

14 (sin x + cos x)°
cosx—sinx

1+sin? x + cos? x + 2 sin x cos x
cosx —sin x cosx —sin x
= flx)= - = fix)="T—7T"T"—
f@) 1+1+2sinxcosx fe) 2+2sinxcosx
For an increasing function f(x) 20
€os x —sinx
2+2sinxcosx
T

= cosx—-sinx 20 [ (2+sin?_r)20in(0,z):|

= ¢0s x 2 sin x, which is true for (0, g)
Hence, the given function f(x) is an increasing function
in [0,2).

Q23. Atwhat point, the slope of the curve y=-x3+3x2+9x - 27 is

maximum ? Also find the maximum slope.
Sol. Given that: y =—x+3x% + 9x - 27

Differenﬁaﬁﬁ\g both sides w.r.t. x, we get % =~3x2+6x+9
*Let slope of the cuve % =Z

z=-3r2+6x+9
Differentiating both sides w.r.t. x, we get % =—6x+6
dz

For local maxima and local minima, E=0
-6x+6=0 = =x=1
dz _ .

= P =—6<0 Maxima

Put x = 1 in equation of the curve y = (-1)*+3(1)2 + 9(1) - 27
=_1+3+9-27=-16
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Maximum slope =~ 3(1)2+ 6(1) + 9= 12
Hence, (1, —16) is the point at which the slope of the given
_curve is maximum and maximum slope = 12.
Q24. Prove that f(x) = sinx+ V3 cosx has maximum value at
x=Z,
6
Sol. We have: f(x)

I

sinx++y3cosx = 2(%sinx+gcosx)

=2(c:osE x+smncosx) Zsin(x+-13)
3 3 3

fx) = 2COS(I+ ) f'(x)==—25m(x+3)

” = _ ll_ T
f (x).t=§ 251“(6"'3]

= _zﬁn; =-2.1=-2<0 (Maxima)
= -—2x-—?=— 3 <0 (Maxima)

Maximum value of the function at x = % is

. I n 1 Jg_
sm€+ 3cos6—2+J5. ) =2

Hence, the given function has maximum value at x =% and

the maximum value is 2.

LONG ANSWERTYPE QUESTIONS : 7
Q25. If the sum of the lengths of the hypotenuse and a 51de of a

right angled triangle is given, show that the area of the triangle

is maximum when the angle between them is %
Sol. Let AABC be the right angled A

triangle in which 2B =90°

Let AC=x,BC=y X

AB = xz _ y2
ZACB =0 B 8 C
Let Z=x+y (given) y

i .1
Now area of AABC, A= Ex ABxBC
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1 1
= A=5y-\/zl—y2 = A=cy-{Z-y)' -y’
Squaring both sides, we get
1 1 :
A= oy [@-y) -y ] 2 A=Y 1Z 4y 22y - ]
1
> P- V(2 -22y] 5P- 1[P7 -22°] (AP
Differentiating both sides w.r.t. y we get

P 1 :
i S 292" - 62y%] o)
For local maxima and local minima, ?:0
y
%(ZyZZ—GZyz) =0
2yZ |
%(Z—By)=0 = yZ(Z-3y)=0 3’
= yZ+ 0 (v y#0and Z#0)
. Z-3y=0
+
= Jy=x+y = 3y-y=x = 2y=x
y 1 1
= === =cosb=%
x 2 s 2
n
=3

i ' 2
Differentiating eq. (i) w.r.t. y, we have 371, = %[222 ~12Zy]
d’p z 1

‘ V4
—aty= = 222-122-—]
dy* ¥=3 4[ 3

1 2 2 —‘Zz .
—[2Z" - 4Z"]=—— <0 Maxima
4 2

il

Hence, the area of the given triangle is maximum when the
angle between its hypotenuse and a side is g

Find the points of local maxima, local minima and the points
of inflection of the function f(x) = x5 — 5x*+ 523 - 1. Also find the
corresponding local maximum and local minimum values.
We have flx)=25-5x1+53-1

= f(x) = 5x* - 2023 + 1522

For local maxima and local minima, f(x) =0
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= 5x4-20x3+15x2=0 = SxHx2-4x+3)=0
= 5x%(a?-3x-x+3)=0 = xa(x 3)(x-1)=0
x=0,x=1andx=3
Now f7(x) = 2023 - 6022 + 30x
= F(x), x=0 20(0)3 —60(0)? + 30(0) = 0 which is neither
maxima nor minima.
f(x) has the point of inflection at x =0
F7(®)atx=1 = 20(1)% - 60(1)% + 30(1)
= 20 — 60 + 30 =-10 < 0 Maxima
F®txa3 = 203 - 60(3)% + 30(3)
= 540 - 540 + 20 =90 > 0 Minima
The maximum value of the function at x =1
£x) = (U - 5(1)* + 5(1° - 1
=1-5+5-1=0
The minimum value at x =3 is
f(x) = (3)°-5(3)*+5(3)° - 1
=243-405+135-1=378-406=-28
Hence, the function has its maxima at x=1 and the maximum

value =0 and it has minimum value at x =3 and its minimum
value is —28.
x =0 is the point of inflection.

Q27. A telephone company in a town has 500 subscribers on its list
and collects fixed charges of ¥ 300 per subscriber per year. The
company proposes to increase the annual subscription and
it is believed that for every increase of ¥ 1.00, one subscriber
will discontinue the service. Find what increase will bring
maximum profit?

Sol. Let us consider that the company increases the annual
subscription by ¥ x.
So, x is the number of subscribers who discontinue the services.
Total revenue, R(x) = (500-x) (300 +x)
= 150000 + 500x — 300x - x2
= —x2 + 200x + 150000
Differentiating both sides w.r.t. x, we get R’(x) =-2x+200
For local maxima and local minima, R'{(x) =0
-2x+200=0 = x=100
- R”(x) = -2 <0 Maxima
So, R(x) is maximum at x =100
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Hence, in order to get maximum profit, the company should

increase its annual subscription by ¥ 100.

If the straight line x cos a + y sin & = p touches the curve
2 2

L, then prove that 4% cos? a + b2 sin? o, = p2.

— =

@ v 2 2

The given curve is x—2+?-=1 ()]
a

and the straight line x cos a +y sin ot =p (i)

Differentiating eq. (/) w.r.t. x, we get
1 1 dy
S 2x+—-2y-—= =0
a 4 dx

B
2
x  ydy dy b x
_+___. = —— I - ——
= 2 b dx 0 = dx @y
-b* x
Sotheslopeofthecurve=7--;
Now differentiating eq. (ii) w.r.t. x, we have
dy
+sina-—= =0
cos o +sina Tr
Y _ 288 cota
dx sin

So, the slope of the straight line =~ cot &
If the line is the tangent to the curve, then
. x4 _a2
7“-;=—cota =>;=b—2°cota = x—b—zcota-y
Now from eq. (if) we have x cos o+ y sin o= p

2
= %-cota-y-cosa+ysino:=p

= 4lcota-cosay+bsinay=byp
= aZCOSG.

sin o
= #costay+Psinfay=ksinop
bZ
= a’cos’a+ P sin’q = —.sina-p

ccosay+bisinay = bp

2
= a>cosfa+Psinfa=p-p [ ;Siﬂa=P]
Hence, = a?cos’?a+Psin’a =p?
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Alternate method:

We know that y = mx + ¢ will touch the ellipse
2
§+%2—=1ifcz=a2m2+b2
Here equation of straight line is x cos o +y sin a = p and that
2
ofeﬁpmﬁi+L=1
@ b
xcosa+ysina=p
= ysina=—-xcosda+p
cosa p p
——+—— = y=-—-xcota+———
sina.  sina sin @
Comparing with y = mx + ¢, we get

= y=-x

m=—cotoe and c=

_sina
So, according to the condition, we get ¢ = am?* + b

2
P__ = g%-cot o)+t
sin’ o

pt _ dcos’a
sinfo. sin’o
Hence, 4%coso+b?sin? a=p? Hence proved.
An open box with square base is to be made of a given quantity

of card board of area ¢ Show that the maximum volume of
3
the box is £ cubic units.

6v3
Let x be the length of the side of the square base of the cubical

=

+1? = p*=acos? o +b? sin’ @

open box and y be its height.
- Surface area of the open box
2 -
E=xt+dxy = y= 4:2 (i) T
Now volume of the box, V=xxx Xy ¥
= V= x%y x;
— v
= V=« (—74%] —

1 2 3
= V= =(cx-x7)

Differentiating both sides w.r.t. x, we get
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v 1 .
- Z(c2—312) (i)

For local maxima and local minima, %:0
1
7(¢-37)=0= 320
c

- 2=
: 3

JE_L
xX= 3 \/5

Now again differentiating eq. (iz) wirt. x, we get
d V c ,
= — (= =——<
( x) 2 73 (maxima)
Volume of the cubn:al box (V)=x2y

CZ

2
f(cz xz) N T DI
4x V3L 4 V3 3x4 63
Hence, the maximum volume of the open box is
¢ N '
o3 cubic units.
Find the dimensions of the rectangle of perimeter 36 cm which
will sweep out a volume as large as possible, when revolved
about one of its sides. Also find the maximum volume.
Let x and y be the length and
breadth of a given rectangle ABCD
as per question, the rectangle be y
revolved about side AD which will l
make a cylinder with radius x and v | B
height y. I
Volume of the cylinder V = nr?h
= V = mx?y (i)
Now perimeter of rectangle P=2(x+y) = 36=2(x+y)
= x+y=18 = y=18-x w(if)
Putting the value of y in eq. (i) we get
V = mx%(18 - x)
= V = n(18x2 - 1)
Differentiating both sides w.r.t. x, we get

% - n(36x - 32) (i)

@]
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For local maxima and local minima %:0

o n(36x-3x3) =0 = 36x-3x>=0
= 3x(12-x)=0
= x#0 - 1R-x=0=x=12
Fromeq. (i) y=18-12=6
e 2V
Differentiating eq. (iii) w.r.t. x, we get P (36 — 6x)
v

atx=12 — =366 x12)

= (36 — 72) = — 361 < 0 maxima
Now volume of the cylinder so formed = mxy

= x (122 x 6 =7 x 144 X 6 = 8641 cm?
Hence, the required dimensions are 12 cm and 6 cm and the
maximum volume is 864n cm®.
If the sum of the surface areas of cube and a sphere is constant,
what is the ratio of an edge of the cube to the diameter of the
sphere, when the sum of their volu. .es is minimum?
Let x be the edge of the cube and r be the radius of the sphere.
Surface area of cube = 6x2

4—x—>

and surface area of the sphere = 4nr*
K - 6x°
4
Volume of the cube = x> and the volume of sphere = 3™

6x% + dnr? = K(constant) = 7=

3

Sum of their volumes (V) = Volume of cube
+ Volume of sphere

= V=x3+§n:r3
L2302
= V=x3+inx(K 6x]
3 4in

Differentiating both sides w.r.t. x, we get

av 2 4n 3 2,1/2 1
a4y _3x*+—x=(K-6 -12 —_—
X 3 xz( XY | I)X(4n)3/2
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= 327 +(42)3,,_ x (-12x) (K - 6x%)"/2
3x2+ m x( 12x) (K — 6x%)1/2

% = 3¢ '-%(K-ﬁx 2 i)
v

For local maxima and local minima, E =0

3x* J_(K 6x> )2 =

(K - 6x )UZ]
= 3x|x——F——1| =0
EF
_ 1/2
x#20 .~ _m=o
(K — 6x%)1? vr
- R
Squaring both sides, we get
= K-6x* = mx? =K - 622
T
2 = = =
= Twl+6x2=K 2 n+6)=K = x* —y
n+6

Now putting the value of K ineq. (i), we get
6x2 + 4 = (5 + 6)
= 6x2+4nr = W2+ 612 AP =mx? = 4 =12
= x
x:2r=1:1
Now deferentlatmg eq (i) w.r.t x, we have

% = 6x———[x(K 6x*)1/2]

'wl

[ x(—12x)+(K—6x2)1’2-1]
2K - 6x

]

= 6x—

ﬁl
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- ox i[ﬂ_ﬁ_](,é_z’f_j
Ve[ Jk-e2 vr| K - 612
12K KW
Put leK K 3 1t+6
\ln+6 \’n+6 J_
n+6_
o [ X 1< 3 [12K-nK-6K
- J' K + 6K - 6K
| T+6
K 3 [6K-nK
=6 — +—=
T+6 Jn K
i T+6

=6’ K J_[(GK II:K),fn+ 1>0

So it is minima.
Hence, the required ratio is 1:1 when the combined volume
Q32. AB is a diameter of a circle and C is any C
point on the circle. Show that the area of
AABC is maximum, when it is isosceles.
Sol. Let AB be the diameter and C be any 4|
point on the circle with radius .
ZACB =90° [angle in the semi circle is 90°]
Let AC=1x

~  BC= JABI-AC?

= BC= 4(2r)> -x* =BC= ,/;lrz_—x_z (D)
Now area of AABC, A= —;~x ACx BC

= A= %xm

Squaring both sides, we get
A?= %xz(m -x%)

Let A2=Z
Z= %x2(4r2—x2) = Z= %(wrhx‘
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Differentiating both sides w.r.t. x, we get

e T )

dx dZ
Forlocalmaximaandlocalmhﬁmaz-—-o
1
Z[8xr2-4x3] =0 = 227 -2=0
x#0 . 2 -32=0
= =27 = x=.2r=AC
Now from eq. (i) we have

BC= 4> -2 =BC=.,372 =BC=3r
So AC= BC
Hence, AABC is an isosceles triangle.
2
Differentiating eq. (if) w.rt. x, we get Zx—f = -‘%[Srr2 —12x%)
Put x = J-Z-r
i’z _ 1

2

(872 —12x2r2] = %[Brz - 247%]

x(-16r')=-4r <0 maxima

I}

ERE |

Hence, the area of AABC is maximum when it is an isosceles
triangle.

A metal box with a square base and vertical sides is to contain
1024 cm®. The material for the top and botttom costs ¥ 5/cm?
and the material for the sides costs ¥ 2.50/cm?2. Find the least
cost of the box.

Let x be the side of the square base and y
be the length of the vertical sides.

Area of the base and bottom = 2x2 cm?

= Cost of the material required =% 5 x 2x2

=¥ 10x2 x
—F—

Area of the 4 sides = 4xy cm?
Cost of the material for the four sides
= ¥ 2.50 x 4xy =¥ 10y
Total cost C = 10x2 + 10xy i)
New volume of the box=xxxxy
= : 1024 = x%
1024
y="7 )|
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Putting the value of y in eq. (i) we get
= 1027 +10xx10 RN T

x*
Differentiating both sides w.r.t. x, we get

dC

= 20x- 10240

£ 4C
For local maxima and local minima — =0
10240 dx /

=0

x?
= 20:°-10240=0 = x*=512 = x=8am
Now from eq. (ii)

10240

...(iif)

20 -

_ 10240 10240

o e 16 cm
Cost of material used C = 10x? + 10xy
=10x8x8+10x8x16 =640 +1280=1920
Now differentiating eq. (iif) we get

d*C 20480
— = 20+
dr? )
Putx=8
20480
= 204+ 257 = 20+ 22489 220+ 40- 60> 0 minima
(8) 512

Hence, the required cost is ¥ 1920 which is the minimum.
Q34. The sum of the surface areas of a rectangular parallelopiped

with sides x, 2x and % and a sphere is given to be constant.

Prove that the sum of their volumes is minimum, if x is equal
to three times the radius of the sphere. Also find the minimum
value of the sum of their volumes.
Sol. Let ‘r’ be the radius of the sphere.
Surface area of the sphere = 477

4
Volume of the sphere = 3 nr

The sides of the parallelopiped are x, 2x and %

Its surface area = 2[xx2:c+2rx§+xx§]

2
= 2[2::2 +2"T+?] =2[2x2 + x2]
= 2[3x2] = 6x2
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2
Volume of the parallelopiped = x X 2x x % = §x3

As per the conditions of the question,
Surface area of the parallelopiped

+ Surface area of the 5phere constant
= 6x2 + 4nr? = K (constant) = 4n=K - 6x2

K - 6x2
r=
e (@)
Now let V = Volume of parallelopiped
+ Volume of the sphere
= V-:Ex:"+iﬂ:r3
3 3 3/2
2 5 4 K—6xz]
V=Zx 4= .
= 3x +3ﬂ:[ ym [from eq. (i)]
= 2 3 4 1 3/2
= V'—EI +§EXW[K 6.1’2]
2 5 4 1 2.3/2
= V=33 +§nx~8——T’2[K—6x I
2 3
=>x+ K - 6x7 P2
= 3% J_[ P

Differentiating both sides w.r.t, x, we have

dV _ /2
—_—-3x2 eJ"[ (K - 6x2) (12x)]
2x2+6JT_tx % (~12x) (K - 6x7)

2x* J_[K 6x%)

For local maxima and local minima, we have % =0

2% - 2L (K 62 =

Jn
= 2ynx?® - 3x(K - 6x2 )1"? =0
= x[2vRx - 3(K — 622)12] = g
Here x#0 and 2/mx - 3(K - 6x%)'2 =0
= 24mx =3(K - 6x)\2

Squaring both sides, we get
4mx? = YK —622) = dmx? = 9K — 5422
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= 4nx? + 54x2 = 9K
Anx? + 54x? .
= -— ..(i0)
= 2x2(2m +27) = 9K
9K [ K

o = =3
2n+ 27 4w+ 54
Now from egq. (i) we have A ) V

K- 6x*
P = 4n
2 2
4nx ;54:: 6
P =
= in
am® +54x% —-54x2  4nx?
= r’=
Ix4n 9x4w
PYRE SR
= =3 = r~—3 x=3r
dv 2 12
N ha —=2x K - 6x*
ow we have T J_( )
Differentiating both sides w.r.t. x, we get
d*v 37 d d
L e gx-—|x—(K-62)2 —6xt)2. = ]
2 x J:T:_x dx( Y +(K ); T x
=4x——3— x.l_x(_:}ﬁ+(1(_6x2)1/2.1
= 2,/1(-61#
- dx— —:§x§—m+(l(—6x2)m
T | (K-6x7)
g B [-er+K-6]| 3 K-12¢
“L (K—61'2)1/2 ‘\/T_l: (K—612)1,2
Put X = K
4n + 54
K-12- 9K
2V _ [ K__3 in+5e
dx? dan+54 Jm 9K
(K-6- )
4n +54
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4K~ + 54K — 108K

K 3 4m+54
=12 -
dn+54 Jr [4Km+54K - 54K
4 + 54 )
[ 4Kr — 54K d
_p[ K 3| 4n+5s

4n+54 n 4Kn
dn+54

12]1( 3-41(1:—541(]

V4n+54  Jr|JaKx - Jam + 52

[ K _6K( 2m-27 J

Van+54 Jo VaKr - fan +54

il

| X SK|__Z-2 ],
dn+54 Jn|akn - Jan+54
[+ 27-21>0]
dv e e
——>0 so, it is minima.

dx*

Hence, the sum of volume is minimum for x=3
~. Minimum volume,

3
Vat(x=3 K J=.2_x3+im3=£x3+én.(£)

K
4n +54

4n + 54

Hence, the required minimum volume is %x:" (1 + —) and

four options in each of th

Q35. The sides of an equilateral triangle are increasing at the rate
of 2 cm/sec. The rate at which the area increases, when side is
10 cm is:
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(a) 10 cm?¥/s (b) V3 cm?/s

(© 1043 cm?/s ) %gcmzls

Sol. Let the length of each side of the given equilateral triangle be
x cm.

dt J—
Area of equilateral triangle A =—- x

dA J dx J
—_— = - 2 = 2
-2 a2 = x10x%2 = 104/3 cm?/sec

Hence, the rate of increasing of area = 10+/3 cm?/sec.
Hence, the correct option is (c).

Q36. Aladder, 5m long, standing on ahorizontal floor, leans against
a vertical wall. If the top of the ladder slides downwards at the
rate of 10 cm/sec, then the rate at which the angle between the
floor and the ladder is decreasing when lower end of ladder
is 2 metres from the wall is:

(a) —llaradian/sec ® Elaradian/sec

{c) 20 radian/sec A
(d) 10 radian/sec l \
Sol. Length of ladder=5m D %,

Let AB=ymand BC=xm

In right AABC, 0
AB2+BC?Z=AC: B C E
= 2+yt=(EF = 2+y?=25
Differentiating both sides w.r.t x, we have
dx o

2x-—+2y-
FTRAT

dx dy
= *at? a0

dx
= 2-d—+yx(—0.1)=0 [+ x=2m]

= 2. -——+\/25 x* x(-0.1) =
= 2~%+,/25—4x(—0.1) =

= 2 - =0 — = —
dat 10 dt 20
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BC - .
Now cos @ = AC (0is in radian)
= cos @ = %
Differentiating both sides w.r.t. , we get
—d—cose =l-ix~=>—s ) 8 _1y24
dt 5 dt at 5 20
o E[L]Jﬁ 1
at 100 | sin®) 100 "{EJ
AC

_N21 AC_ V21 5 1

— —— Me—_———
100 *AB 100 Va2
[(-) sign shows the decrease of change of angle]

radian/sec

Hence, the required rate = 510- radian/sec

Hence, the correct option is (b).
Q37. The curve y =x"> hasat (0, 0)
(a) a vertical tangent (parallel to y-axis)
(b) a horizontal tangent (parallel to x-axis)
{c) an oblique tangent
(d) no tangent
Sol. Equation of curve is y = x1/5

Differentiating w.r.t. x, we get % = lx'” 3

5
dy 1 —4/5 11
tx=0 B o 0y =ox =
(atx=0) w50 5 %5
&
dx

The tangent is parallel to y-axis.
Hence, the correct option is (1).
Q38. The equation of normal to the curve 3x> - 32 = 8 which is
parallel to the line x + 3y =8 is

(@) 3x-y=8 () 3x+y+8=0
(c) x+3y+8=0 @ x+3y=0
Sol. Given equation of the curve is 3x2 - y*=8 ()

Differentiating both sides w.r.t. x, we get

3
6x—2y-% =0 = Zx—y =--;/J£
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3% isthe slope of the tangent

y — —
Slope of the normal = E/lex = ?511
Now x + 3y = 8 is parallel to the normal

Differentiating both sides w.r.t. x, we have

dy dy 1
1+3==0 = —
& T a3
—==—— = y=Xx
3x 3 y

Putting ¥ = x in eq. (i) we get
32-x2=8 = 2u2=8 = x*=4
x=t2andy=%2
Sothepomtsare(Z,Z)and(—Z -2).
Equation of normal to the given curve at (2, 2) is
y—2=—%(x—2)
= 3y-6=-x+2 = x+3y-8=0
Equation of normal at (-2, -2} is
y+2=—?13-(x+2)
= y+6=-x-2 = x+3y+8=0
The equations of the normals to the curve are
x+3y+8=0
Hence, the correct option is (c).
Q39. If the curve ay + 22 = 7 and x° = y, cut orthogonally at (1, 1),

then the value of ‘a’ is:
(@) 1 @ 0 () -6 (d) 6
Sol. Equation of the given curves are ay +x2=7 (i)
and B=y : (i)
Differentiating eq. (f) w.r.t. x, we have
dy y_ =
a I +2x=0 = = a2 )
2x Y
™y ("‘1 -2
Now differentiating eq. (i) w.r.t. x, we get
d d
3x? =Ey = m,=3x" (mz =Exy-)

The two curves are said to be orthogonal if the angle between
the tangents at the point of intersection is 90°.
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-2 -6x>
= Eya-—1 o

=-1 =6x3=g

1,1) ig the point of intersection of two curves.
6(1P° =4
So a=6
Hence, the correct option is (d).
If y=x%-10 and if x changes from 2 to 1.9, what is the change
iny?
(@) yo.sz (b) 0.032 (0 568  (d) 5968
Given that y = x4 - 10
dy _
dx
Ax =2,00-1.99=0.01

Ay = % Ax =453 x Ax
=4x(2)*x0.01=32x0.01=0.32
Hence, the correct option is (a).

- The equation of tangent to the curve y(1 + x2) = 2 — x, where it

Crosses x-axis is:

(@) x+5y=2 (b)) x-5y=2
(c) 5x-y=2 d) S5x+y=2
Given that y(1+x%)=2-x ()]

If it cuts x-axis, then y-coordinate is 0.
0(1+x%)=2~x = x=2
Put x =2 in equation (3)
y1+4)=2-2 = y(5)=0 = y=0
Point of contact = (2, 0)
Differentiating eq. (i) w.r.t. x, we have

dy
2r+(1+xH)ZL =-1
Yx2xr+(1+x°)

= 2y+(1+2)-=-1 = (1+2) L =-1-29
dy _-(+2xy)  dy -1 -1

i (1+2) T drgn (144 5
1
Equation of tangentis y -0 = 5 (x-2)

= Sy=-x+2 = x+5y=2
Hence, the correct option is (a).
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Q42. The points at which the tangents to the curve y = x> - 12x + 18
are parallel to x-axis are:
(@) (2,-2),(-2,-39) (b) (2,34),(-2,0)
(C) (O, 34)r (" 21 0) (d) (21 2)1 (" 2, 34)
Sol. Given thaty=x>-12x+18
Differentiating both sides w.r.t. x, we have

dy
X =3x2-12
= X’

Since the tangents are parallel to x-axis, then Y _ 0
3?-12=0 = x=%2 dx
Yoo = (2P -12(2)+18=8-24+18=2
Yoo =(-2-12(-2)+18=-8+24+18=-34
Points are (2, 2) and (-2, 34)
Hence, the correct option is (d).
Q43. The tangent to the curve y = ¢2* at the point (0, 1) meets x-axis at:

@O0 ® (—%,0) © 20 @ 02

Sol. Equation of the curve is y = £2*
d
Slope of the tangent t—;‘% =2 = -d%(ﬁ.l) =2.el=2
Equation of tangent to the curve at (0, 1) is
y-1=2(x—0)
= y-1=2x = y-2x=1
Since the tangent meets x-axis where y =0
0-2x=1 = =x= :21
So the point is [—%, 0)
Hence, the correct option is (b).
Q44. The slope of tangent to the curve x = £ + 3t - 8 and

y =24 -2¢ -5 at the point (2, - 1) is:

22 6 6
(@ - (b) 7 (©) 7 @ -6
Sol. The given curveisx=f+3f—8andy=22-2t-5
dx d
= =2t+3 and %Y _ 4 _
dt an dt-4t 2
dy
d_y - E__‘Lt—z
dc  dx 2t+3
dt
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Now (2, - 1) lies on the curve
2=£2+3t-8 = £+3t-10=0
= £+5t-2t-10=0
= {{t+5)-2(t+5)=0
= (+5)(-2)=0
S t=2,t=-5 and -1=2R-2t-5

= 22-2t-4=0

= 2-t-2=0 = £2-2f+t-2=0
= Ht-2)+1(t-2)=0 = (t+1)(t-2)=0
= t=-1 andt=2

So t =2 is common value

Slope dy _4%x2-2_6
dx,., 2x2+3 7
Hence, the correct option is (b).

. The two curves x®> - 3xy2 + 2 = 0 and 3x% - y* - 2 = 0 intersect

at an angle of:
n n r i
(@) y (b) 3 (© 2 (@) 6
The given curves are x> - 3xy2 +2 =0 (D)
and 3y -P-2=0 (i)

Differentiating eq. (f) w.r.t. x, we get
dy
3x2—3( 2y -2+ 2-1) =0
Xy ty

d d
IZ_Z _y_. 2 = () _y.=xz._
= Y-~ = 2xy ¥
dy _ 2 -yt
dx 2xy
So slope of the curve m, = 2 -y
2xy

Differentiating eq. (ii) w.r.t. x, we get
dy ] dy
2 2
Ziyox|-32-2L =0
3[x I +y 3y I

2 4y _Zd_y=0 2_ 8 __
e i e
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So the slope of the curve m, = xz;iﬂyf

2
- -2
Now mlxm2=x2xyyzxxz_x;2

So the angle between the curves is g

Hence, the correct option is (c).
Q46. The interval on which the function f(x) = 23 +9x? + 12x - 1 is
decreasing is:
@) [-1,) (b) [-2,-1]
(€) (o= -2] @ [-1,1]
Sol. The given function is f(x) =2x%+ 922 + 12x -1
f(x) = 622+ 18x +12
For increasing and decreasing f"(x) =0
6x2+18x+12=0

=-1

= +3x+2=0 = 2+2x+x+2=0
= (x+2)+1(x+2)=0 = (x+2}(x+1)=0
= ' x=-2,x=-1

The possible intervals are (~oo, -2}, (~2, - 1), (=1, o0)
Now flxy=(x+2)(x+1)

= (%), - = () (=) = (#) increasing
= f(*)z,-1) = () () = (-) decreasing
= [/ (*)1, o = (+) (+) = (+) increasing
Hence, the correct option is (b).

Q47. Let the f: R — R be defined by f(x) = 2x + cos x, then f:
(2) has aminimum atx=x (b) has amaximumatx=0
(c) is a decreasing function (d) is an increasing function

Sol. Given that f(x)=2x+cosx
f'(x)=2-sinx
Since f(x)>0vVx

So f(x) is an increasing function.
Hence, the correct option is (d).
Q48. y=x(x - 3)* decreases for the values of x given by: 3
(@ 1<x<3 (b) x<0 (€) x>0 @ O0<x<=
Sol. Here y=x(x - 3)* 2

% —x2x-N+(x=3F1 o ‘% = 2x(x - 3) + (x ~ 3)?
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For increasing and decreasing % =0

2e(x =3)+ (x-3P =0 = (x-3)(x+x-3)=0
= (x-3)(3x-3)=0 = 3(x-3)(x-1)=0
‘ x=13
Possible intervals are (-, 1), (1, 3), (3, =)

dy _
ol (x—~3)(x-1)
For (- o0, 1) =(-) (-) = (+) increasing  °
For (1, 3) =(-) (+) = (-) decreasing
For (3, =) =(+) (+) = (+) increasing
50 the function decreases in (1, 3)or 1<x <3
Hence, the correct option is (a).
The function f (x) = 4 sin® x — 6 sin® x + 12 sin x + 100 is strictly

(4) increasing in (rc, 37“) (b) decreasing in G“)

(c) decreasing in [—E,E] (d) decreasing in [0, -E]
Here, 22 2
f(x)=4sin’x -6 sin? x + 12 sin x + 100
f(x)=12sinx - cos x - 12 sin x cos x + 12 cos x
=12 cos x [sin?x — sin x + 1]
=12 cos x [sin? x + (1 - sin x)]
1-sinx20and sin2x >0
ginx+1-sinx>0 (when cos x > 0)

Hence, f(x) >0, when cos x>0 i.e., xe (_—:—, -:—)

So, f(x) is increasing where x e (_—2"- ;) and f'(x) <0

) n 3n
whencosx<0ie. xe (E'g_)

2
3
Hence, f(x) is decreasing when x€ (g, ?n)

o (5)e(53)
2 2° 2
5o f(x) is decreasing in (g, 1:)

Hence, the correct option is (b).
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Q50. Which of the following functions is decreasing in (o, 325)?
(@) sin 2x (b) tanx (c) cosx (d) cos3x
Sol. Here, Let fx) = cosx; S0, f'(x)=-sinx
F/(x) < 0in (o, g)
So f(x) = cos x is decreasing in (0, g)

Hence, the correct option is (c).
Q51. The function f(x)=tanx—x
(@) always increases (b) always decreases
(c) never increases
(d) sometimes increases and sometimes decreases.
Sol. Here, fix) =tanx-x So,f'(x)=sec’x -1
f(x)>0VxeR
So f(x) is always increasing
Hence, the correct option is (4).
Q52. If x is real, the minimum value of x> — 8x + 17 is

(@) -1 (b) O {01 (@ 2
Sol. Let fx)=x2-8x+17
fl(x)=2x-8

For local maxima and local minima, f'(x)=0
2x-8=0 = x=4
So, x =4 is the point of local maxima and local minima.
f"(x) =2>0minimaatx=4
f(X) g = (4> - 8(4)+17
=16-32+17=33-32=1

So the minimum value of the function is 1
Hence, the correct option is (c).

Q53. The smallest value of the polynomial x* - 18x2 +96x in [0, 9] is:
(a) 126 (b 0 {c) 135 (@) 160

Sol. Let fix) = ®—18x2+96x; So, f’(x)=23x?—36x+96
For local maxima and local minima f*(x) =0
o 32 -36x+96 = 0
= 2-12x+32=0 = x2-8Bx—-4x+32=0
= x(x-8)-4(x-8) =0 = (x-8)(x-4)=0
x=8,4€[0,9]
So, x = 4, 8 are the points of local maxima and local minima.
Now we will calculate the absolute maxima or absolute
minima atx=0,4, 8,9
flx)y=x® - 18x2 +96x
fix),o=0-0+0=0

—
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fx), 4= (4 - 18(4)2 + 96(4)
=64 - 288 + 384 =448 — 288 = 160

S(x) 5= (8)° - 18(8)2 + 96(8)
=512 -1152 + 768 = 1280 - 1152 = 128
S(x),0= (9)* ~ 18(9)2 + 96(9)
=729 - 1458 + 864 = 1593 — 1458 = 135
So, the absolute minimum value of fis0 at x=0
Hence, the correct option is (b).
Q54. The function f{(x) = 2x® - 3x? - 12x +4, has
(a) two points of local maximum
(b) two points of local minimum
{c) one maxima and one minima
(d) no maxima or minima
Sol. We have fix)=2x3-3x2-12x +4
f(x) = 6x*-6x~12
For local maxima and local minima f’(x) = 0
o 6x2-6x-12=0
= ¥-x-2=0 = 2-2x+x-2=0
= x(x-2)+1(x-2)=0 = (x+1)(x-2)=0
= x=-1, 2 are the points of local maxima and local minima
Now fx)=12x-6
fx)eu_y=12(-1)-6=-12-6=-18 <0, maxima
f7(x),., = 12(2) -6 =24 - 6 =18 > 0 minima
So, the function is maximum at x = -1 and minimum at x = 2
Hence, the correct option is (c).
Q55. The maximum value of sin x cos x is

@31 ® 3 ©VZ @ 242
Sol. We have f(x) =sinxcosx
= f(x)= %-Zsinxcosx =%sin2r

Flx)= %-Zcoszr

= f'(x) = cos 2x
Now for local maxima and Iocal minima f*(x) =0
cos2x =0

2x=(2n+1)§, nel

T
= =(2n+1)—
x= @n+1) ]
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T 3n

= Z,—4—...
f"(x) = -2sin2x

fi(x) .= —2sin2-F=_2sinE=-2<0 maxima
x=7 4 2
» . In . 3m ..
fi(x) 35 = —25m2-—4— =—25m—2—=2>0 minima
=

T
So f(x) is maximum at x=-4-

. T n_ _1
Maximum value of fix} = SIn - CoS 7 "R B2
Hence, the correct option is (?).
Q56, At x =%, f(x)=2sin3x + 3 cos 3x is:

() maximum (#) minimum
(c) zero (d) neither maximum nor minimum.
Sol. Wehave f(x)=2sin3x+3 cos3x
f'(x) =2 cos 3x - 3 -3 sin 3x-3 =6 cos 3x - 9 sin 3x
f7(x) =-6sin3x-3-9cos3x-3
= -18 sin 3x —~ 27 cos 3x

f"(%i) - —18sin 3(5?")—27 cos 3 (%)
=—185in(5—n)—27cos(5—n)
2 2
==18sin (21: +g)—27 cos (21: +g)
=-185in 71~ 27 cos 7 =~18-1-27 -0
=-18 < 0 maxima

5
Maximum value of f(x) at x= ?ﬂ:

f(—s—;i)= 25in3(5?n)+3cos 3(5?“)= ZSins?n+ 3c09.—52E

n H T T
= 2sin| 2n+—[+3 2n+—|=2s8in—+3cos—=2
Sl.'l"l( ¥ 2) COS( T 2) SlI'l2 C052

Hence, the correct option is (a).
Q57. Maximum slope of the curve y = - x>+ 3x? + 9x — 27 is:
(@) 0 &) 12 (© 16 @ 32
Sol. Given that y=—x+3x2+9x-27
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§%=—&F+&+9

Slope of the given curve,
m=—3x2+6x+9 (%:m)
am . _6x+6

For local maxima and local minima, %":0

-6x+6=0 = x=1
£m
dxl

Maximum value of the slope at x=1 is
m,.,=~3(1P+6(1)+9=-3+6+9=12
Hence, the correct option is (b).
Q58. f(x)=x"has a stationary point at

1
(@) x=e (b) x=— © x=1 (d) x=+e
Sol. We have f(x) =x*
Taking log of both sides, we have

logf(x) =xlogx
Differentiating both sides w.r.t. x, we get

Now =—-6<0 maxima

-}(l—ﬂ-f’(x) = x-%+logx-1
= F (@) =f(x)[1+]logx]=x*[1+logx]

To find stationary point, f’(x) =0
*[1+logx]=0

*£0 - l+logx=0
= logx=-1 = x=¢l = x=1
Hence, the correct option is (b). €
Q59. The maximum value of (—1-) is: -
x N7
@ e ) & @@ (3
1 x
Sol. Let fx) = (;J
Taking log on both sides, we get

log [f(x)]= x log%
= logff(x)]= xlogx! = log [f(x)]=- [x log ]
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Differentiating both sides w.r.t. x, we get

ﬁx_) fl(x) = -[x —1—+logx 1] =—f(x) [1+log x]

= fix)= —(%) [1+1log x]

For local maxima and local minima f*(x) =0

-G)x [l+logx] =0 = G)x [1+logx] =0
() =0

So, x =-1~ is the stationary point.

1+logx=0 = logx=-1 = x=¢"

Now f'(x)= —(1) [1+]log x]
frx) = _[[%)r (%) +(1+log x)- -;;(x)" ]
)= ~| @0+ (1+10g 14 (1]

1
1 _ .
x=-=—g¢ <0 maxima
e

1
Maximum value of the function at x = > is

)G =

Hence, the correct option is (¢).

Fill in the blanks in each of the following exercises 60 to 64.
Q60. The curves y =4x?+2x— Bandy 23 - x + 13 touch each other

at the point
Sol. We have
=4x2+2x-8B (1)
and y=x2-x+13 (i)
Differentiating eq. (f) w.r.t. x, we have
dy

=8x+2 => my=8x+2

[ is the slope of curve ()]
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Qel.

Sol.

Q62.
Sol.
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Differentiating eq. (i) w.r.t. x, we get
Y321 o my=3x%-1
dx [m, is the slope of curve (fi)]
Ifmetwocurvestoucheachomer, then m, =m,
Bx+2=3x2-1
32-8x-3=0 = 3x2-9x+x-3=0
3x(x~3)+1(x-3)=0 = (x-3)(Bx+1)=0

M x=3, :31
Putting x =3 in eq. (i), we get
y=43P+23)~8=36+6-8=34

=
=

S0, the required point is (3, 34)
1
Now forx= —-=
ow for x 3
-1¥ (-1 1 2
R —_— = ____8
Y 4(3)+2(3) 8=4x5-3
4 2 8_4—6—7’2_—74
9 3 9 9
-7
Other required pomtls( % —-9—4)
-7
Hence, the required points are (3, 34) and (—%, 74)

The equation of normal to the curve y = tan x at (0, 0) is

We have y = tan x. So, % =sec’x

Slope of the normal = —g =--cos® x

sec” x
at the point (0, 0) the slope = - cos? (0) = ~1
So the equation of normal at (0, 0) is y-0=-1(x-0)
= Yy=-x = y+x=0
Hence, the required equationis y + x = 0.
The values of a for which the functlonf(x) =sinx—ar+b
increases on R are
Wehave f(x)=sinx-ax+b = f(x)=cosx-a
For increasing the function f'(x) > 0
cosx—-ag>0

Since cosxe [-1,1]
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a<-1 = ae(-%=,-1)

Hence, the value of 2 is (-, —1).
, 2¢* -1 . .
Q63. The function f(x) = +— x>0, decreases in the interval
x

2
Sol. We have f(x) = =%~ !

xi(dx) - (222 -1)-42°

f=——"5
5 _ (2% —1)- 4%~ 222 +1]  4(=x +1
=>f,(x)=41 (Zxxs 1)-4x° _ x[vas +1] (J;5+)
For decreasing the function f'(x} <0
4&f+n

<0 = -x*+1<0 = 2*>1
x> 1 = xe(l,)

Hence, the required interval is (1, ).
Q64. The least value of the function f(x)=ax +— (where a > 0,
b>0,x>0) is

b N
Sol. Here, f(x)=tlr+—x' = fi(x)=4 2

For maximum and minimum value f’(x) =0

b
a—-— =0 = x2=2 = x=iﬁ
X a a

Now f(x)= 2;
o)) a3/2
e \F = TR b1/2 =7z >0 (v ab>0)
-4
a

Hence, minima

So the least value of the function at I=J%' is
e e meie

Hence, least value is 2Jab.
Qao
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Integrals

73 EXERCls'—li

8  SHORTANSWER TYPE QUESTIONS
Verify the following:
2x - 1 2
1. = x—log|(2x +3)*|+C
Q I 2x + 3 ] gl ) I
Sol. LHS. = [2 e
4
= I[l— ey ?de [Dividing the numerator by the
* denominator]

= [Lar-af o = Il.dx—%j—l—gdx

2
+C

x+d
2

2%+ 3
+C
(=5

[ nlog m=log m")

2
= x-2log *+3

+C = x-log

= x-log|(2x +3)*|-log 22 + C
= x-log | (2x + 3)* ] +C; =RHS. [whereC,=C-log2?
L.H.S.=RHS.

Hence proved.
j 2x+3

Q2 d.r=log|xz+3:r[+C

2x+3
Sol. LHS.= j T3

Put x2+3x—t
(2x+3)dx = dt

[ - tog|t[= log| #* +3x|+C=RH.
LHS. = RHS.
Hence verified.
243
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Evaluate the following:
(x> +2) |
3. dx i -
Q J 1 2 x+1)22:2(x 1
_ (¥ +2 s

Sol. Let I—Ix_l_ldx ——%+2

| -1) +——|dx T

I= x+1 3

, 1
= J@& 1)dx+3jx+1dx
= %—x+3105|x+1|+c

Hence, the required solution is % -x+3log|x+1}+C.

eﬁlog: _ eSlog: f

e4log:: e3log:

(Slogz _ Slogx glogx’ _ plog ¥’
Sol. Let I= de“ T e
6 .5 2t — 2 3
x® —x (" —x7) 2, - 1.3
dx = dx = |x"dx=—-x"+C
x4—x3 x4_x3 .[ 3

Hence, the required solution is %x:’ +C.

J-(1+cosx)
x +sinx
1+cosx
Sol. Let —J
x+smx

Put x+sinx =t = (1+cosx)dx=dt
I = I-‘i—t=log|t|=log|x+sinx|+c
Hence, the required solution is log |x +sin x| + C.

Qé. I1+cosx
Sol Let 1= [—2 - | dx

—_— [ 1+cosx=2coszi]
2 cos” x/2 2

1+cosx
= —Isecz—dx =l.2tan£+C —tan>+C
2 2 2 2 2

Hence, the required solution is tan% +C.
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Q7. _[tanzx.sec4xdx
Sol. Let I= _[tanzx.sec’*xdx
= _[tamz.;t:sec2 J:.seczxdx=_[tan2:c:(1+tar12 x).sec? x dx
Put tanx=tf . sexdx=dt
I= [+ dt = [( +¢*)dt = [# de+ [¢ ar
1 1 1

i+ s landra e e
3 5 3 5

Hence, the required solution is %tana x+%tan5 x+C.

J»smx+cosx

,/1+ 2x

sin x + cos x
Sol. Let

- '[J1+25inxcosx
(sin x + cos x)

dx

jJsin2x+coszx+25inxcosx

=.[ sin x + cos x _J»smx+cosx
\/(sinx+cosx) sin x + cos x
- = [1dx
=x+C

Hence, the required solution is x + C.

Q9. [JT+sinxdx
Sol. Let 1= [Jl+sinxdx

= + —+23m— os — | dx
I\/ COS 2C 2)

2
inX +cos X - ain X x
= j\/(sm2+cosz) dx__[(sm—z-+cosi)dx

= J‘sinfdx+_"cos—x-dx = -—2cos—x—+25in£+C
2 2 2

= Z(mng—cos 2)+C
Hence, the required solution is 2( %—cos 2)+C.
x .
X dx Hint: Put Vx =z
Q10 -[J;+1 ( )
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X
Sol. -1=J‘[£+1dx
Put Vx =t = x=£ . .dx=2t.dt

(= J-t2.2t.dt =2j 2 dtuzjt +1- 1dt

t+1
P+
= j' :1 dt—zj—dt
t+1) (2 —t+1
=zj( * )§+1 D) g 2j—dt

2_ — —
2[( -t+1)at ZJH_ldt
[ 42
= 2 ?—?+t]—210g|t+1|

L,

3/

=2 3-3--—+J—] 210 |Vx +1]+C

=2 i—£+~/— log|s/—+1|]+c

L

Hence, I=2 [i—£+~/— logIJ—+ll]

3
O11 J a+x
Sw I—I a+x
I a+x a+x _Jv a+x dx
a+x ,/(a—x)(a+x)

a+x

=IJ dx:-[\/aza_xz dx+JJ;2ix2dx

Let I=1+1,

e [ dr = asin X

and L= [

a —X
Put P-x2=t=-2xdx=dt
, dt
dx = —
e
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L- - -2 =T g

Since I=I+],

=asin*1§+c1—,/a2—12 +C,
I=asin!X-Ji2 22
a sin 2 X +(C1+C2)

Hence, 1= asinq%—\] 1_x4C [C=C,+C)
Alternate method:
+
1= " dr
a-x

Put x =acos 20
dx = a (- 2 sin 20) d0 = — 24 sin 20 40

a+acos?20
I= — 2a sin 20) 406
'[ a— acos29( sin 26)
1+ cos 20
-[ 1- cosZG( asin 26)
=—2aj ZLSG sin 20 40
Zp°
cos 0
=~ 24— -25inB 03040

—2aj°f’s .2 5in 0 cos 8 40
sin 0

)

—4aIcos(-) cos0d0 = —4aj'cos2 04do
_ 4aJ-1 + cos 20

fl

d0 = - 2a[(1+ cos 26) 8

—Za[j1de+jcoszede] - —2a|:0+-;—sin29]
Now x=acos20

= 00520 = 20 = cos” i =>e—lcos"1x

a
sin 20 = ,/l—coszze = ’1___ = va -
[
I= —ZE[lc s'1x+l————-x +G

2 a 2 a
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1]

—acos”lf—\/m+cl

—a{g—sin”%]—m+cl
¥+u5m ]_%—W+C]
asin'li—\/asz+(C1 —%)

fl

i

a

asin'li-m+c [C=(C1-%):|

I

a

Hence, 1= asin’lg-—,]az—xz +C

1/2 . 4
Hint: Put x =
Q2 [ pdx ( x=z!)
1/2 3 5 2
x F+1)f (¢
Sol. Let I= dex ())ts(_'_)tz
Pt x=# = dx—4t3dt >
—f
_ J-tz AL
2 2 2
= 4j[t - 3+1)dt=4_[t dt - t
1=1,-1
Now 4Jt2dt 4§+C1=—x ‘i

4jt3

Putt3+1—z = 3t2dt dz
) .
= —d
£ dt 3%
4 4 4
L= EI% = EloglzI+C2 = §1°5|t3 +1|+C2

= %log e +1f+ C,

=11,
= %xm +C —%log |0t +1]-

%[x”‘1 ~log|x¥* +1]]+C, -C,

1]
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Hence, 1= 3[13"4 ~log ‘(1’)3”4 + 1’] +C [+ C= C,~-G]]

QB. | Vl;xz dx

1+x? 1+x2 1 1 1
Sol Let 1= [¥——dx=fy— .x—sdx=j/;§-+1.x—3dx

Puti2+1=t2
X

“20x = 2tdt = LY
X X

I= jt( tdt) =—jt2 dt =—%t3+C

11 ¥
Hence, I=—'§(—2+1) +C

X
dx
Q1 j ,/16 —9x2
Sol. Let I= j—dx—
1/16 ~9x2

1y dx 1

] 16, 3l 2V
——X = _ 2
9 \/(3) *

dx
aint %y [---I-—z—=sin-1£+<:]

1

= W= Wl

4/3

. | 3x
sin T —
4

Hence, 1= gsi.n‘l-34—I+C.

dt
as. | 3t - 242 ;
¢

dt
Sol. Let = =
0 I J‘\/3t—2t2 I‘j_z(t2~§t)
2

+C

_ 1 I dt .
N — 3 9 9 [Making perfect
- - 'Et + E - ‘1—6 S‘T“afe]
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__1_"- dt "“l_j dt
i R
YT 16 4
; 3
1 dt B SR
=—-2—J'F2( 32=ﬁ.sm E+C
(z) - *“z) 4
L ®23 ¢
2 3
Hence, I=-J%s' '1(4t;3) C
x-1
Q6. |—=—dr
+9
* 3x 1 1 dx
I=1-1

Now I, = Im

Put 2+9=t = 2xdx=dt
xdx=—df

~ L= —'[——— 2WE+C, = 3,/5:2+9+C1
S Rl L

i

= 10g|x+m +GC,
s I=L -1
= 3\/;2—4-9+C1—10g|x+‘/x_2—43|—cz
=3 x2+9—log|x+\/x2_+§|+(C1—C2)
Hence, I=3 x2+9—10g|x+\/;2_+_9|+C
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Q17. j,/5—2x+x2dx
Sol. Let I= j,/5~2x+xzdx=j x2 ~2x+5dx

= [J¥®-2x+1-145dr  (Making perfect square)

= [Je-17+aax < [Jr-17 + @ ax
= "—;—1 (x-1)% +(2)% +§1og|(:r—1)+,/(x-1)2+(2)2 +C
[I 2+ dx=£\/x2 +a +£{log|x+\/x2+a2|}+c]

- —2— x +1-2x+4 +2log|(x—1) + 7 +1- 2x+4]+C
= Ve -2 +54200g|x—1)+ Vi —22+5|+C

2

Hence,

I-= xT—lez ~2x+5+2l0g|(x~1)+ V2% - 2x+5|+C

Sol Let I= | fldx
x-

Put xX*=¢ = 2xdx=dt =>rx—dx=izt-

dt t-1
2 = =11 C
2'[1'2— J‘f’! (1)? 221 sl re iy
1 1 x—a
=—logl——+C
'[xz—az 2a ogx+a+ }
1 ?-1
= — C
41(Jg 2+
Hence, I=—-log x -1 +C
2 +1
1o Putx*=4§
I x?
Sol. Let I= = dx
Il—x" I(l-f)(luz)
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Put x* = t for the purpose of partial fractions.
3
Weget T+
Resolving into partial fractions we put
t = A + B
A—f)(1+8) 11—t 1+t
[where A and B are arbitrary constants]
f _ A+H+B(1-1)
1-n+H  (1-H1+p
= t=A+At+B-Bt
Comparing the like terms, we get A-B=landA+B=0
Solving the above equations, we have A= 2 andB= - 1

} 12 2 2
_J-12 _[

> dx  (Puttingt=x%

n

Hence, I=

Q20. j,/zax—xzdx
Sol Let 1= [y2mx—o* dx
= V=2 —2arydx = [{-(* -2ax + & —a’) dx
I,/—[(x—a)z -az]dx = _Naz —(x—a) dx
= x;a,/az—(x—a)z +§sin“(%)+c
[-:I\/az—rzdx EJ2 -2 +— “x+C]

_E "Ja (2 —2ax+a2)+— *‘(" “)+c

a

= x;aQZQx—xz +§sin"1(x a)+C
a

fl
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a

Hence, I~———\I -x? +— (x a)+C.

sin"!x
o [
sin" " x

Sol. Let I= J‘W
Put x=5in0 = dx =cos0db
1
- j(:—m%—)g’z cos 6 d0
- je.cosezg - J-B.cc;sede
(cos 0) cos” 0
- Icos 0

= 0. [sec?0.40 - [(D(6). [ sec? 0.d8)de
[ Itltg dx = u.Iv dx - j(D(u)Ivdv) dv + C]

= e.tane—jl.tanede
=0.tan 0 -logsec®+C

= sin” x\/l__-—logl\fl 2[+C

when xr=sin 6
x
,/1-12
Hence, 1= fjm-\/_=:zx—logf,f1_12'+c

1

de=jeseczede
1 o

stan@= and sec 0 = /1 — x*

cos 5x + cos 4x
Q22 j( )
1-2cos 3x
2 cos 5x +4x cos 5x - 4x
€0s 5x + cos 4x -
SoL LetI= | dz = 2 2 i
1-2cos 3x 2 3%
1-2{2cos 2
2cosg'.£.cos£ 2(:0:;215.(105E
- 2 gy = 2 de
3x 231
1-4cos®== 3 +2 3—4cos 5
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2cosg—x cos-{ 2cos;2£ cos£ cosa—x
-2 2p [ 2, 27" 2 4
4cos23—x—3 4coss—:i’£—3cosa—x
2 2
[Mulﬁplying and dividing by cos 3—;]

9x x 3x
2 COS —.COS —.COS —

e o[22 T2

3=
cos 3.5

[+ cos 3x =4 cos® x — 3 cos x]

2cosg—xcos£cosy-

_ 2 2 2 4. 3x X

I % dx = IZcosz.coszdx
2

- 'I:cos(a—x+£)+ cos [E—i)]dx
y 2 2 2 2

-I(cos?_r+cosx)dx
[+ 2 cos A cos B = cos (A+B) + cos (A-B})

—Icostdx—Icosxdx = —-;—sian—sinx+C

I

0

Hence, 1= —[%sian+sinx]+C.

sin® x + cos® x

Q23. dx

jsinzx.coszx
6 6 <2 .03 2 A3
sinx+cos’ x sin“ x)” +{cos“x

Sol. Let I=IT——2'dx=I( i (z )dx
sin“ x.cos“ x sin” x.cos“ x

_ I(Sinz x +cos? x)° — 3sin? xcos? x(sin” x + cos® x) i

sin? x.cos® x
[v&+ P =(a+b)®-3ab(a+b)

_ I(1)3 -3 sin? x cos? x.(1) i

sin’ x cos® x

_ Jl—Ssinzxcoszxdx

sin? x cos? x

1 3sin? x cos’ x
""'J 2 7. o2 Z dx
sinfxcos’x sin®xcos’ x
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_ I(%_ 2)os - J(w_3de
sin’ x cos? x sin? x cos? x
1 1
= + -3 |dx
J‘[(cosz:r sinzx) ]
=J(sec2x+cosec2x—3)dx

= Jseclxdx+Icosec2 xdx—3jldx
=tanx—-cotx-3x+C
Hence, I=tanx -cotx-3x+C.

3/2
Hence, 1= Zsin-l(f) +C.
3 a

Q25 J-cosx—cos2x
' 1-cosx )
Sol Let = [~o-_—2F
1-cosx
. X+2x (Zx—x)
2sin .sin
=j’ 2 2 dx
. 2
2sin” x/2 C+D D_C
['.'cosC—cosD=2sin al .sin — ]
2 2
. 3x x 3x x
2 sin —.sin > sin3 )
2sin? % = sinZX
2 2 2
3sm~-4sm3£
= — 2 jx [sin3x=3sin x -4 sir® x]
SmE
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X . 2 X
sm.—~(3-—4sm w)
= [—2 2 dx=j(3—4sin2£)dx
. X 2
)

j[3—2(1—cosx)]dx [‘.'ZSinz%:l—cosx]

Il

I(3—2+2cosx)dx = I(1+2cosx)d.x
=x+2sinx+C
Hence, I=x+2sinx+C,

dx .
Q2e. '[x\/T————l- (Hint: Put x* = sec 0)

Sol. Let

I= jx\/x .[ sz
Put x®>=sech
2x dx = sec 0 tan 0 dO

xdx = %sec(-)tanede

I=— do
2 sece\[secze 1
tan @
- ljﬂ_—de =lj1de LY,
2% secH.tan® 2 2

So 1= %sec”l x*+C
Hence, 1= %Secﬁ1 2 +C
Evaluate the following as a limit of sum:
Q27. j(x +3)dx
Sol Let I= j(x +3) dx
Using the formula,

b
[fxyax = lim K[ f(a)+ fla+h)+ fla+2h)+ ...+ f(a+n—1h)]
’ b-a

where h =

Here,a=0and b=2
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2-0
h=—— .nh=2
Here, f(I)"—"Iz+3
f0)=0+3=3
fO+h)=(0+hP+3=H"+3
fl0+2k) = (0+2hY +3 =417 +3

fO+n-1h) = (0+n—-1k)* +3(n-1)*h* +3
Now
2

Jo? +3)dx
0
) ;{m})h[3+hz +3+4k% +3+..+(n-17 K% +3]

)

: 2 ,
= limh{3n+ K {144+ ..+ (n-12}]
- Mh[3n+h2“"("‘1)(2"‘1)

h—0 6

[‘:1 +4+9+...+(n~1)7 :W}

6

3
- im| s Pt 22D

m[a nh+nh(nh-h)(2nh—h)]
h-0 6
= 2(2-0)(2x2-0) wnh=2
[3x2+ r o
=[6+2x2x4]=6+§=§
) 6 3 3
Hence, _[(x2+3)dx =36_'
2 0 3
Q28. Ie‘dx
0 2

0
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b-a 2-0
Here,a=0and b=2 -~ h= =h= - snh=2
Here  f(x) =&
f(O)-e~
fO+h) =elth=¢
fl0+2h) =+ %=

................................

f(0+m) =01k _ n-Dh
b

Using jf(x)dx
f o= ljmh[f(a)+f(a+h)+f(a+2h)+...+ fla+n—1h)]

_[e dx = l:mh[1+e +e 4.+

hmh[l(e -1)]
k=0 e -1

['.'a+ar+ar2+...+ar

i

r—1

nh 2
-1 e?-1 x
lim _f =e2—1['.'lime 1=1]
x>0

n-1_ 80" —1)]

k-0 g —1 1 x
Hence, 1=¢*-1.
Evaluate the following:
1
dx
29,
Q ,J;e’+e"‘
1
dx
. L I=
Sol. Let '!e‘+e"
_j dx j dx _j-e"dx
Tl g+l S 1e ]
e PpE;
Put &=t = fdx=dt
Changing the limit, we have
Whenx=0 . e
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dtl =[tan"t]f = [tan"'e ~ tan"(1)] = tan'le—g
1
Hence, 1= tan'le—%.
2
tan x
30! dx
Q '(';1+m2 tan?® x ,
w2
Sol Let I= [— 0% 4
2 1+m° tan“x
sinx sin x
o2 cos x ™2 cos x
= I ——dx = I 3 70X
0 142 00X p.C0S” x +m* sin® x
m 3 3
cos“ x cos” x
T sin x cos x "j- sinxcosx g
y cos® x + m? sin® x 01 —sin® x+m®sin’x
_"j-z sinxcosx
4 1-sin’x (1-m?)
Put sinfx = ¢
2 sin x cos x dx = dt
dt
smxcosxdx=3~
Changing the limits we get,
Whenx=0 .. t=sin?0=0; Whenx=g t=sinzg=1
=2 =
Jl—(l—mz)
. J 1[log[1+(m? -1)]T
N 1+(m -1t 2 w2 -1
log'ml
= ————|log(1+m?-1)-log (1
2(mz_l)[ g (1+m? —1)-log (1)] = s
|
Hence, 1= og|m| loglml

2(m? —1) m* -1

J.‘/x )2 -x)
Sol. Let Jm
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T -

=J- dx =2 dx
125 -2 —24+x  1y-2 +3x-2

o

14— (2 -3x+2)

=} & [Making perfect
I\F(f—3x+%—%+2) square]

=.z dx ,=2 dx
T

2 x—% 2

- =J‘ ' dx _lsin?

IO

) [5‘“1(21—_3)]2 =sin”! (4-3)-sin"! 2-3)

=sin"' (1) - Sin'l(—l)‘= in~! (1) +sin”" (1)

-Zsml(l) 2x5=n
I-lence, I=n

w [ H

Sol. Let 1—j

\/1 + xz i

Putl+x*=t = 2xdx=dt = xdx=~
Changing the limits, we have

Whenx=0 .. t=1
Whenx=1 .. t=2
13at 1 pup
= —|— = —.21¢ = -
I Z!JE 2[ f=vz-1
Hence, 1= 2 -1.

k1
Q33. Ixsinxcoszxdx
0
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b1
Sol. Let I= Ix sin x cos? x dx D)

0
n

I= J'(it—x):ain(u—:r)cosz2 (t—x)dx
o

L.
1= J'(rc—x)sinxcosz xdx «(if)
0
Adding (7)) and (i) we get,
n
2A= I[xsinxcoszx+(n-x)sinxcoszx]dx
0

a
2= Jm\xcoszx.(x+n—x)dx
0

2l = _fnsmzcos xdx =n_fsmxcos xdx

Put cosx=t = —sinxdx= dt = sinxdx=-dt

Changing the limits, we have

When x=0, t=cosO 1; Whenx=n, t=cosn=-1
-1

21 = nI—tz dt = —njtz dt

21=njt2dt Hf(x)dx:-jf(x)dx]
a b
£ 1.1 2
- “[‘5 ,”‘[3*5]”(3)
1=Z
3

1/2

"!-(1+:t’)\f1 x?

Sol Let I= j
1+xz),/1 '
Put x=s:)n(0

Q34. (Hint: Let x =sin 6)

o dx = cos 0 40
Changing the limits, we get
Whenx=0 ..sin8=0 ..0=0
Whenx=~ . sin@=—+ :6=>%
enx= ~sinf= 0=
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- "j—ﬁ cos 9 do
o (1+sin?0){/1—sin®0
5 c0s0d0 me
= f a8

(1+sm 9)cose 0 1+sin’0
Now, dmdmg the numerator and denominator by cos’ §, we get
1

= R‘/[G COS2 0 40 = ﬂ‘/[ﬁ secz 0

5 1  sin’0 5 sec’ @+ tan’ @
+_r._
cos’® cos’@
‘:ﬂfrﬁ seCZG d =‘Ej‘6 secZB
o 1+tan?0 +tan@ 5 2tan®0+1
Put tan@=t¢
.. sec?0de = dt
Changing the limits, we get
When 9=0 sEstan0=0
When6=" - t=tanT=1
6 6 3
1/43 dt 13 dt

B 'iONG ANSWERTYPE QUESTIONS
x2

o L

I

X
Sol. Let I j,, 5 —J'x4_412+3x2_12dx
2 x2
- dx = dx
sz(x2—4)+3(x2—4) I(x‘*—af)(xhe,)
Put x* = ¢ for the purpose of partial fraction.
t

We get )¢+ 3)
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Lot t __A B
(-8)(t+3) t-4 t+3
[where A and B are arbitrary constants]
¢ A(t+3)+B(t - 4)
(-4)t+3)  (t-4)t+3)
= t = At+3A+Bt—4B

Comparing the like terms, we get
A+B=1 and 3A-4B=0

= 3A =4B
_ 24
4 3
Now §B+B=1
7 3 4 3 4
~B = = e = ——=—
3B B 7andA 377
4 3
So, —;andB=;
N,
(x* —4)(x2 +3)

4, 1 3 1
kel

1
EET R Fno

4 1 x-21 3 1 1 X
= =X lo +—-X—=tan " —=
7" 2x2 gx+2\ 7B B
x-2 Jg -1 X
-1 + 2 tan 1 1 C
7 B2t 7™ B
1 x=2 \/3_ -1 X
, =—l — tan o— .
Hence, I 7 108 x+2+7 J§+C
al .8 dx
E te:
Ve I(x2+az)(x2+bz)
x? ix
Let I=j(x2+az)(;:c2+bz)

Put x? = ¢ for the purpose of partial fraction.
t

Bt T+ )
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¢ A B
Pt A+ @ e
N ¢ _AG+P)+B(t+d)
(F+ @)t +1%) (¢t +a®)(t +b%)
= t = At + Ab? + Bt + Ba?
Comparing the like terms, we get
A+B=1 and AP +B#=0
-a

A=?

:b;iB+B=1

—a? - +¥
B[-—bf—'l"l =1 = B __l_)z—_ =1
v - b a
= B= dA= x =
T A v R e
-

@
So A= 5— and B=5—
a* -b* @ - b

. 3
h I(x2 +a%)(x? +b%) &

1 b 1
= dx — dx
az—bz'[xzﬂzz az—bz'[rz+b2
ﬂz 1 -1X bz 1 1X
—tan ' - - —tan"'Z
az—bzxa a a2-p'b b

1
Hence, 1=
a2 -

X

Q37. Evaluate: [—=
o 1+sinx

Sol. Let I-= f dx 0

X
1+sinx

IR [usmgjf(x)dﬂjf(a-x)dx}
0 0

1+sin(x—1x)

T—X
dx
1+sinx (&)

=

Oty O b 1 ©
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Adding (i) and (ii), we get
n—-x
2= I[1+smx 1+smx)dx
T n
=J»(x+ni x)dx-=f 11: i
° 1+sinx ul+smx

To1 t 1(l-sinx)
=n£1+sinx =u£(1+sinx)(1-sinx)

fl-sinx fl-sinx
= 11:[—_7~dx '=‘."IJ 3
¢1—sin® x p COs" X

" ) b

=“J( 12 - Sll;:‘)dx=r:j'(sier:z;\:-sec;\:t:amx)dx
olcos® x  cos” x 0

= n[tanx—secx]:=1|:[(tann—tan0)—(secn-sec0)]

ZI=1'I:[0 (-1-D] =n(2)
I=x
Hence, I=n.

2x -1
38. Eval :
Q valuate I (x - 1)(x+2)(x 3)

Sol. Let

IEI(x 1)(x+2)(x 3)
Resolving into partial fraction, we put
2x-1 A + B + C
(x-1)x+2)(x-3) x-1 x+2 x-3
= 20-1=A(x+2)(x~3)+B(x-1)(x=3) + C(x - 1)(x +2)

putz=l, 1= AG-2) =A--+
putx=-2  -5= B35 =B--1
putx=3, 5= C(2)(5) =C= -;—

. J' 2x -1

(x —1)}(x +2)(x - 3)

1; 1 1p 1 1
= ——f——dr-~ +=
173l ™ ij—3

1 1 1
= —Zloglr—1—= +2 4= -3+C
oglx-1| log lx+2| loglx-3|
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= ~log!x—1M —log (x +2)* +log (x -3 +C

2x -1 _ x-3
Hence, | (x-D(x+2)(x-3) dx"log[(x Yo (x + :z)”‘*}+c '

a1+ x+x?
tan" ' x
Q39. Evaluate: [e [_—1+ = ]dx
I 2
Sol Let  T= [er'x|LEEEE g
1+x

1
Put tan'x=¢ = T 5-dx =dt

= je'(1+tan t:— tan’ t) dt = J‘e'(sec2 t + tan t) dt
Here fit) =tant
f'(5) = sec* t
=¢ . fit)=ctant=e™ *.x+C
[ [Elf@+ fo)dr=e*fix)+ c]

—1
Hence, I=¢™ *.x+C.

Q0. Evaluate: [sin! [ dx (Hint: Put x =  tan? 0)
Sol Let 1= [sin™! |-=—dx
a+x

Put x=atan®@
dx=2atan©.sec?0.do

tan2
1= [sin”! {—“—ta%.za tan 0.sec? 0 40
a+a

= jsirl'1 Ja tan®
Ja sec®
sin @

.24 tan 6.sec 6 40

= [sin”? mfe .2a tan 0.sec? 8 40

cos @
= [ sin""(sin 6).24 tan 8.sec’ 0.6

= 2aj'e tan 0.sec? @ dO
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= 24[6[tan 8.cec?0.40 - [[D(0). [tan e.sec?ede]]
[ 2 2
- 24 .20 O_J-I.tan ade]
tan?0 1 ) ]
24)6.—~ ZI(sec 0~1)do
3 2
tan?6 1
= 24| 6. - =(tan® —
2.~~~ (tan® e)]
[ 2
= 24| p. 120 9—1tane+le]

afurt 22t
a
= a[itan‘l\/:-J—_+tan'1J£}+C
a a a a
Hence, I=a,:£tan"1J£—‘[£+tan']J£}+C.
a a a a

) N E—
Q41. Evaluate: Iﬂ

o3 (1—cos x)>?

2 ,f /2 2
Sol. Let I= I_m _ I \fZCOS x/2

3(1~cos x°? w3 (2sin? x/2)%2
j-z V2 cos x/2 1 "j—z cos x/2
V3 (D72sin® /2 4 4 sin® %72
1 ,
Put sin§=t = Ecosi;-dx=dt=> cos %dx =2dt
Changing the limits, we have
When x= — Tt t= 1
x= 3’ 6 = 21
T . T
==, Sin—=t . t=—
When x 2 4 \/5
1. %% 1 1 142
1= gx2 [ 5= 2x(- —)[t Iy - --H
2 1‘/[2 27\ 4)" T TRlA,
- _l 1 1 [4 16]
8| (yv2)  /2*
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1 3
= —=x(-12)==
8 -12) 2
Hence, I=§-.
2
Q42. Evaluate: Ie‘a’ cos® x dx
—3x 3
= dx
Sol. Let 1= ¢ * cos’x

-3z

e
cos’ x.
-3

"‘18_3:
3

. e
- I3 sin® x.cos x.

1

I(S cos? x.(—sin x).

1 _ . - .
-3¢ 3’cossz—Imnx.e 34y + sin
~ . - 1 _
—g ¥ cos"'x—jsmx.e E"'dx—-;e

1 -3x 3 3 -3y 1 -
- cos” x — |sinx. dx ——e
3e S I x.e 3

cos® z.Je“’" dx - J(D(cos"l z).je'”dx) dx

—3x
e ]dx
-3

1 _ . -
—ge 3x cosax—jcoszxsmx.e 3% dx
cossz—I(l—sinzx)smx.e's'dx

1 _ . _ .
_58 3z cossx—-jsmx.e 3z dx+‘[sm:' x.e'[‘:’dx

1 ._ . - .
——e ¥ cossx—fsmx.e 3x dx+sm3xje‘3‘dx

- (D(sin3 x)f e %%dx) dx
e 3x

-3

3x.

—~3x

dx

3 gin®x
+ Isinz xcosxe 3 dx

3x sin3

+ I(l —cos® x)cos x.e” > dx

__1_ —3x
1 3’e

3 . e
COos X —|sIn Xx. 3

—3x

e 3x

-3

- ICOS X.

1_ . _ _
-3¢ 3‘.sm3x+'[cosx.e 3”-Jcoss"‘x.e 3z dy

I= —le':”cosax+sinx f_i—fcosz e dx
3 ) 13 "3
-3x . 3 ~3x
—ge sin x+Jcosx.e -1

268 B
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—3x —3x -3z
2] = 8_3 [cossx+sin3x]—[sinx.e_3 -Icosx.e_3 dx
+Icos x.e” % dx
e'3x 3 . 3 1, -3z 1 -3x
= 3 [cos X + sin x]+§smx.e —;J'cosx.e dx
+ Icos x.e ¥ dx
.' e"[ 3 .3] 1. -3z 2 -3:dx
L A= 3 cos” x+sin” x +-5mnx.e +—3—Icosx.e
Now, put
2 -3
L= Ej'co[sx.en‘ dx
2r -3z -3
= E:CUS’C-IB dx—j(D(cosx).Ie ’dx)dx]
2 8—3:: . 8—3:
= E-msx. 3 —I-smx. = dx]
[ —3x
= %-cos x.e_3 —-;—Isin x.e” 3% dx]

- —%cos x.e % —%jsinx.e'a' dx
= ——;—cosx.e‘a" “%[sinx.ej: —Jc:o:n:.e::r dx]
L= -%cos x.e ¥ +52*7-sin x.e” —%J‘cos:::.e'aJr dx
I = ~-§-cos x.e ¥ +%sin x.e” ¥ --;-%Icos x.e% dx
L= —Zcosx.e'a' +%smx e —%.Il
Il+%]:1 = ——cosx.e” % +2—2;-sinx e
1—[;—1-1- = —=cosx.e”** +2—275mx e %
L= --1—1(—)-cosx.e‘3Jr +%sinx.e"3’
So 2= —%e'a" [sin? x +cos? ;\.']+%sin:t:.e'3Jr —-i-lacosx.e""‘
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+i1§sinx.e'3‘

I= —%‘te":""[sin3 x+cos® x]+ %sm x.e 3 —a%cosx.e_:”
1 . -

+é—65mx.e 3z

= ——16—8’3‘[sin3 x+cos’ x]+ %sinx.e's" -%cosx.e"’“

-3x ~3x
2 [sin 3x —cos 3x]+ 3¢

[sinx—3cosx]+C

- sin3x=3sinx—-4sin’x
cos3x=4cos®>x—3cos x
3z ~3x

Hence, [ = £ " [sin 3x —cos 3x]+ [sin x — 3 cos x] + C.
Q43. Evaluate: J,/tanxdx (Hint: Put tan x = £?)
Sol. Let 1= [(tanxdx

Put tanx = #

2t dt 2t dt 2t dt
sec’ xdx = 2tdt = dx= ——= — = dx= :
sec’x l+tan‘x 1+¢
t.2t 2
= dt =
. Il+t4 1+t I
[Dividing the numerator and denommator by #£]
1+—17+1—l2
t t
= 1 dt
P +s+2-2
t
1+12 1 lz
= 4 dt + T ! dt
=242 t?+?2-+2—2
1+l2 1—}5
= t dt+ t dt
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1 1
Put 1= i dtand L= [ P dt
2| —— an =
1 (t~%)2+(\/§)2 (H%)Z-(ﬁ)z
I=T+] (i)
1+t12
Now I=j—~————dt
(t——) +(¥2)?

Put t—l =y
t
(1+t1)dt =du

du 1 _Iu
I=r ——-——-—:—tan —+C
RPN A A
1

=—1—-tan'1t—;+c —-1—tan"t2—_1+c
2 V2T var ot
1. 4 tanx-1 +C
- V2 Jf,/tanx 1
1
Now 12=I 1 £ dt
(#43) -2
Put t+%=v = (l—j—)dt=dv
=I - |” ‘/_l
7 — (\/_)2 2\/_ |v+J_|
t+——\/_l
YR t4= +J_|+C2
L 1og J_t+1|
T 22 +J_t+1{
1 log tan x — J_.,/ x+1|
- ZJE tanx+J_\/tanx+1|
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So I=L+L
1 -1 tanx-1 1
= — tan + 1
AR [,/zm] 21 ¢
|tanx—J tanx+1|_'_cl+c2
[tanx ++2tanx +1|
H 1——1—tan" tanx-11, 1
ence, 1= B | Zwanx | 292 °
|tanx—\/§t__—+l|
lanz+v2tanx+1]
w2 Ir
Q44. Evaluate: I

o (a* cos® x + ¥ sin® x)?
(Hint: Divide Numerator and Denominator by cos® x)
2
1- [ dx
(a cos? x + b? sin? )

Dividing the numerator and denominator by cos® x, we have
w/2

sect x
I= dx
i'). (azcosz:rc+bzs~:inzx)2

Sol. Let

cos® x cos x

""J-z sec” x.sec’ x "’2(1+tan2x)sec2x
2 (@ + b tan? x)? 0 (02 +1 tan? x)°
Put tanx =t = sec®xdr=dt

Changing the limits, we get

Whenx=0, ¢=tan0=0

1A
Whenx= —, t=-tan£=w
2 2

J' 1+t2
o (@ + B2

Putf=u on]yforthepurposeofparhalfrachon
1+u A

@ +0%u) (@ +b2u) (a® +b2u)
1+u=A(@+Vu)+B
Comparing the coefficients of like terms, we get
Z#A+B=1 and PPA=1 = A=-b1—

1 2 V-
Nowaz.?+B=-1 = B= l-b_=_bT_
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t t
- I= -g_“(a2+b2t2)2 _b_2£a2+b2t2 J(a +b2t2
l"j’ dt +b2-a2]-' dt
obz(az +t2) B (@ +PR)

____l: _] t bz ﬂz r _1_)
¥ \4 %

bz—a T
—[tan"teo - tan 0} + —= ( )
H_1_£+£ ¥-ad = +£ v’ —d’
a2 4S8 w4 A

~ nl:2a2+b2—a2]_£(a2 +b2)
- a2 | 4\ a2

nfa® +b?
Hence,I = — I

4\ a

1
Q45. Evaluate: Ix log |1+ 2x]dx
01
Sol. Let I=leog|1+2x|dx
o O I

x? o1 1.2 «?
= [log i+ 2x|.(—2—~)]n - !(1 +u'?}dx
1
l[Jc2 log (1+ Zx):}; - .[1—;1_2'2'; dx

_[1033 0]- j(z l’i/;x)dx

—log 3—-jxdx +—j

pl+2x

1[ﬁ]‘ Ll1tex+1-1)
(]

Zlog3-L{X |
l°g 202 22 2 v1

—-1og3--[1 0]+~ j1dx——j2x+1

= —log 3—— l[x]o - —[logIZx + 1|:|‘J
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1 1 1
oo 3
log 3 {log 3-0]

i
= M=

I

2log3-~;-log3 = gloga

Hence, 1= %10g3.

T

Q46. Evaluate: Ix log sin x dx
0 4
SoL Let 1= [xlogsinxdx D)
0

= T(n—x)logsin(u—x)dx
0

[using jf(x)dx:jf(a—x)dx
0 0

1= f(r—x)logsin xdx (i)
Adding (i) and (if), we get

k]
9] = I[(n—x)logsinx+xlogsinx]dx
0

n
21 = Irl:logsinxdx
0

/2 a af2
2[=2n_[logsinxdx |:':.[f(x)dx=2jf(x)dx
0 0 0
w2
= n [ logsinxdx (i)
0
/2 0
I= n_! logsm(i—x)dx
/2
I=m I log cos x dx «.{fD)
On adding (iif) and (iv), we get
/2
21 = n.[ (log sin x + log cos x) dx
0
/2

log2sinxcosx
uj———z

/2
ﬂ:nflogsinxcosxa‘x= dx

0 0
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n/2 /2
2!=njlogsin2:dx—njlog2dx
° O it
Put 2x=t = 2dx=it =>dx=-2—

n /2
21 = =flog sin t dt - m.log 2 [ 14dx [Changing the limit]
0 0
21 = [ -m.log 2 [x[F2 [from eqn. (iif)]
2
A-1I= —%—logZ

2
n 1
- _)
S0 2 og(z
/4
Q47. Evaluate: J log |sin x + cos x| dx

-n/4
n/4

Sol. Let I= I log [sin x + cos x| dx (1)

L
. (1: 14 ) (1: T )
sin| ———-x|+cos|————-x
4 4 4 4

w4
dx
b b : '
[ [fyax=] fa+b-» dx]

I log
-4

il

/4

= Jlog|sin(—x)+cosx|dx
-n/4
/4
= J log | cos x —sin x| dx (i)
-n/4
Adding (i) and (fi), we get
/4 n/4
2l = J log|cos x +sinx|dx + I log | cos x — sin x| dx
-4 -n/4
4
= Ilog|(cosx+sinx)(cosx—sinx)|dx
= Ilog]coszx—sinledx
-n/4
/4
2l = Ilogcostdx
—-/4

INTEGRALS 275


http://www.cbsepdf.com

www.cbsepdf.com

/4
2= 2Jlogcostd.r
0

[ | fodx=2] fydx i f(-x)=f(x)
- 0

-
]
L
]

i
= a
L)

I
(ST

log cos t dt (i)

=—=11 i (7
I > i’; og sin ¢ dt (iv)
On adding (#if) and (iv), we get,
n2
2l = —;— I (log cos ¢ + log sin t) dt
0

/2

= 21=—Ilogsintcostdt
29
=/2 .

- 21:% logZSI;tcostdt

0
lnlz
= 21=Ej(logsin2t—1032)dt
0
n/2 n/2
= 4= [logsin2tdt- [log2at
0 0

Put 2t=-u=>2dt=du=>dt=d—2"

1% n/2
4= E!logsmudu— ‘[[ log 2.4t

276 B NCERT ExempLaR ProBLEMS MATHEMATICS—XII


http://www.cbsepdf.com

www.cbsepdf.com

1 n/2 . /2
= 4I=EXZ Ilogsmudu—logZ[tE
®/2 n
= 4= Ilogsinudu—]ogli

0
= 41 2-7log2 [From eq. (if)]
n T 1
. =Zlog =
= 2 2lcig2 = I 4og2

1
Hence, 1= Elogi.

Choose the correct optlon fmm given four options in each of the
Exercises from 48 to 58.

€08 2x — cos 20
» | ——————dx isequalto
J‘cos:t:—co's.e e

(7) 2(sinx+xcos@)+C (b) 2(sinx—xcos8)+C
(c) 2sinx+2xcos0)+C  (d) 2(sinx—2xcos0)+C
2
[= J-cosz.r cos de
cosx—cos9
B J-(Zcos x-1)-(2cos’0-1)
cos x~cos 0
_ J-Zcoszx—l—2cos29+1
- cosx —-cos
2cos’x—2cos?0 cos? x - cos? §
=j’ dx = J‘___...__
cosx—cos0 cosx—cos @
2J-(cos:r+c09.0)(cos:\t—t:os e)dx
(cos x — cos 8)
= Zj(cosx+cose)dx
I= 2(sinx+cos0.x) +C.
Hence, correct option is (7).

Q. |

Sol. Let

dx

dx

sin (x — a).sin (x — p) = cqual to—

sin(x — b)
sin (x —a)
sin(x — a)

in (x - b)

(@)sin (b—a)log +C

(b) cosec (b—a) log +C

INTEGRALS B 277



http://www.cbsepdf.com

www.cbsepdf.com

(x b)
a)

(c) cosec (b—a) log

sin(x — a)
sin (x b)
dx
Sol. Let 1= Isin(x—a).sm(x—-b)
" Multiplying and dividing by sin (b — 4) we get,
1 J sin (b — a)
sin (b —a) 7 sin (x — a).sin (x — b)

(d) sin (b—a) log |—

I=

_ 1 J sin(x+b—x—-a)
~ sin(b—a)
_ 1 Isin[(x—a)—(x—b)]dx

" sin(b-a) ¢ sin (x —a).sin (x - b)

sin (x —a).sin (x — b)

1 Isin(x—a)cos(x—b)-cos(x—a)sin(x—b)

= dx
sin (b —a) sin (x—4a).sin (x—b)

1 Isin(x—a).cos(x—b) B cos(x—a).sin{x—b)
sin (b—a) ¢ sin (x—a).sin (x~b) sin (x—a).sin (x—b)

1 I[cos(x—b) _cos (x—a)}dx

sin(b g)?| sin(x—-b) sin(x—a)

il

It

sm(b I[cot(x b) — cot (x — a)] dx

n(—a) [log sin (x — b) —log sin (x - 2)] + C

o |sin (x — b)|
sin(p—a) = ©|sin(x— a)|

1

sin(x -b)
in (x - a)

+C

I = cosec (b—a).log

""Hence, the correct option is (c).
Q50. [tan™! Vx dx is equal to
@x+)tan *Vx —JVx +C (B)xtan ¥ —Jx +C
OV —xtan'Vx +C (@ Vx -(x+Dtan ' Vx +C
Sol. Let  I= [tan™'Vxdx
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Put VX =tan® = x=tan’® = dr=2tan 6 sec®0d0
I= jtan-l(tane).ztaneseczede=2je.tane.seczede
- 2[9. [tan 8.5ec? 0.8 - [(D(6). ftan 0 sec? 6 40) de]
Let us take
I, = [tan@sec’ @40
Put tan® =t = sec? 0 do=dt
1, 1 5
I = J'tdt,—it = tan’ @
1, ( 1., ) ]
I=2{0.—tan’0- [[1.=tan? 0 |40
logtnte-[{13
= 0tan”0— [tan?0d6 = 0 tan 0 - [(sec’ 8- 1) d0
=0tan’@-(tan0-0) +C=0tan’B—-tan 0+ 6+ C
I=tan 'Vx.x-Jx+tan 'Vx +C
= (x+Dtan ' Vx-Jx +C
Hence, the correct option is (a).

2
Q51. Ie’(l_sz dx is equal to

1+x
e —é
@ ——+C b T2*C
@)~y +C @) 7 +C
(1+x%)? (1+x7)

fl_x 2
x
= dx
Sol. Let I JB 1+ 2] ‘

=-J'e_’-—1+x2-2x]dx=J.e"[(l-ﬁ;z) 2 ]Adx

|1+ 2 1+22)7  (1+22)

1 2x
- | 1+ (1+x2)2]dx
1 , -2x
Here f(x) = m o f (x)=(1—+x"2")7
Using [e* [ f(x) + f(x)]dx =& . flx) + C
S SEPS
'(1+xz)+c 1+x? e
Hence, the correct option is (2).

I=¢
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Q52 I(4ch 0 dx is equal to
-5 -5
o) e o o]

1 -5 1 )‘5
(c)m(1+4) +C @ 10( +4] +C

Sol. Letl= |

x X’ 1
——dx = =
(4x2+1)6 ju(4+1 ﬁdx JB 4+1 6dx
x - x -
xz) [ xz)
1 -2 dx 1
44— = —dx = iy
Put( +12) t=>#3dx dt=x3 2t
dt
"2le

1 1 1

IZ

-5 -5 1 1Y°
=—Ex——t +C=—t"7"+C=—|4+—=]| +C

5 10 10
Hence, the correct option is (d).

dx 2 1. 1
X e =glog|l+x°|+btan” x+—1 +2[+C
Q53 Ifj(x+2)(x2+1) aogl xl x 50g|x |
then
1 -2 1, =2
(a) a——ﬁ b—? (b) a—luyb— 5
1 2 1 2
=——,b== =—,b==
© a= mbsdx @ =15°=%
Sol. L = |[————
ol Let J @+ +1)
Let us resolve the given integrand into partial fractions

1 A Bx+C
= +
x+2)(2+1) (@+2) (Z+1)
1=A(@2+1)+(x+2) (Bx+C)
1= Ax*+A+Bx?+Cx +2Bx +2C
1=(A+Bl?+(C+2B)xr+(A+2C)
Comparing the like terms, we have
A+B=90
2B+C=0
A+2C=1
Subtracting (i) from (iii) we get
2C-B=1 .~ B=2C-1
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Putting the value of B in eqn. (i7) we have
22C-1)+C=0=4C-2+C=0

2
5C=2 ..C=‘5—
2 1 1
B=2(%]-1=-1 anda=1
(5) 1=-5 andA=¢
1 _1..2
‘I 1 dx = 5 dx + M
(x+2)(x> +1) (x+2) (x +1)

- -gj(x+2) - I(xz +1)

1
=§jx+2dx—ij +1 —jx1+1

- sl A e i
I= %log|x+2|—%log|x2 +1|+§tan‘1x+c
Putting the given value of I
" alog]1+x2|+btan']x+%log|x+2]+c

1 1 2 .
= ‘—S-log|:!c+2|—ﬁlog|:c2 +1|+—§tan x+C

1 2
A== 10 and b= 5
Hence, the correct option is (c).

3

Q54. If—:—_—ldx is equal to
2 3 3

@ x+>+X _logll-x+C &) S S AR
23 B 2 3 B

3 2 3
© x—ﬁ—x—-log|1+x|+c @ x—%+%—-log|1+x|+c

2 3
3
X
Sol. Let I= dx
° jx+1
2 1 2L
I=_[(x —x+l-x—“)a‘x=-§-——{+x—log|x+1|+C
P 2
=x——2—+—-—é—-log|x+1|+C

Hence, the correct option is (d).
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x+sinx
55. dx is equal to
Q J'1+cos;vc s
(@) log|l+cosx+C (b) log|x+sinx|+C
(©) x—tan—;~+c )] x.tan—;~+C
Sol. Let I= [21 0=
1+cosx
x sin x
= +[—
1+cosx 1+cosx
x annicos-ai
=J‘ xdx+j 2 x2 dx
2cos® = 2coszi

—2-J'Jc.sec2 %dx+jtan§dx

1 x x X
-Z-I:Jc.jsec2 2 dx—-j(D(x).Isecz de)dx]+]tan5dx
1 x x x

- xtan%—jtan%dx+jtan—;-.dx+c

I=xtan>+C
Hence, the correct option is (d).

Q56. Ifj dx=a(l+x*)¥? + b1+ x* +C, then
\f1+x
1
==,b=1 Ba=-1,b=1
(a)a 3b (b)a 13 3
(c)a=—§-,b=—1 @a=3,b=-1
3
Sol. Let I= | X dx
,f1+xz
Put 1+x°=¢ = 2xdx=dt = xdx~= dzt

\ 1= -lij—(t_l) di
_%jjt_ J'—dt - jJEdt-%J't‘”z dt
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=5 1, 3(t)3’2 —%.2\/5+C = %(1+x2)3’2 —,/1+x2 +C

But I=a(l1+x%)*2 +b1+2% +C
Comparingthelikehermsweget,a=%andb=—1

Hence, the correct option is (d).
n/4
. dx .
Q57. _r-!;‘!m is equal to
(@1 M 2 (0 3 @ 4
n/d
Sol Let I= 1i~
g 11 CO82x
/4 /4
= I dxz -1 j s.ecz:x:dx=—~[tan:c"’:/4
_m,42cos x 2—::/4
1 n [ 1 1
= ~|tnZ —tan[-El c S 41)=2x2=1
2[ 1 tan( 4)] g [1+1]=5%

Hence, the correct option is (4).

/2
Q58. | JT—sin2r dx is equal to
4]
@) 242 ) 2(v2+1) (¢) 2 @ 2(v2-1)

/2 /2
Sol. Letl= I J1=sin2x dx= I J(sinz x +cos? x — 2sinx cosx) dx
0

I\j(smx cos x)* dx = Ii(smx cos x) dx

_[ —(sinx - cosx)dx+I(smx cos x) dx
0 /4

I}

n/4 n/2
J'(cosx—sinx)dx+ J'(sinx-cosx)dx
0 n/4

[sin;:c+cos:r]:)‘/4 +[-cosx —sinx

2
/4

= [(smg+cosg) —(sin 0-cosO)]— [(cosgﬂjin g)

- (cos£+sin£]]
4 4
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(G loorie )

2 2 2 2
= (._2._]_ _(1__5.] = _2...]_._]_+_2.
4
= -J—E—z=2JE-2=2(J§-1)

Hence, the correct option is (d).
Fill in the blanks in each of the following Exercises 59 to 63:

n/2
Q59. [ cosx.e"*dx is equal to

0 2

SoL Let I= [cosx.e™dx
0
Put sinx=f = cosxdx=dt

When x= 0thent=sm0 =0; Whmx——thent—smi--l
l=je dt=[e']l =(e! ~e¥)=e-1

Hence, I—e 1.

J‘_x_t3__ezdx _
(x +4)?

x+3 x+4-1
: I( +4)2‘8dx I(x+4)

=J' x+4 ’dx=j _ 12ezdx
(x +4)? (x+4)2 x+4 (x+4)
1

Put dx =dt

Q60.

I

Sol. Let

=t = 3
x+4 (x+4)

1 ) 1
Let f)=——7 ~f@="GTp

Using [e* [ f(x)+ f*x)]dx =& flx) +C
1
x+4
£ _+C
+4
dx=£, thena=
8

+C

I=e".

Hence, 1=

T o1
Q61. It '!1"'4"2
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a 1 T
Sol. Given that dy = =
0. iven '!1+4x2 3
17 1 T e 1 r
= dx = — dx =
4'!(1+x2) 8 ='t'; 1y 2 2
: 3) +

4

1 -1 X [ -1 -1 b
— tan —_— - -— = —
1/2[ T 5 = _2[13“ 2a-tan"'0] 5

= i:an“12a=j;E = 2n=tan-§:- = =1 = a=—%
Hence, the value ofa=-—2-.

Q62 j———dx S

3+4cos’x .
sin x
Sol. Let I= | ————mMm——
'[3+4coszx

Put cosx=¢
—sinx dx = dt =>smxdx=—dt

dt
I=_I3+4t2 B IS 2 ='_I

+t +t_

“%*%/z““"(v'a/‘z)*c

= —aT—tan'l[jtg)+C - —E%m“(zf;’;x)+c
1

2
ence, 2J§ ‘chosx

T
Q63. The value of Isin"x.coszxdx is

Sol. Let I= Isth.coszxdx .
Let ﬂx)=s_inaxcoszx
ﬂ-x)=six13—x).cosz(—x)=—si113xcoszx=—ﬂx)

T
. Isin’x.coszxdx is an odd function

2T I1=0
o [ [
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Application of
Integrals

B (SHORT ANSWER TYPE QUESTIONS
Q1.

Sol.

Q2.

Sol.

e —

[ 8.3 EXERCISE |

Find the area of the region bounded by the curves
V¥=9x,y=3

We have, y? =9x, y=3x Y ~
Solving the two equations, we have BLY=3%
(3x) = 9x '

= 9-9%x=0=9%(x-1)=0 o N
x=01 Xe—@o\__an "

Area of the shaded region

= ar 1(reg;on O.IAB) ar (A10A3) 9

= —jy,.dx= j\/9_xdx-‘[3xdx Y

1

n

st_dx 3jxdx 3X2Lt3"zln [ ]o

2[(1)3’2 o] {(1) ~0]=2(1) ——(1) 2-%-%&1 units

1
Hence, the reqmred area= 7 sq. units.

Find the area of the region bounded by the parabola y* = 2px
and x* = 2py.

We are given that: ¥* = 2py ...(})
and ¥ =2px (i)

2
From eqn. (i) we get ¥ =§F_7

Putting the value of ¥ in-eqn.
(1) we have X<

&)=

2px = —5 =2px
)~ p: 2p
>yi=8x = *-87x=0
=Sx(@-8%)=0 . x=0,2p

286
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Required area = Area of the region (OCBA ~ ODBA)
2p prz 2p 1 2p 2
=J,/2pxdx—j—dx= JZ—pIJ;dx~——jxdx
0 ) o2p - 0 2r %

= Lry3292p _ 1 L. 3.2
Jj’i's" I -o, 31k
2v2 1

=3 VPP -0~ iy -0

22 g 1 3
=222 [n.2J -——.8
3 Jr-22p 6 4

=32 8, 8, 4 i

4
Hence, the required area = E,;Pz $q. units.

Q3. Find the area of the region bounded by the curve y=1x,
y=x+6and x=0.
So0l. We are given that: y=x°, y=x+6and x=0

Solving y =x* and y = x + 6, we get
x+6=x>
= X-x-6=0

= P(x-2)+2x(x-2)+3(x-2)=0
= (x-2) (P +2x+3) =0
x2+2x+3=0hasnoreal roots. . x=2
- Required area of the shaded region Y

=j'(x+6)dx—j'x3dx
0 [

2 2

X 1 4 2

=(Z—+6x| ~= 2
[2 I]o 4[1' ]o X

=(§.+12)-(0+0)—1[(2)4—0]

2 4 y=x
=14—:11-x16=14—4=105q.units.

Q4. Find the area of the region
szoundedby&\ecurveyz-:tixand

=4y,
Sol. We have 3’ =4x and 22=4y. «
2

¥y=<

2 2
- [
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= I ot

16
= Y=6ix=>x*-64x=0
= 2(x*-64)=0

4 4 4 4
Required area =IJ4_xdx—jﬁdx=2IJ;dx—%szdx
[i] Q
=2. 2[:’”10—— —[?]0

=Ly -0~ iy - 0= S 18- 164

32 16 _16 .
== - —~ =-—sq. units

3 3 3

Hence, the required area = % sq. units.
Q5. Find the area of the region included between y* = 9x and
y=x

Sol. Given that: ¥ =9x ()
and y=x -.(if)
Solving eqns. (i) and (ii) we have

©2=9x = 22-9x=0
x(x-9=0 . x=0,9

Required :
equired area Ya

9 9
- [rax=3]x
] 0

3%[:3’213—%[1210 % Q X
L =9

=2[(9y*/* -0]- —[(9)2 -0]

-2(27)—-—(81) 54-8—1_10’5‘2 81

y=x

]

O Sy \D
5
b

Q‘—-.‘O

N

Y

=35 units

27
Hence, the required area= > 54 units.

Q6. Find the area of the region enclosed by the parabola x*=y and
theliney=x+2.
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Sol.

Q7.
Sol.

Q8.

Sol.
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Here,zz=yandy=x+2 YA
2=x+2
= P-x-2=0
= r-2x+x-2=0
= x(x-2)+1(x-2)=0

= (x-2)(x+1)=0 * x=-1 |0 x=2 X
SLx=-1,2
Graphof y=x+2

x 0 ~2
y 2 0
Area of the required region

4
Yy

2 2 2 2 1 42
=!1(x+2)dx—__’;xl ﬂ:[—2—+2x]_l~5[x 12

=[(§+4]-[§-2]]—1[8—(—1)1

=(6+ 2)——(9)—1—5-—3—§sq umts

9
Hence, the required area = 2 54 units.

Find the area of the region bounded by the line x = 2 and
parabola y? = 8x. 7Y
Here ¥ =8randx=2
’ =§,
P =8(2)=16 =8
y=+4 /
Required area «— Oof >
2 2 R’ x=2 X
=2 VBx dr=2x2V2 [Vx dx \
0 B ~—
=42 lexan]; Y'v
8‘/_ 2NE (2= 8‘/_ x 2V2 ——-—sq units /

3 .
Hence, the area of the region = ?2 Sq. units.

Sketch the region {(x, 0) : y = 44— x* } and x-axis. Find the
area of the region using integration.

Given that {(x, 0) : y = \/4—12 ]

ArPLICATION OF INTEGRALS B 289


http://www.cbsepdf.com

www.cbsepdf.com

= yY=4-2
= x2+y? = 4 which is a circle.
Required area
2 Xt
=2.j 4-x% dx 2,0
0

[Since circle is symmetrical about y-axis]
2
=2. [ (2 - x* dx
0

2
2.[5\/4-38 +%sin"1§]

2 [(% Ji-4+2 sin-l(l)) i 0+ 0)]

=2[2.§]=2ﬂ:sq.units

1l

Hence, the required area = 2x sq. units.

Q9. Calculate the area under the curve y = 2J/x included between
the lines x=0and x=1.

Sol. Given the curves y=2Jx,x=0andx=1.
y=2yJx = y’=4x (Parabola)

1
Required area = J(ZJ;) dx
0

- E 3/2 /
=2x 3 [x ]0 X! o )
_4r.an - 1)
-4lor-o] N

4 ——

= — s5q. units
3 q

Ya

L—y=2[x

L 24

4 Yy
Hence, required area = 3 5& units.
Q10. Using integration, find the area of the region bounded by the
line 2y = 5x + 7, x-axis and the linesx=2 and x = 8.
Sol. Given that: 2y =5x +7, x-axis, x=2 and x = 8.

5x +7
Let us draw the graph of 2y=5x+7 = y = 5
x 1 -1
y 6 1
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Sol.

Q12

Sol.
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Area of the required shaded region
Y4
8 8
j(sx+7)dx=-1—[2x2+7x]
2 212 2 /
1
=—|—{64-4H+7(B-2 ‘—
Ses-9+76-2)] e x
1[5
=E[ x60+7x6:' —[150+42]
—%x192 96 sq. units Yy

Hence, the required area = 96 sq. units.
Draw a rough sketch of the curve ¥=/x—1 in the interval
[1, 5]. Find the area under the curve and between the lines
x=1land x=5.

Here, we have ¥ = x -1

= ¥*=x -1 (Parabola)
Area of the required region

=i,/x—1 dx
1

=3[e-v]] X<

_2_ 132 _ =E 3/2
_3[(5 1)*2-0] 3X@

2 16
=— X 8 =— sq. units
3 3squm

16 .
Hence, the required area = 3 5 units.

Determine the area under the curve y=,/a>—x* included
between the lines x=0 and x =a.

Here, we are given y = /a* - »?
= y=a-x
= 2ry=g
Area of the shaded region

= 2[@**-0]-2(w? -0

- [2F T L]

adp
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Hence, the required area = EZ— sq. units.
* Q13. Find the area of the region bounded by y=+x andy=x.
Sol. We are given the equations of curve y = Jx and liney=x.
Solving y = x = y*=x and y =x, we get
Pax = r-x=0 Y

= x(x-1)=0 ~x=0,1 y=vx

Required area of the shaded

region < O >
1 1 X’ =1 x
=£J§dx—!xdz Yoz
2 1 1 1 ’
=§[x3l2]o—'£[12]n Y

200 oy 1o
-3[(1) 0} 2[(1) 0]

2 1 4-3 1
21 e e dni
372 T gtdumb

Hence, the required area = % 8. units.
Q14. Find the area enclosed by the curve y = —x* and the straight
linex+y+2=0.
Sol. We are given that y =—x” or ¥* =-y
and the linex+y+2=0
Solving the two equations, we get
X —x2+2=0 Y?
= 2 -x-2=0
= r-2r+x-2=0
= xx-2+1(x-2)=0
= (x-2)(x+1)=0
=-1,2
Are.a of the required shaded  y=—y i+
region
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2
(-x-2)dx — I-xz dxl

2
J
2
= —[£+2x] +l[13].2.1
2 a 3
4 1 1
= —[(E+4)—(E—2)]+—(8+1)
= —(6+é +l(9)’ => —%+3
-15+6 I
= ———sq units

Q15. Find the area bounded by the curve y =vx, x =2y + 3 in the
first quadrant and x-axis

Sol. Given that: y=vx,x= 2y+3, first quadrant and x-axis
Solving y =+/x and x=2y + 3, we get
y=\2y+3 = yP=2y+3
= ¥-2y-3=0 = y*-3y+y-3=0
= yy-3)+1(y-3)=0
= +1)(y-3)=0

y=-1,3
Area of shaded region
3 3 X' ¢
=I(2y+3)dy—,fy2dy
0
v 3
=[ +3y] HEaR

=[(9+9)—(0+0)]—§[27—0]

=18 —9 =9 sq. units
Hence, the required area=9 5q. units,

B [LONG ANSWER TYPE QUESTIONS =

Qi6. Find the area of the region bounded by the curve yz Zx and

P+y=4x
Sol. Equations of the curves are given by
Zeyf=dx 0]
and V=2 (i)
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= 2-dx+y?=0
= P-dx+4-4+2=0
= (x-22+y*=4

Clearly it is the equation of a circle having its centre (2, 0) and
radius 2.

Solving x2+y? = 4x and y* = 2x ¥
+2x = 4x
= 2+ -4x=0
= ¥-2x=0 Xa 5 20 —»X
= x(x-2)=0 .
x=02
Area of the required region Y

i ;rdx]

[. . Parabola and circle both are symmetrical about x-axis.]

- 2 -
=2 122,/4—(1:-2)2 +%sin"lez} —2.Ji.§[x3f2]§

iy 4J"

=2[(0+0)~ (0 +2sin (1) |- ==[2%2 - 0]

=—2x2.(~’2‘] Y2 .5

16 8
= - =2 —_— ts
2n 3 (‘n: 3)squm

Hence, the required area = 2 (11: - -5] sq. units.

Find the area bounded by the curve y =sin x between x=0 and
x=2r.

2
Sol. Required area = }sin xdx+ f|sin xl dx
a T

Y’
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=~[cos x]§ +|(- cos .7c)|f=Tt = —[cos © — cos 0] + [cos 27 — cos =]

=—[-1-1]+[1+1]=2+2 = 4 5q. units
Find the area of the region bounded by the triangle whose
vertices are (-1, 1), (0, 5) and (3, 2), using integration.

The coordinates of the vertices of AABC are givenby A(-1, 1),
B (0, 5) and C (3, 2).

JVY’

. : _5-1
Equationof ABis y-1-= 0+1(x +1)
= y-1l=4x+4
. y=4x+4+1=y=4x+5 (i)
-5
Equationof BCis y-5= 3_O(J: -0
= y-5=—x
y=5-x (i)
Equation of CA is -
2-1
-1= +1
y-l=37&+D
= y—1=%x+% =>y=-i—x+i+1
1 5 1
A y= 4x+—4~—z (5+x)
Area of AABC

0 3 31 -
= J@x+5ydr+ [G-x)de- [ (5+x)dx
-1 o

-1

3
- %[Iz]: +5[1’]?.1 +5[x]g —%.[12]3 —%[5x+—%2—:f—1
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2(0—1)+5(0+1)+5(3—0)—%(9—0)

—2+5+15—2—1(§+2)

2 a\2 2
9 1 48 9 9 15
2182 1B _18-2 _6=12-2=225q. units
2 272 2 2~ U

Hence, the required area = 1 sq. units.

Q19. Draw a rough sketch of the region {(x, y) : y* < 6ax and x* + 1<
164%). Also find the area of the region sketched using method
of integration.

Sol. Given that
{(x, ¥) : v¥* < 6ax and * + y* < 1627
Equation of Parabola is .
Pebax ) ¥
and equation of circle is
2+ <168 (i)
Solving eqns. (i) and (ii) we get
x>+ 6ax = 164>
x?+6ax-164 =0
2%+ Bax — 2ax - 164° = 0
x(x+8a)-2a(x+8a)=0
(x +8a) (x—24)=0
~ x=2q and x = - 84. (Rejected as it is out of region)
Area of the required shaded region

=2[T@dx+4f 1602 — 2 dx]
0 2a

L syl

2a 4a .
=2[J§ [V dx + | y(4a)? —xzdx]
0 2a

4a
24 2
26 2 ]} +z[§,/—(4a)z_,,z RUIWEL

2a

4a
- 5‘% ~Na[@2a*? -0]+ [x,/(gz)z —x2 +164% sin™ Z"—]

124
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4J—f 22 .2 [0+16a sin™ (:a) Za\/16a —4a®

24
-164* sin™ ]
a* sin 1

a
8‘/_ =22 +[16a2 sin"1(1) — 2aV124% — 164° sin™! l]

16‘/5 @+ [162—2-—2a 23a - 1642 6]

=%‘/§a2+8m2—4\/§a2——
=§(\/§+4n)a2

Hence, required area = %(JE + 411:) 4” sq. units,

Compute the area bounded by the lines x + 2y =2, y-x=1and
2x+y=7.

Given that: x+2y=2 ()]
y-x=1 (i)
and 2x+ty=7 ..(iti)
x| 0| 2 x | 0|-1 x| 0 |72
y 1[0 y | 1]0 y |70
Solving egns. (ii) and (iif) we get
y=1l+x
2x+1+x=7
3x=6
= x=2
y=1+2

Coordinates of B = (2, 3)
Solving eqns. (i) and (iii)
we get
X+2y=2
x=2-2y
2x+y=7
22-2p)+y=7
= 4-4y+y=7 = 3Jy=3
- y=-landx=4

3
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+, Coordinates of C = (4, — 1) and coordinates of A = (0, 1).
Takmg the ll.tmts on y-ax1s, we get

anc dy - IxAc dy — Jx.«m dy

e [T Ju-Dey

£ 2] 5]

N N[= L

(o265 3-0-4)
)
EERR

§x24 2x2-2=12-4-2=6sq.units

Hence, the required area = 6 sq. units.
Q21. Find the area bounded by the lines y=4x + 5,y =5-x and
dy=x+5.
Sol. Given that
y=4x+5 i)
y=5-x ..(ii)
and dy=x+5 w(ifD)
x | 0 |-5/4 x| 0
y15| 0 y {5
Solving eq. (i) and (i) we get
4x+5=5-x
= x=0andy=5
. Coordinates of A= (0, 5)
Solving eq. (ii) and (iii)
y=5-x
y=x+5 X
5y=10
sy=2andx=3
~ Coordinates of B=(3, 2)
Solving eq. (i) and (iii)
y=4x+5

[=11¢)]
[
o
&
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dy=x+5
= 4(4x+5)=x+5
= 16x+20=x+5 = 15x=-~15
R x=-landy=1
= Coordinates of C = (-1, 1).
". Area of required regions

0 3. 3
=JyACdx+IyAB dx—_[ycgdx

FI(4I+5)dx+J(5 x) dx - }“5

2 a 273 2 3
=[4x—+5x] +[Sx—x—] —l[x—+5x]
2 -1 L 24y 4L2 -1

=[(0+0)-(2—5)]+[(15——) (0- 0)}——[(&15]—(%—5]]

=3+ E—l[?’g+9]—3+£-1x24=:‘3+£—6
2 4 2 2 4 2
~Esqumts

Hence, the required area = E sq. units.

Q22. Find the area bounded by the curve y =2 cos x and the x-axis
fromx=0tox=2n.
Sol. Given equation of the curveis y=2 cos x

Ya

0 » X
Yy
- Area of the shaded region
/2 3n/2 2n
_[Zcosxdr _[2cosxdx+ I l2cosx|dx+ J 2cos xdx
n/2 arf2
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=2[sinx]7" + [2sin x]5 | +2[sin 2]y,
=2[sinf—sino]; z(sina—"—sinf)
2 2 2
+2[sin2n—sm37n]

=2(1)+[2 (-1 -1)|+2(0+1)=2+4+2 =8 5q units

Q23. Drawaroughsketchofthengencurvey 1+ix+1l,x=-3,
x =3, y=0and find the area of the region bounded by them,
using integration.

Sol. Given equations are
y=1+lx+1l,x=-3
andx=3,y=0
Taking y = 1+ [x+11i
= y=1+x+1
= y=x+2
and y=1-x-1 = y=-x
On solving we get x =-1
Area of the required regions

=]1—xdx+ j'(x+2)d.r
-3 |

-1 3
gl o] -
=_(—4)+|:~22—1+ 2] 4+ 12=16 sq. units

Hence, the required area=16 sq units.

B [ OBJECTIVE TYPE QUESTIONS

Choose the correct answer from the given four optlons in each of the
Exercises 24 to 34.

Q24. The area of the region bounded by the y-axis, y = cos x and

y =sin x, where 05:512'.'- is
(4) V2 sq. units () (v2 + 1) sq. units
(© (V2 ~1)sq.units (@ (2v2 -1)sq. units
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Sol. Given that y-axis, y = cos x, y =sin x, Os:rsg

Y A
1 .
/ T / .
0 7 N * X
g4 4 2
Yy

/4 /4
Required area = Icosxdx— j sin x dx
0 0

~[sin ]~ [ cos x|

= (\/5 - 1) 8q. units
Hence, the correct option is (c).
Q25. The area of the region bounded by the curve 1% = 4y and the
straight line x =4y -2 is

(a) %sq. units ) %Sq. unifs
7 . 9 .
(© N sq. units @ 3% units
Sol. Given that: The equation of parabola is x* = 4y @)
and equation of straight line is x = 4y — 2 ()]
Y4 = 4y

x=4y-2

=4r"§=-—1 0 x=2 "X

Y'v¥
Solving eqn. (i) and (i} we get
2
X
vy
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2
X
- a|X]-2
* (4)
2

= x=x—
= P-x-2=0 = P-2x+x-2=0
= xx-2)+1(x-2)=0= (x-2)(x+1)=0.,. x=-1,x=2
2 2 2
2
Required area = [~ dx~ [ 2 dx
44 44
1[ < 21 1 a2
== ic—~+2x] ——.—[xa]_l
41 2 a 43
1[(4 1 1
==||=+4|-|=-2]||--—=[8+1
1G+4)-(G-2)] e+
Vg2 L1882
4L 21 12 4 2 4
15 3 9 .
—————— . units
P 2 Ssqum

Hence, the correct option is (d).
Q26. The area of the region bounded by the curve ¥=4/16— x

and x-axis is
(@) 8 = sq. units (b) 20 m sq. units
(c) 16 sq. units (d) 256 & sq. units

Sol. Here, equation of curve is¥ = \/16 -2
Required area

=2 i,/16~x2 dx]
L0
=2_§,/16—x2 +}2—6-sin'1ii|

=2 (0+8sin"1%)—(0+0):|
=2[8 sin"(1)1=16.1;-=8n sq. units

4

0

Hence, the correct option is (a).
Q27. Area of the region in the first quadrant enclosed by the x-axis,
the line y = x and the circle x* + y* =32 is
(@) 16 & sq. units (b) 47 sq. units
(c) 32 msq. units (d) 24 sq. units
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Sol. Given equation of cirdle is x* +3?=32 = 22 +32= (42)

Q28.

Sol.

Q29,

and the line is y = x and the x-axis.
Solving the two equations we have
P+xl=32

= 22 =32
= 12 =16 X5
- x=%4
Required area
1 2 ,
=[zax+ [ J&2P -2 i Yv
0 4
1 4 |x 32 x 2
R +[_,/__4 -2+ 324 —1_]
2[ lo (4V2) iyl
1 . 1 4Ji] . 4
==[16-0]+|0+1 —=|-2/32-16-1 —
2[ ] [+ 6 sin (4\/5 6 —16sin i
=8+ [16 sin” (1)~ 8- 16sin %]

=8+16.g—8—16.%=8u—-4Tc=4nsq.units

Hence, the correct option is (b).

Area of the region bounded by the curve y = cos x between
x=0and x=nis

(@) 2sq. units (b) 4 sq. units
(¢) 3 sq. units (@) 1 sq. units
Given that: y=cosx, x=0,x=x Y4
Required area I
n/2 T
=Icosxdx+ jcosxdx 1"577
0 /2 0, 7
. 2 . n
=[sin x]gl +|(sm %),
. . . . K
[sm > sm0]+ [sm T — sin 2:" “

=(1-0)+|0-1/=1+1=2sq. units
Hence, the correct option is (a).

The area of the region bounded by parabola y? = x and the
straight line 2y = x is
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Sol.

Q30.

Sol.

Q31

www.cbsepdf.com

(b) 1sq. unit
1 .

A ) 35¢ units

Given equation of parabola is y* =x

and equation of straight line is 2y = x
Solving eqns. (i) and (if) we get

2 2
(E-) =x=>x—=x =>12=41
2 4

= x(x—-4)=0
Required area

=j‘\/;dx—j.£dx

[x3/2]o

(a) 1 sq. units

© 35¢ units

Lx=0,4

X4

[12]

Y'v

202 _ol- Ll —0]=2xs-1
[(4) o] 4[(4) 0] S xB-7x16

Hence, the correct answer is (a).
The area of the region bounded by the curve y = sin x, between

the ordinates x=0and x= g and the x-axis is

(a) 2sq.units
(©) 3sq. units

(b) 4sq. units
(d) 1 sq. units
Givenequaﬁonofcurveisy=sinxbetweenx=0andx=Itz—

Area of required region Y4

/2
= J'g,inxdx=—[cosx]::/2 1t =

0 N
=—[cos§—c050:] X473 11:/2 % T X
=—[0-1]=1sq. unit
Hence, the correct answer is (d). Yy
The area of the region bounded by the ellipse E+ };6 =1is

(b) 20 n? sq. units
(d) 257 sq. units ™.

(#) 20 7 sq. units
(¢) 16 7* sq. units
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o

2
Sol. Gi tion of elli —+
ol. Given equation of ellipse is TRET:

2 2
=¥ -1-L =y2=-—(25 x%) X

L)
16 25 X
50N /50
4
y='5"~l?5—xz Y4, (0, ~4)

= Since the ellipse is symmetrical about the axes.
5 5

~ Required area =4XI§\/25-1’2 dx=4x§j (5)% - x* dx
2 0

B 5
1612 fop -2+ ZBeint i]
2 2 0

5 5
_16 0+§.sin‘1(5) 0- 0} 16[25 "1(1)]
50 2 5 512

16 25 1
512 2} 20 & sq. units
Hence, the correct answer is (a).
Q32 The area of the region bounded by the circle > + 2 =11s
(a) 2z sq. units (b) msq. units
(¢) 3 msq, units (d) 4 msq. units
Sol. Given equation of circle is

2ryf=1 = y=|1-2

Since the circle is symmetrical about the axes.
1
.'.Req\ﬁredarea=4xj\/1—xzdx Y
1
[ y1-22 +—sm x]
2

=4[0+-2-sin"1(1)—0—0]

0 ‘dl [
X'« p— x=1,x
1
=4x—x-1—r'—=1tsq.units
2 2

Hence, the correct answer is (b).
Q33. The area of the region bounded by the curve y =x + 1 and the
lmes x=2andx=3is

9 .
@ Esq. units ®) 7 54 units

© 1—215q. units (d) }ngq. units
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Sol. Given equation of lines are
y=x+1, x=2andx=3
Required area

3 3
=I(x+ 1)dx=[i+x:| /
2 2 2 Xe
L) 7
2 2
= 4—Z units
2 %
Hence, the correct option is (a).
Q34. The area of the region bounded by the curve x =2y + 3 and the
linesy=1andy=-1is 3
(8) 4 sq. units () 3 sq.units

Yv

(¢) 65sq.units (d) 8sq. units
Sol. Given equations of lines are x=2y +3, y=1and y=-1
M

X'«

1
Required area = [ (2y +3) dy
-1

1
=2-§[y2]1_1 +3[y]},
=(1-1) +3 (1 + 1) = 6 5. units

Hence, the correct answer is (c).
Qoo
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Differential
- Equations
| 9.3 EXERCISE |
SHORT ANSWER TYPE QUESTIONS

Q1. Find the solution of Zr—y =2¥7F

Sol. The given differential equation is
dy dy
=~ _9y-x
. 2 e

Separating the variables, we get
dy _ & = 2¥dy=2"dx

¥ 2
Integrating both sides, we get
Iz_y dy = IZ—I dx
—27¥ —)7%
= tc = -2¥=-2%4+clog2
log 2 log 2
= -2¥+2%=clog2
= P 2V=f [where clog 2 =k]
Q2. Find the differential equation of all non vertical lines in a

plane.
Sol. Equation of all non vertical lines are y =mx + ¢

d
Differentiating with respect to x, we get Ey =m
dy
Again differentiating w.r.t. x we have e 0
2
Hence, the required equation is i—g =0,

Q3. Given that % =e™® and y =0 when x = 5. Find the value of x

wheny=3.
Sol. Given equation is
d_y. —e""Zy
dx
= e—‘iy; sdx = . .dy=dx

307
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Integrating both sides, we get
jezydy = Idx = %ezy =x+c
Puty=0and x=5

1 1 9
= — =K+ = —h=—=
28 c=¢ 2 2

»» The equation becomes -;—ez-" =x—%

Now putting y = 3, we get
16 9 149
—ef=x-—— = x==¢+=
2 2 2 2

Hence the required value of x = — (e + 9)

Q4. Solve the differential equation (x2 1) &, 2xy=
Sol. Given differential equat:lon is

(- 1) +2xy = xz_I
Dividing by (x> - 1), we get
o
dc x*-1 (2*-1)7
Itis a linear differential equation of first order and first degree.
2x 1

21

. P= dQ=——7

P R BT

. [Pax J%'ﬁ log (x*-1)
Integrating factor LF.= ¢~ =e =e"8 =(x? -1).
- Solution of the equation is
ny.F.=J-Q.LF.dx+C
= yx(x*-1= j x(x ~l)dx+C
= y(«* -1)=j—dx+c = y(x2—1)=~1—log 1

-1 2 x+1

Hence the required solution is y( 22 _1)— = 10g

e

Q5. Solve the differential equation % +2xy = y

Sol. Given equation is Z—i— +2xy=y.

308
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L L L
= T Y 2y = dx—y(l 2x) = y-(l 2x) dx
Integrating both sides, we have

dy x’
J'E;=J'(1—21)dx=>logy=x—2.7+logc

= logy=x-x’+logc=logy-logc=x-2
y y 2

Lax-x"=L=¢"
Cc C

y=y=c.e”

= log
2

Hence, the required solution is y=c.é*~* .

d
Q6. Find the general solution of ﬁ t+ay=e™.

d
Sol. Given equation is Eg—+ay=e"". -
Here, P=z and Q="
o LE=elP oot _pm
Solution of equation is y x LF = IQLFdx+c

= y,g“:fe"".e”’dx+c =>y.e“=!e“’”"”’dx+c

(m+a)x (m+a)x
&% = = y= e +ce™
= Y (m+a) y (m+a)
= +c.e™
Y (m+a) -
Hence the required solution is y= (e " )+¢:.e‘"Jr
m+a

Q7. Solve the differential equation %—+1 =gty

d
Sol. Given that Ey” =ty
Putx+y=t

R
o~

It

&

1+

=dx = etldi=dx

u
J

Flail@
N'_I&
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Integrating both sides, we have
fetdt=fax = -e'=x+c

-1
= T W=x+c =x+c=(x+c) &ty =-1

I+y

Hence, the required solution is (x +c).e* ¥ +1=0.

Q8. Solve: ydx — xdy = x’y dx.
Sol. Given equation is ydx — xdy = zlydx

= ydx-x*ydx =xdy
= y(-x*)dx =xdy
g2
D e
x y x y
Integrating both sides we get

-t

2
= logx—?=logy+logc

2

= lo x—ﬁ—lo c = logx—loge=2— = log==2_
Br= g TIBY Bx—loBc=7 By 2
= i_:ex’/Z = £=e-x’/2 . yc=xe”’/2
yC X

y=;:1-.xe"z/z = y=b:e""/2 [ k=%]

Hence, the required solutionis y = kee =72

Q9. Solve the differential equation %: 1+x+y*+xy*, when

y=0,x=0.
Sol. Given equation is

%=1+x+y2+xy2

= Zx—y =1(1+x) +y*(1+x)
dy dy

= = =(1+x)(1+ = —— =(1+x)dx
— =2 v?) ey (1+1x)

Integrating both sides, we get
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” yz I(1+x)dx=>tan“1y x+§+c

Putx=0and y=0, we get tan(0) =0+ 0+c = c=0

2
tan”1y=x+% :y:tan(x+£22—-)

Hence, the required solution is y = tan (x + %J
d
Q10. Find the general solution of (x + 2y3) d—i{ =y,

d
Sol. Given equation is (x + 2y°) Ey =y

dy y de  x+2y°

—_—me— ==

dx  x+2y dy oy :
3

= £I~=£+2L :E}_E:Zyz

dy y y dy y

=

1
Here P = -; and Q =2y

1 1
——dy gt 1
- Integrating factor LF. = ej'de =ej ¥ =gloBy = Ty =.!;,
So the solution of the equation is
x1F.= [QLEdy+c
1 1 '
x— = |2y —dy+c
v oIy
= ; 2J'ydy+c=>;=2"'§ §=y2+c

So x=y’+cy=y@’+c) ‘
Hence, the required solution is x =y (i* + ¢).

2 4 si
Q11. If y(x) is a solution of( +smx):_1:

vy ~—=-cosx and y (0) =1,

then find the value of y( )

Sol Given equation is
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(2+sinx)iy_  —cos x

1+y Jdx
R 2+sinx dy__(1+y) dy __ cos.x ix
cosx jdx 1+y) 2+sinx
Integrating both sides, we get
I '"—I Cos x
1+y 2+smx
= logil+y! =—logl2+sinxl+logc

=logll+yl+logl2+sinx| =logc
= log (1+y)(2+sinx) =logc = (1+y)(2+sinx)=c

Putx=0and y =1, we get
1+1)(2+sin0)=c = 4=c¢
. equationis (1+y) (2+sinx)=4

Now put Jc=~12£

(1+y)(2+sin%) =4

=3 1+y)(2+1) =4 = 1+y=f1— = y=-‘£—1=>l
3 3 3
1
So, (£)=_
"2)73
Hence, the required solution is y[g) =% .

Q12 If y(t) is a solutjon of (1+ t)%—ty=1 and y(0) = -1, then
show that y(1)= —%.
Sol. Given equation is

dy dy ¢ 1
H—L-ly= -~ | Ay =—
@+ )dt y=1= dt (1+t] 1+¢

Here, P—— -1
1+t dQ= 1+¢
—t _Il+t-1

L
~ Integrating factor LE. = JP ST T

_, I _ t-tos(1+1]

— e—f+log(1+t) et elos+t)

dt

~LE=¢*. (1+1)
‘' 312 B NCERT ExempLAR ProBiEmMs MatHEMATICS—XII
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Required solution of the given differential equation is
y.IF.=[Q.IF.dt+c

= y.e t).e".(1+t)dt+c

= y.e"(1+t)=je"'dt+c

= y.etl+H)=—et+c

Putt=0andy=-1 [ y(@) =-1]
= -1.e%1=-¢"+c

= -1=-1+4+¢ =¢=0

S0 the equation becomes

yel(l+8=—'
Now putf=1
- y.el(l+1)=-¢1
= y=-1oy= —%
Hence y(1) = —% is verified.

Q13. Form the differential equation having y = (sinx)*> + A
cos!x + B where A and B are arbitrary constants, as its general
solution.

Sol. Given equation is y = (sin'x)*+ A cos™'x + B
dy

. 1
E=2sm x.\ll—xz-l.A-[\/l—xz]

Multiplying both sides by ./1— x* , we get
d
2 9y

1-x* 2 =2sin'x— A
dx

Again differentiating w.r.t x, we get

J_dy dy lx(—Zx) 2

& i 2

f—rz X y 2
- ' dxz\h x? dx Jlx

Multiplying both sides by J1- 22, we get

= 1- x) x2 x%—Z:O

Which is the required differential equation.
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Q14. Form the differential equation of all circles which pass
through origin and whose centres lie on y-axis

Sol. Equation of circle which passes through R
the origin and whose centre lies on y-axis
is
(x -0+ (y-a) =d’ (0.0)
= 2+ 4+ - 2ay=a
= 2 +p-2ay=0 - .()) 0 X
Differentiating both sides w.r.t. x we get
dy — d
= 2:c+2y.Ey—2a.Ey= v
= x+y§x—y—a.%=0 = x+(y—a).%=0
x
y-a= g7
e
A= y+

A

Putting the value of 2 in eq. (i), we get

Z+y’- 2(y+a./Jy 0
dx
= x2+y2—2y2—W=0 = 2-y’=—=

dx dx
dy
2_ 2
AL =0
-y ), ~ 2y
Hence, the required differential equation is
dy
2_ .2
-y)=-2xy =0
(" —y") o~ 2y
Q15. Find the equation of a curve passing through origin and
satisfying the differential equation (1 + x?) % +2xy =422,
Sol. Given equation is
dy
1+ x%) 2+ 2xy =422
1+ )Lz
dy 2x 4*

' ’ —
.7 FRAE TS AL A
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2x
Here,P= —— and Q=
ere 1-,_xzaJnQ

Integrating factor LF. = el 7 -
~ Solution is

1+ x?
2x
ejlu’d’ = gloB{1+2) =1+ x2

yxLF.= foI.F.d.r+c
4x2

= y(1+x2)=j'1+x2x(1+x2)dx+c
= y(1+12)=j4xzdx+c
= y(+x)= -I-;-x3+c o)

Since the curve is passing through origin i.e., (G, 0)
<~ Puty=0and x=0ineq. (i)

0(1+0)=-§(0)3+c = c=0

.. Equation is y(1+xz)=éx3 = y= 4x°
3 3(1+2%)
Hence, the required solution is y = 4x° .
’ 31+ 2%).
Q16. Solve: xz.jx—y=x2+xy+yz k
Sol. Given equation is chjx—y=r2+:ryv+yz
. Gy _w+xyry’
dx x?
Puty =ox [ it is a homogeneous
differential equation]
Y pir 2
dx dx
oay 50 _ 2% +ox? +oPa?
“dx x?
S pex d0_ *(1+0+0%)
dx x?

= v+x.%= 1+9+72 = x.—g=1+v+vz—v
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dv dv dx

—= 147 = —
= i 1+ «x
Integrating both sides, we get

s [

1+ x
= tanlo= logx+c = tan'l(}/—)':logxh:

x

Hence, the required solution is tan™ (l) =loglxl +c.
x
Q17. Find the general solution of the differential equation
E dy
1+y?)+(x—e® ¥)===0
A+y7) + (- 22
Sol. Given equation is
a dy
1+y? e )L =
A+ + ==L =0

-1 dy dy -(1"'.'/2)
ety &Y & _ 2777
= (x-e )dx -(1+y2)4 i *ialemprmer
dx x—e ¥ dx x =y
=) —_— e = — = - +
dy -1+3?%) dy (1+y%) 1+y?
dx x g Y
dy (1+y?) 1l+y
tanty

e

1+y?

1
- Integrating factor L.F. = eI Pdy _ ej“yz W =gty

1
Here, P= —5 and Q=
1+y

.. Solution is
x.LE. = jQ.I.F.dy+c
oty o[£ - e Vdy v ¢
Put 'Y=
sy ! 5 dy =dt
1+y

x.em Y = jt.dt+c

-1 1
= x.82 V=t
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tanly _ 1 tan™yy2 _1 tan'y c
= x.e = —(e +c = x=—(e +———
(=) 3 ™=
= h=etﬂlfly+ 2c|
ey

= 2x.2Y = (g2 4,
Hence, this is the required general solution.
Q18. Find the general solution of dx +(x* — xy + 32) dy=0.
Sol. The given equation is y2dx + (x? - xy + y?) dy=0.

= Yx =~ (2~ xy + ) dy
2——
- b | Xoxyry
dy
Since it is a homogeneous differential equation
-~ Putxz'gy = Z—;-=v+y.%
S0, iy 2 =_[v2f—vy2+le
dy y
= v+y.9‘3 =_______y2(vz—v+1)
dy ¥
=» v+y.j—: =(t+p-1) :y.%;- =-v?+p-1-7
= y.d—v -1 B Y
dy (@*+1) ¥
Integrating both sides, we get
d
= I do =-I—‘l!~ = tanlp=~logy +c
(v +1) y
= tan™ (—;J +logy+c

Hence the required solution is tan™ [i) +logy=c.

Q19. Solve: (x + y) (dx ~ dy) = dx + dy. [Hint: Substitute x +y =z
after separating dx and dy]
Sol. Given differential equation is

(x+y) (dx—dy) =dx+dy
= (x+y)dx—(x+y)dy = dx+dy
= —(x+ty)dy—dy=dx-(x+y)dx
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= —-(x+y+1)dy=-(x+y-1)dx
- dy _x+y-1
dx x+y+1
Putx+y=z
dy _ %=
1+E dx
by &,
dx  dx
dz 2—1
S, Z-1=70
dz  z-1 dz z-1+z+1
= — = +1 =2 —=s ———
dx z+1 dx z+1
dz 2z z+1
2. = dz =2,
= de z+1 2.dx
Integrating both sides, we get
J-Z+1dz - 2jdx
1
= 1+=|dz = 2)dx
fr-3)e - 2
= z+log |zl = 2x+log Icl
= x+y+loglx+yl= 2x+log Icl
= y+log lx+yl= x+log Icl
= log lx+yl= x-y+log Icl
= log lx+yl-log lcl= (x-y)
+
= 108’“'_y|.= (x-y) = XrY gy
c
xty=c.e&7¥

Hence, the required solutionis x +y=c.e* 7%

d
Q20. Solve: 2(y+3) - zy. dz 0, given that y(1) =—2.
Sol. Given differential equation is
2(y+3)-1y. —1 -0
dy
= = 2y+6
= Ty.— =2
¥y dx 1( vy dx
dy = &£ = -
= (2y+6] Y x = (y+3)dy
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Integrating both sides, we get
1 _ (9 y+3-3 ~_ rdx
= "ly+3 '[x -[y+3 4y - x
= _J( y+3de‘I_
1
ST e R
= %y—%logly+3l=logx+c
Putx=1,y=-22
1 3
= E(‘Z)—Elogl—2+3l=log(1)+c
= —l—glog (1) =log (1) +c¢
= -1-0=0+¢ [+ log (1)=0]
c=-1
. equation is

%y—g-logly+3l =logx-1
= y-3logly+3l=2logx-2
= y-log Iy +3y° =logx?-2
= log l(y+3)°I +logx?=y+2
= log 12 (y+3P I =y+2 = 2(y+3P=¢*2
Hence, the required solution is 22 (y + 33 = ¥ +2,
Solvemediﬁerenﬁalequationdy=cosx(2—ycosecx)dxgivm
thaty=2whenx= 7
The given differential equation is

dy= cos x (2 -y cosec x) dx

dy

= Ex—= cosx (2-ycosecx) = -3—1 =2C0Sx—Y COSX.Cosecx

= Zx—y=2cosx—ycotx = %+ycotx=2cosx
Here, P=cotxand Q=2 cos x.

. Integrating factor LF. = ¢/ P = oftxtx _ Jogainz _ ;0
* Required solution isy x LF= [QxLF.dx+¢

DirFerenmAL Equations B 319


http://www.cbsepdf.com

www.cbsepdf.com

= y.sinx= j2cosx.sinxdx+c
1
= y.sinx= Jsiandx+c = y.sinx=-5c052x+c

Putx=1;~andy=2,weget

2sin = = —lcosn+c
2 2
= 2(1) = —l(—1)+c z2=l+c = c=2—-1—=§
2" 2 2 2
.. The equation is y sin x = -%cos2x+%.
Q22. Form the differential equation by eliminating A and B in
A2+ By =1
Sol. Given that Ax? + By?=1
Differentiating w.r.t. x, we get
dy
2A.x+2By—==0
x Y
dy dy
Ax+By.—==0 By.-= =-Ax
= Y™ T
ydy __A
x'dx B
Differentiating both sides again w.r.t. x, we have
dy
=Ll
x'd? dx\ X -
e dy (dy)z dy
= —2+x| =] -y-==0
x ad o \ax) TV
dzy (dy)z dy ” 2 ’
—2 x| —y== = Yy +x. —yy'=
= wygtx( ] Yy 0= Y x(yY —yy'=0
Hence, the required equation is

xy-y"+x-(y')2—y-y' =
Q2. Solve the differential equation (1 +37) tan™x dx+2y (1+2%) dy=0.
Sol. Given differential equation is
(1 +y) tanx dx +2y (1+27) dy =0
= 2y (1+x) dy =—(1+y) . tan"'x . dx
-1
= gy =B X gy
1+y 1+x
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Integrating both sides, we get

= log|1+y I = —%—(t:::_rl'1 x) +c
= -;—(tan"x) +log|1+y2|¥c

Which is the required solution.
Q24. Find the differential equation of system of concentric circles
with centre (1, 2).
Sol. Family of concentric circles with centre (1, 2) and radius ‘7 is
(x=-1%+(y -2y =
Differentiating both sides w.r.t., x we get

2=+ 25-25F =0 = (e-D+(y-2% =0

Which is the required equatlon.

Q?5. Solve: y +g(xy) =x (sm x+ log x)
Sol. The given differential equation is
y+£(xy) = x (sin x + log x)

d
= y+x~'d—z+y = x (sin x + log x)

dy .
= IE; = x (sinx +log x) - 2y
= % = (smx+logx)—— = Zz 2

Here, P = ; and Q = (sin x + log x)

y =(sin x +log x)

Integrating factor LF. = ¢l = ej - = 21087 = loBY" = 42
2. Solution is
yx1F. = [QLF.dx+c
= y. = J(sinx+logx) ldx+c (1)
Let 1
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—I(smx+logx) xdx
—Ix mnxd:c+szlogxdx

l[E jsmxdx I(D(x ). Ismxdx)dx]+
logx.jx dx—I(D(logx).szdx)dx

=[x2(-cosx)—2 I-xcosx dx] +| logx .Eg—-— 5 ?dx]

=[—x2 cosx+2(xsinx—j1.sinxdx )]+li£:—logx—%jx2dx

3

. X 1
=—x%cosx +2xsinx +2cos x +?log x —513

Now from eq (1) we get,
3
y.x’=—x’cosx+2xsinx+2cos ¥ +£3—log x-—%x3 +c
- —cosx+25mx + 2cosx +Jclogx —-1—x+c =)
Y x x* 3 9
Hence, the required solution is
2sinx  2cosx  xlogx 1 2
= —cos X+ +—+ —-=x+cC.X
x 3 9

Q26. Find the general solution of (1 + tan y} (dx — dy) + 2xdy =
Sol. Given that: (1 + tan y) (dx — dy) + 2xdy =

= (1 +tan y) dx— (1+tan y) dy + 2xdy =0

= (1+tany)dx—(1+tany—2x) dy=0

dx l+tany-—2x

y 1+tany
dx 2x dx 2x
= ® -1- =
dy 1+tany dy 1+tany
Here, P= I and Q=1
Integrating factor L.F.
2 dy 2cos.y
-y l+tan y -y siny+cnsy

]-s:lny+my-siny+cusyd_ I(1+wﬂ!—my]d
=¢ (gin g + cos §) giny +cos y

Imsy =Y gy

e[ld!l siny+msy

=¥, eoBemy Y = o¥ (sin y + oS Y)
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So, the solutionis xxLF.= [QxLF.dy+c
= x.ey(siny+cosy)=Il.ey(siny+cosy)dy+c
= x.é/(siny+cosy)=¢6’.siny+c

[ [+ FaNde=e fx) +c]

= x(siny+cosy)=siny+c.e?
Hence, the required solution is x(sin y + cos ) =siny +c . ™.

d
Q27. Solve: 7‘% =cos(x+y)+sin(x+y). [Hink Substitute x +y=z]

d
Sol. Given that: Ey = cos(x +¥y) +sin(x+y)

Put x +y = v, on differentiating w.r.t. x, we get,
1+% &
dx dx
dy _dv_,
dx  dx
dv
E—l = ¢cos v+sin v
d
= Ev=cosv+sinv+1
do
=) —————— =
cosv+sinv +1
Integrating both sides, we have
I—dn———“jl dx
cosv+sinv +1 )
= J- dv =_[1.dx
20 [
I-tan“— 2tan—
2 2.1
1+tan?? 1+tan??
2 2
(1+tanzg]
= | — = zvdv=_[1.dx
1-tan® —+2tan —~ +1+tan” —
2 tan2 2
sec2 Z
= 2 dv=_[l dx
2+ 2tan —
Put 24+ 2tan— =¢
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2 2% it o sec? 2y =t
22 2

= é—{:‘[l.dx
t
= log It =x+c
= log2+2tan§ =x+c
+ ,
P s ey

Q28.
Sol.

324 &=

= log2+log[1+tan(x—;—y—)] =x+c

= log[1+tari(izy)] =x+c-log2
Hence, the required solution is
log[1+tan(x—;—y~)]=x+l( [c-log2=K]

Find the general solution of ?ﬁ-sy = sin 2x.

Given equation is %Y _3y = sin 2x.
X
Here, P=3and Q=sin2x

~. Integrating factor LF. = ol Pl = gl 30 _ s

. Solution is
yxLFE = {Q.LF.dx+c
= y.e¥= jsian.e"”dx+c
Let I= Isi.nl2x.e'§’ dx
= I =sin2z. [¢**dx- (D (sin2x). [e*dx) dx
e—3x e—az
= I = sin2x.~—— [2cos2x.—dx
-3 -3
8—31 2 3
= I= sian+—Icos?_x.e“dx
T -3 3 1 i
—3x
= I= e_‘s_si:!‘2x+§[c052x.je'3’dx—

[Dcos2x. |e3*dx] dx
f ] ]
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e—3x e—3x
= I= sin2x ¥ =| cos2x. -
-3 3 -3

e—az
2sin2x. 3 dx

-3x

= 1=£ sin2x—3c052x.e"3‘Jr -:1*‘[‘sin2:':.e_:hr dx
-3 9 9
—3x

= = sin2x ——2-3'3’ cos2x -4 1
- 9 9
-3x

= 1+31 o nor -2 gy

9 -3 "9
= i’l = —%[32‘3’ sin2x+2£'3‘c052x]
1 -3x .
= I=—i-§e [381n2x+2cos2:t]
= The equation becomes

y.e¥ = -—%e‘a"[35i112x+2c052x]+c

y= -%[3sin2x+2coszx]+c.e3‘

Hence, the required solution is
3sin2x +2 cos2x 3x
y=- 13 +c.e

Q29. Find the equation of a curve passing through (2, 1) if the slope
2

2
of the tangent to the curve at any point (x, y) is I 2:; .
SoL Given that the slope of tangent to a curve at (x, y) is
dy  P+y

dx ny
It is a homogeneous differential equation
dy do

So,puty=ox= I CotE o

do 2+ UZIZ

vtx., — = —/——

2x.vx
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do 1+0%
= vt+x. — =
2v
do _ 1+7 dv _ 1+v° - 20
= x,— = -7 ¥, —=—
dx 2v dx 20
do 1-'02 20 dx
— = ——dv = 2=
Integrating both sides, we get
20 dx
_[1__02 do = I—x— =-log |1- *| =logx +log¢
y P
= -log[l-=|=logx+logc = -~log|—= =logx+logc
x x
2 L
= log iy =log lxcl = PR =xc
Since, the curve is passing through the point (2, 1)
2* 4 2
———— — =|2€ = -
@7 -y 2 = 3 = =3

Hence, the required equation is -
2

}c%_ - -;—x = 22—y =3x

Q30. Find the equation of the curve through the point (1, 0) if the

slope of the tangent to the curve at any point (, y) is 52 e

Sol. Given that the slope of the tangent to the curve at (x, y} is
dy _¥- 1 - dy  dx

dx  xXP+x y-1 x*+x
Integrating both sides, we have
e
y-1 2 +x
= j’ dy__ j’ dx [making perfect square)
y-1 ; 1 1
x +x+———4—

.[ dfl ':.[ ld'f 1V
) -G
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x+1 1
1 =
= log ly-11 = T log —‘%—-%Hogc
2x— x+—-+-—
2 2 2

= log ly-1l = log

ud +log c
x+1 8
x

[
(x+1J‘

cx
y-1= x—+I=)(y—l)(x+1)=cx

= log |y—1|=log

Since, the line is passing through the point (1, 0), then' -
0-1)(1+1)=¢(1) = c=2.

Hence, the required solution is (y — 1) (x + 1) = 2x.

Find the equation of a curve passing through origin if the slope of
the tangent to the curve at any point (, ) is equal to the square of
the difference of the abscissa and ordinate of the point.

Here, slope of the tangent of the curve = %

and the difference between the abscissa and ordinate=x —y.

= As per the condition, % = (x - y)?
Putx-y=v

-. the equation becomes
l—d—v=n2 > M2 o =dx
dx dx 1
Integrating both sides, we get

1
o

I-x+y
Since, the curve is passing through (0, 0)

1+0-0
1-0+0

then w;:log

‘=0+c = c=0
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. On putting ¢ =0 in eq. (1) we get

1 1+x-yl 1+x-y|
Elog 1_x+y‘—x = log ‘1—x+y =
1+x~y _
1-x+y -
= Q+x-y) =& (1-x+y)

Hence, the required equationis (1 +x—y) =e* (1 -x +y).
Q32. Find the equation of a curve passing through the point (1, 1),
if the tangent drawn at any point P (x, y) on the curve meets the
coordinate axes at A and B such that P is the mid point of AB.
Sol. Let P (x, y) be any point on the -,
curve and AB be the tangent to '\
the given curve at P B 02)
P is the mid point of AB (given)
.. Coordinates of A and B are P(ry)
(2x, 0) and (0, 2y) respectively.
» Slope of the tangent (2x,0)

AB = A\

dx x ¥ x
Integrating both sides, we get

2y-0_ y

0-2x «x

J— = -—I— =logy=-logx+logc
= logy+logx*logc = logyx=logc
yx=c
Smce, the curve passes through (1, 1)
i 1x1= c s oc=1
= yx =
Hence, the required equation isxy=1

Q33. Solve: x% =y(logy—logx+1)

Sol. Given that: x%:y(}ogy—logx+1)
= x%=y[log(%)+lj| = y y[log(y)+l]
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Since, it is a homogeneous differential equation.

dy dv _
- Put — = —
y=9x = D+x

T+X LI v_x[lo (E)+1]
i x|l B3

do
= v+x.— =vllogv+1
X flog v +1]

= x,dv—v[logv+1] -7 = x, %—v[logzﬁl 1]

dx
dy dv dx

= — =v.logv =
x 8 =‘010g‘0 x

Integraﬁngbothsides we get
J.vlogv I_
Putlogv=tonL.HS
—dv =dt

J‘__ =

logltl loglxl+logc
= log llogol =logxc = logv=xc

= log (1) = xc
x

Hence, the required solution is log (l) = xc.
x

B | OBJECTIVE TYPE QUESTIONS #iis- .
Choose the correct answer from the glven four optmns in each of the
Exercises from 34 to 75 (M.C.Q.)

Q34. The degree of the differential equation

y) (4} d
() (8 -2
(@) 1 ) 2 () 3 () not defined
Sol. The degree of the given differential equation is not defined

because the value of sin (ﬂ) on expansion will be in
dx
increasing power of (d_y)
dx
Hence, the correct option is (d). du P 32 pr
Q35. The degree of the differential equation 1+( Y ) Fyis
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@ 4 ) % (¢) notdefined (d) 2
Sol. The given differential equation is

(@] -

Squaring both sides, we have

2P 2
(] - ()
dx dx?
So, the degree of the given differential equation is 2.
Hence, the correct option is (d).
Q36. The order and degree of the differential equation

2 d l
(Ey) + x5 = respectively are

de
(@) 2and not defined (b) 2and 2
() 2and 3 (d) 3and 3

Sol. Given de['erential equation is

2 1
dxg + (d_y) +x5 =0
2 1 1
= E_y+ [.d_y_)‘]' = —.‘;’(.'g
dx®  \dx
Since the degree of % is in fraction.
So, the degree of the differential equation is not defined as the
order is 2,
Hence, the correct option is ().
Q37. If y =€ (A cos x + B sin x), then y is a solution of

dy . dy dy dy

@ —F+25.=0 ®) x-2o+2y=0
d? d 2

© de+zzy+2y =0 (d) d—1+2y =0

Sol. Given equationisy=¢e™ (A cos x + B sin x)
Differentiating both sides, w.r.t. x, we get

‘;z = ¢*(~Asinx + B cos x) — ¢~ (A cos x + B sin x)

4 . " (-Asinx+B cosx) -y
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Again differentiating w.r.t. x, we get

2
L] = e *(-A cosx—Bsinx)—-e"(—Asinx+Bcosx)—%

)
= % =_e"(Acosx+Bsinx)—[%+y]_%
= Z—} = —y—%—y—%
= ':_:%= - %-—Zy = Z;—y+2%+2y=o

Hence, the correct option is (c)

The differential equation for y = A cos 0. x + B sin o x, where A
and B are arbitrary constants is:
2 d2
(a) ‘;—le_azy=o ) Ey+a2y=0
d? d*y
© —F+ay=0 @ S5-ay=0
Given equationis:y=Acosax+Bsinax
Differentiating both sides w.r.t. x, we have
d
E‘y =-Asinax.o+Bcosax.o
=-Adasinax+Bocosax
Again differentiating w.r.t. x, we get
2
d_z =-Adc’cosax-Ba?sinox
dx
dzy 2 s
= — =-o" (Acosax+Bsinoax)
dx
& & -
= dx—z=—a2y=>ﬁ+a2y=0 .
Hence, the correct option is (b).
Solution of differential equation x dy — y dx = 0 represents:

(a) arectangular hyperbola

(b) parabola whose vertex is at origin
(¢) straight line passing through origin
(4) acircle whose centre is at origin.

Sol. The given differential equation is

xdy —-ydx =0
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Sol. The given differential equation is
xdy-ydx=0

= fl:i/:.d_y=ﬂ

dr x y x
Integrating both sides, we get

dy dx
o5

= logy =logx+logc = logy=logxc
= y = xc which is a straight line passing
through the origin. =
Hence, the correct answer is (c).

Q40. Integrating factor of the differential equation

cos x .%-ﬁ- ysinx =1is
(a) cosx (b) tan x {c)secx (d) sinx
Sol. The given differential equation is

dy

cosx.—~—+ysinx =1
dx y

. ﬂ_l__smx =——1 = d—y+tanxy=secx
dx cosx cosx dx
Here, P=tanx and Q=secx

- Integrating factor = (Pt _ pltensds _ Jlogeecx _ goy
Hence, the correct option is (c).
Q41. Solution of differential equation
tany sec’x dx + tanx sec’ y dy =0is
(@) tanx+tany=k (b) tanx—tany=k
tanx
(©) =k (d) tanx.tany=k
Sol. The givlefn differential equation is
tan y sec®x dx + tan x sec? y dy = 0
= tan x sec’y dy =— tan y sec” x dx

2

sec’ y
= tany dy = PRyt
Integrating both sides, we get
jseczydy =J-—sec2xdx
tany tanx
= log ltanyl=-log Itan x| +logc
= log Itanyl +log Itan xI=log ¢
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Q42. Family y = Ax + A% of curves is represented by the differential
equation of degree

(a1 ()2 ()3 (d) 4
Sol. Given equation is y = Ax + A®

Differentiating both sides, we get
ir—y = A which has degree 1.
Hence, the correct answer is (a).

Q43. Integrating factor of x%-y=x - Xis

(a) X (b) logx
© 2 (d) -x
Sol. The given differential equation is
LU dy _y
xo Ty =x-3x = -3

Here, P=— 1 andQ=x*-3
x

I—-ldr Tzl
So, integrating factor = elPir I gz OB
Hence, the correct option is (c).

Q44. Solution of Zx—y—y =1,y (0)=1is given by

e

R [

@ xy=-¢ (b) xy=-¢€*
(©) xy=-1 @) y=2¢-1
Sol. The given differential equation is
dy
-y =1
ﬂ y

Here, P=-1,Q=1
- Integrating factor, LF. = eI Pdr _ eJ “ldx _ e*
So, the solution is

y*LF. = [QIF.dr+c

= yxe* = Il.e"dx+c

= y.ef=—¢F4c
Putx=0,y=1

= 1. =-e%+¢

= 1=-1+¢ se=2
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So the equation is y.e"=-¢"+2
= y=—1+2€t=23:—1
Hence, the correct option is (d).

Q45. The number of solutions of —— dy ¥ : wheny(1)=2is

{a) none (b) one
(c) two (d) infinite

Sol. The given differential equation is dy _y+l

dx dx x-—1
- Ay _ dx

y+1 x-1
Integrating both sides, we get
dy _ [z
y+1 “x-1
= log (y+1)=log(x—1)+logc
= log(y+1)-log(x-1)=logc
y+1f y+1 _
= log _1‘ logc adrerial
Putx=landy=2
2+1
= ——=C LC=®
Ji1 1
yx—t—1=6 = x-1=0 = x=1

Hence, the correct option is (b).
Q46. Which of the following is a second order differential equation?

@ @)+x=y () yy'+y=sinx
© Y+ Y+y=0 @ y=y
Sol. Second order differential equation is y'y’"+ y = sin x
Hence, the correct option is (b).
Q47. Integrating factor of the differential equation
(l—xz)%—xy =1is
(@ = ® 132

© J1-7 @ 7log(1-+)

Sol. The given differential equation is

L

(1-x")——xy =1

dy _x 1
= dx l—xz.yI: 1_x2
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and Q=
.. Integrating factor

Here, P=— ——
1-x 1-x

f=5ae Y a-2)
I.F.=ejpdz=el—xl =2 ¢ =41-x2

Hence, the correct option is (c).
Q48. tan”'x + tan’ly = ¢ is the general solution of the differential

equation:
@ dy _1+y° ®) dy _1+%
dx 1+x* dx 1+y°

(© QA+ dy+(1+y)dx=0
@ 1+ dx+ 1+ dy=0
Sol. Given equation is tanx + tan™y =¢
Differentiating w.r.t. x, we have
__1_.|._1_ d_y=0
1+x* 1+ dx

1 Yay _ (1 dy _ (144
- (1+y2)dx [1+x2)=>d1 {1+x2

S

= 1+ dy=-(1+y) dx
= 1+ dy+(1+yD)dx=0
Hence the correct option is (c).

Q49. The differential equation y%+ X = represents:
(@) Family of hyperbolas  (b) Family of parabolas
(c) Family of ellipses (4) Family of circles

Sol. Given differential equation is
e
= yﬂy-=c—x = ydy=(c-x)dx
.. Integrating both sides, we get
Jydy = [c-x)ax
2 22 22 y2

= y?=cx—?+k=>?+7—cx =k
= x? + 4 — 2cx = 2k which is a family of circles.
Hence, the correct option is (d).

Q50. The general solution of e* cos y dx — ¢* sin y dy =0 is:
(@) e€cosy=k (b) esiny=k
(o) &=kcosy (d) e=ksiny
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SoL. The given differential equation is
& cosydx—e sinydy=0
= ¢ (cosydx~sinydy) =0

= cosydx—sinydy=0 [ e =0]
. sin y
= smydy=cosydx=>mdy=dx
Integrating both sides, we have
sin y
—~dy = |dx
sy 1
= —~log lcosyl=x+logk = logcos - logk=x
1 1 Y
= log =x = =g
(kcosy) kcosy
1 1
= k=e"cosy = ecosy=rc [CME]

Hence, the correct option is {(a).
Q51. The degree of the differential equation:
Py (dy) .
25,3 0
(@ 1 b 2 ()3 @5
Sol. The degree of the given differential equation is 1 as the power
of the highest order is 1.
Hence, the correct option is (a).
Q52. The solution of the differential equation
dy
dx
(@ y=€e(x-1) (b) y=xe*
(c) y=xe*+1 @ y=(+1)e*
Sol. The given differential equation is
dy

< ty=e"*
ax Y

+y=e",y(0)=0is

Since, it is a linear differential equation
~P=land Q=¢™
LF= o8 g
So, the solution is

yxLE= [Q.IF.dx+c =y.e= [e7 . fdx+c
= y.e= Jl.dx+c = y.e=x+c
Putx=0,y=0, wehave0=0+c¢ .. ¢=0
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S0, the solutionisy f=x = y=x.e*
Hence, the correct option is (b).
Q53. Integrating factor of the differential equation

-d—y+ytanx—secx =0is
(@) cosx (b) secx
(c) eCOSZ (d) esecx
Sol. Given differential equation is

d
Ey+ytanx—secx =0= %+ytanx =secx

Here, P=tan x and Q =sec x
«~ LE.= ¢/ = ftmzas = gloBr = goc

Hence, the correct option is (b).
Q54. The solution of the differential equation
2
:ii=1+y is
dx  1+x*
(@) y=tan™ x (b) y-x=k(1+xy)
(c) x=tan”y (d) tan (xy)~k
Sol. The given differential equation is
dy 1ty | ay _ dx
dr  1+2° 1+y2 1+
Integrating both sides, we get
dy =J‘ dx
J‘]_+y2 ].+.‘l'.'2
= tan'y=tan?x+c=> tanty—tanl x=c
af ¥y—x
= tan” | =—— | =¢
[55)
= y-x =tane = y-x =k [k=tanc]
, 1+ xy 1+xy
= y-x=k(1+xy)

Hence, the correct option is (b).
Q55. The integrating factor of the differential equation

dy 1+y.
~4+y=—-Zis:
Y x
X e’
@z B O @
Sol. The given differential equation is
Y, 1ty
FRAE A

|
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Sol.
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1
- & Ity _,
dx x
dy 1 (1-x) _dl_(l—x) 1
= dx x dx x LA
H __(l:_xj d0-1
ere, P= . an Q-I

x-1 1
.. Integrating factor LF. = eI P eI R 81(1—;}1:
= e(r-—lngz) =¢*. e—log.'r
= e’.elog% =e".
Hence, the correct option is (b).
y = ae™ + be™ satisfies which of the following differential
equations?

N | =

d

(@) %+my=0 ®) i»—my:ﬂ
2 2

© %—m2y=0 @ -‘;I—Z+m2y=0

The given equation is y =a¢™ +be™"

d
On differentiation, we get E% =g, me™-b.me™
Again differentiating w.r.t., we have

2
-—ng = anP e™ + bm? e ™
dy d*y d*y
= -3 e (ae™ +be™) = —5 =m’y = —5 —mty=0

Hence, the correct option is (¢).
The solution of the differential equation
cos x sin y dx + sin x cos y dy =0 is

sinx o
(a) oin =c (b) sinxsiny=c
(c) sinx+siny=c (d) cosxcosy=c

The given differential equation is

cos x sin ydx+sinx cos y dy=0

= sin x cos y dy = — cos x sin y dx
cosy , _ _Cosx
siny -~ sinx

Integrating both sides, we have

= Icoty dy = —jcotxdx

dx = cotydy=-cotxdx
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= log Isinyl =-log Isinx! +log ¢
= log Isinyl +log Isinx| =log ¢
= log Isiny.sinxl =log ¢ =sinxsiny=c¢

Hence, the correct option is (b).
Q58. The solution of xix—y +y=¢"is:

% (b) y=xc"+cx
y
€ y=x.e+k @ x=2.k
y vy

Sol. The given differential equation is xe—y+ y=e*
LU

dx x»_ «x

HereP= - and Q= -
ere -xran Q= -

. e*
(@) y .

=

1
~dz
- Integrating factor LF. = EI’ =8 =

So, the solution is
X
yx1F = J'QxI.F.dx+k =>yxx=je;-xxdx+k
= yxx-= Ie’dx+k =>yxx=e’+k
e* k
y= —+—-

x x
Hence, the correct option is (a).

Q59. The differential equation of the family of curves x>+ % 2ay =(,
where a is arbitrary constant, is:

@ -2y 0 2ty Yy

(©) Z(xz—yz)jx—y=xy (d) (x2+y2)%=2xy

Sol. The given equation is
Z+y?-2aqy =0 (1)
Differentiating w.r.t. x, we have

2x+2y.%—2a—d—y= 0

dx
dy _ 3y dy
—~ 57 - —-a)—% =0
= x+ydx A 0 = x+(y a)dx
= ( a)i'l-{— x = a .
y dx y dy [ dx
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d
y.—=+x
x dx
= = =08
a= y+dy/d.x a &y
Puiting the value of 4 in eq. (1) we get
J
2 _ dx =
2yt -2y dy 0
dx
)
(xz+y) ~2y|y="+x|=0
= (P+y )dy 2y ~2xy =0
= (+y* -2y2)— =2y = (- yl)

-, Hence the correct option is (a)
Q60. Famlly y = Ax + A® of curves will correspond to a differential
equation of order
@ 3 (b2 01 (d) not defined
Sol. The given equation is
y=Ax+A?

Differentiating both sides, we get % =A
2

d
Again differentiating both sides, we have Ex% =0

So the order of the differential equation is 2.
Hence, the correct option is (b).

Q61. The general solution of ‘;—Z- = 2x¢” ¥ is;

(@) " ¥ =c o) e? +e* =
©) eV =e* +c (d) ex’+y =C
Sol. The given differential equation is
dy 5. Py
Ix 2x.e

= % = 2x.e5.eY = —d-y—=2z.e‘]dx

- e
Integrating both sides, we have

d_y fox.dx = [eldy = [2x. ¢ dx
e’ Putin RHS 2=t . 2x dx = dt
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jeydy = Ie'dt
&=e+c = d=¢f +¢
Hence, the correct option is (c).

(@) an ellipse
(c) circle
Sol. Since, the slope of the tangent to the curve =x : y

() parabola
(@) rectangular hyperbola

% = i; = ydy = xdx

Integrating both sides, we get [y dy = [xdx

=

2 2

= y* - " = 2c=kwhith is rectangular hyperbola.

Hence, the correct option is (d). =
Q63. The general solution of the differential equation - _

dyy =

il 2 +ayis:

- 2
(@ y=c.e2 2 (bh) y=c.e? g
2 -

© y=(x+c).e? d) y=(c-x)e

2
L2 o Y=x+2c

Sol. The given differential equation is

Since it is linear differential equation where P=—x and Q= e

- Integrating factor LF.= e

dy = dy z
Ir Yy = I xy

x
fpax _ e _ Py

So, the solution is

yxLFE = IQxl.F.dx+c
-2 2 2
yxe 2 =Jez e 2dx+c
x
yxe 2 = [P dr+c
-2 _z
yxe 2 =jl,dx+c = yxe 2 =x+c
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Fs
= (x+¢) e?
Hence the correct ophon is (¢).
Q64. The solution of the equation (2y - 1) dx - (2x + 3)dy=0is

2x-1_ 2y +1

@ 2y+3_k ®) 5 —3=F
2x+3 2x -1

@ 5yo1° @ =k

Sol. The given differential equation is
Qy-1)dx-(Q2x+3)dy=0= (2x+3)dy=(2y-1)dx

by &
= 2y-1 2x+3
Integrating both sides, we get

IZy 1 2:t+3
= %10g|2y—1i=—2-‘10g|2.r+3l+logc
= log {2y -1l =log |2x +31 + 2log c
= log |2y-1i-log [2x+3| =log
= log y ‘—logc2

- 1

= 2y 1 =C2 = 2x+3 =—

2x+3 2y-1 ¢
= 2x+3 =k, where k= —

2y -1
Hence, the correct option is (¢).
Q65. The differential equation for whichy =a cos x +bsinxis a

solution, is
i d? .
@ “g+y=0 ® 3-y=0
2 dZ
(© %+(ﬂ+b)y=0 @ E‘Z+(a—b)y=0

Sol. The given equation is
y=acosx+bsinx

%-—- —asinx+bcosx
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d*y
dxz
2 a2

= —ng = —(a cos x + b sin x) m;{ =-y = %+y=0

=—-gcosx—-bsinx

Hence, the correct option is (z).

Q66. The solution of d—y+y=e”,y(0)=0is:

dx
@ y=e*(x-1) b)) y=x.¢e
© y=xe+1 @ y=x.e*
Sol. The given differential equation is %+y=e"‘

Since, it is a linear differential equation then P=1 and Q =¢™

JPdx =ej1.d: T

Integrating factor LF. = ¢ e

- Solution is
yxLE = IQxI.F.dx+c

= yxé= Ie"‘xe"dx+c =>yxe"=je°dx+c

= yxg= Il.dx+c = yxeg=x+c

Puty=0and x=0

o 0=0+c .. ¢=0
- equationis yxef=x

So y=x.e¢*

Hence, the correct option is (d).

Q67. The order and degree of the differential equation
3, T 2 4
4] <82
(a) 1, 4 (b) 31 4
() 2,4 ) 3,2
Sol. The given differential equation is
3, T 2 4
_d_y - 3d_y +2 4y = y4
dr® dr? dx
. o dy
Here the highest derivative is o

- the order of the differential equation is 3
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Sol.

Qe69.

Sol.
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and since, the power of highest order is 2

.. its degreeis 2

Hence, the correct option is (d).

The order and degree of the differential equation

EOe

3

@ 2,5 (b) 2,3
(C) 21 1 (d) 3’ 4
The given differential equation is
2
(@2
dx) | dx*
Here, the highest derivative is 2,
- order=2
and the power of the highest derivative is 1
- degree =1

Hence, the correct option is {c).

The differential equation of the family of curves y* =44 (x +4)

is:
d d
(a) _l{2=4—y(x+ayj ()] 2y.d—y=4a
Py (dyY dy
LI SR I (1
The given equation of family of curves is
¥ =4a(x+a)
= Y = dax + 44>
Differentiating both sides, w.r.t. x, we get
dy
2 —_ =
Vae =8
& _ vy _
= y'dx 22 = 2 dr

Now, putting the value of a in eq. (1) we get
y dy] (y dy)
V- 4x(2 )" \2

2 2
= ¥= 2xydy+yz( ] =>y=2x-‘§!+y(g-y—)

dx dx
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Sol.

Q71

Sol.
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dy (dy )2
2x. 2ty || —y=
= ™ +y I y=0
Hence, the correct option is (d).

Which of the following is the general solution of

d’y dy

Frakreat A
(@ y=(Ax+B).¢" (b) y=(Ax+B)e™
(c) y=Ae* +Be™ (d) y=Acosx+Bsinx
The given differential equation is

Ly _,dy

— 0

Fe kAt

Since the above equation is of second order and first degree

o Dzy—ZDy+y=O,whereD=%
= (D*-2D+1)y=0

auxiliary equation is

m-2m+1=0 = (m-12=0 = m=1,1

If the roots of Auxiliary equation are real and equal say (m)
thenCF=(c,x+c)).e™

CF=(Ax+B)¢
So y=(Ax+B).¢
Hence, the correct option is ().

d
General solution of ﬁ +ytan x =sec x is:
(a) ysecx=tanx+c (b)) ytanx=secx+c
() tanx=ytanx+c (d) xsecx=tany+c
d
The given differential equation is Ey +ytanx=secx
Since, it is a linear differential equation
P=tanxand Q=secx
Integrating factor LF. = elPis _ Jumeds _ jlogseex _ oo o
- Solution is
yxIF. = [QxIF.dx+c

= yxsecx= Isecx.secxdx+c

= ysecx=jsec2xdx+c = ysecx=tanx+c
Hence, the correct option is (a).
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Q72. Solution of differential equation %+—'Z—=sinx is:
(@ x{y+cosx)=sinx+c () x(y—-cosx)=sinx+c
(c) xycosx=sinx+c @ x{y+tcosx)=cosx+c
dy ¥

Sol. The given differential equation is I + - sinx

Q73.

Sol.

346

Since, it is a linear differential equation
P= 1 and Q=sinx
S

Integrating factor L. = ¢t =¢/%8" =
.. Solutionis yxLF. = IQXI.F.dx+C
yxx= jsinx.xdx+c = yxx=jxsinxdx+c

yx =x. [sinx dx - [(D(x)fsinzx dx)dx + ¢

yx = ¥(~cos x)—I~cosxdx

yx=—xcosx+Icosxdx = yx=-xcosx+sinx+c
yx+xcosx =sinx+c

x(y+cosx)=sinx+c

Hence, the correct option is (a).

The general solution of the differential equation

e+ ydy=(y+1)edxis:

@ (+)=k(e*+1)

) y+1=e+1+k

() y=logky+1) (e +1)]

@ y=log{e +11}+k

IR I T A

y+
The given differential equation is
(F+Dydy=(y+1)edx
= L dy = e dx
y+1 e*+1
Integrating both sides, we get
y e
——dy =
y+1 y Ie"+1dx
y+1-1 e*
= J y+1 dy:je‘ndx
1 e*
. -l = dx
= Il 4y -[y+1dy Ie’+1
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= y-logly+1ll=logle*+1| +logk

= y=log ly+1l +logie*+1| +logk
= y=log lk(y+1) (&+ 1)l

Hence, the correct option is (c).

Q74. The solution of differential equation %:e‘“? +x%e7Y is:
3
@ y=e"Y -2V 4¢ (b) & ~e" ="t
3
(0) ex+ey=-%—+c (d) e’—ey=§+c

Sol. The given differential equation is
A

dx

= LA g e =>£3i=e"y(e’+zz)
dx dx

- Y e rtydr = & dy= (2D d

ey
Integrating both sides, we have
Jetay = [ +2*)dx
3
=» &= e‘+%~+c -,:}ey_er:%_'_c
Hence, the correct option is (b).
Q75. The solution of the differential equation

dy, 2y 1
dx 1+2% (1+2%)
@ y(l+x)=c+tan'x (b) =c+tanlx

1+ x?
© ylog(l+x)=c+tan”x (d)y(d+xY)=c+sinlx
Sol. The given differential equation is
gy, 2y 1
de 1+x2 (1+x%)?
Since, it is a linear differential equation
2x 1
T+ 2 Q= Ay

P=
2x
=X i
Integrating factor L.F. = ol Pl =eI“‘1 =P80+ = (1 4 22)
> Solution is y x LE.= [Qx LF.dx +c
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1

= y(1+xz)=j(l+xz)2x(l+x2)dx+c
= yQl+x)= j(1+lxz)dx+c =y(l+x)=tanx+c

Hence, the correct option is (a).
Q76. Fill in the blanks of the following (i to xi):

(i) The degree of the differential equation
is .

2
dx

d 2

(i) The degree of the differential equation 41+ (&%) =x
is .

(#if) The number of arbitrary constants in the general solution
of a differential equation of order three is .

.. dy y 1, .

iv) ~=+—=——=— is an equation of the type

() dx xlogx x

(v) General solution of the differential equation of the type

dx
ot Pix =(, is given by
d
(vi) The solution of the differential equation x-d—xy— +2y= 2 is

(vi) The solution of (1+xz)%+21y—4x2=0 is

(viii) The solution of the differential equation ydx + (x + xy) dy =0
is .

(ix}) General solution of % +y=sinx is

(x} The solution of differential equation cot y dx = x dy is

d 1
(x)) The integrating factor of Ey +y =¥ is
2
Sol. (i) The degree of the differential equation d__12/+ e =
is not defined. dx
d 2
(ii) The given differential equation is \}1 + (_d%) =x
Squaring both sides, we gett
dy )2
1+ 2L ]| =22
(&
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So, the degree of the equation is 2.
(iti) The number of arbitrary constants in the solution is 3.
(iv) The given differential equation & +—L = 1 is of the
dy dx xlogx =x
type o +Py=0Q
(v) General solution of the differential equation of the type
Zx—y+Plx=Q1 is given by xxI.F.=IQ xLF.dy+c
= x.eB% =_[Q1 .ejp'd"’dy +c.

d
(i) The given differential equation is xEy +2y =2

= R A
Since, it is linear differential equation
2
=; and Q=x

2
Integrating factor LF. = P e'[;dx = 21087 = o8 ¥ = 42
~. Solution is

yx1F.= [QxIF.dx+c

= y.12= II.xzdx‘i'C =>y,12=I13dx+C
= y.?= -i—x4+c =>y=%x2+c.:r'2

Hence, the solution is y = %xz +e.x2.

(vii) The given differential equation is
dy 2
1+x%) == —4x*=0
(1+x )dx+2:cy
dy 2xy _ 4x®
-t 7= 2
dc 1+x° 1l+x
Since it is a linear differential equation
2x 4x?

and Q=
1+x° Q 1+%°

=

P=
[

IntegratingfactorLF.=ed P =¢ 147 =80+ (14 2)
~ Solutionis yxILF= JQxI.F.dx+c

349
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= yx(1+12)=‘[1-‘:';2 x(1+x2)dx+c
= yx(1+x})= j’4x2dx+c =>yx(1+12)=§x3+c
3
- y=§(1:xz)+c(l+x2)_l
3
Hence, the required s.oluiionisy=5 +c(+x2)t.
3(1+x%)
(viii) The given differential equation is
ydx +(x+xy)dy=0
= (x+xy)dy=-ydx =2x(1+y)dy=-ydx
y x
Integrating both sides, we get
1+y 1
-l

1 1
I(;"’ 1]dy = —J;dx
logy+y=-logx+logc
logx+logy+loge¥ =logc
log (xy . &%) = log c
& xy=ce¥
Hence, the required solution is xy =c ¢7?.

S [

(ix) The given differential equation is %—Jr y=sinx

Singce, it it a linear differential equation
P=1and Q=sinx i (ide

Integrating factor LE = /P& —gltdr _ x

.~ Solutionis yxLF = jQxI.F.dx+c

= y.¢= [sinx.e’dx+c (1)

Let I=jsinx.e’dx

I @ .

I=sinz. [e"dx— [(D(sinx). [e*dx) dx

I=sinx.e"—jcosx.e’dx
I o

I=ginx.e" —[cos x. je"dx— I(D (cosx)je"dx) dx]

B NCERT ExempLar ProeLems MatHEmAaTIcs—XI|


http://www.cbsepdf.com

www.cbsepdf.com

I=sinx.e"-[cosx.e’—_[—sinx.e’dx]
I=sinx.e’—cosx.e’—]sinx.e’dx

I=sinx.e—~cosx.ef—1
=1 +1=¢" (sin x — cos x)

= 2I=¢" (sin x—cosx)
X
I=e—2-(sinx-cosx)

From eq. (1) we get
X
y.e&= %(sinx—cosx)+c

(sinx—cosx] _x
¥yl +c.e

Hence, the required solution is
sinx —cosx _x
yo (Snrcer),
(x) The given differential equation is cot y dx = x dy
dy dx

= — = tanydy:ﬂ
coty x x

Integrating both sides, we get
Itanydy = IE:- = logsecy=logx+logc

= log secy—logx=1logc
secy
x

= log =log C

secy 14 x —C [1=C]
x secy C secy

. x= Csecy

Hence, the required solutionis x=Csecy.
(x7) The given differential equation is

dy, 1ty

dx x

dy 1y

—_— =

= dx y x+x
., ¥y 1 dy( 1) 1
— 4(1-= = o
= dx Ty x x =>dx xy x
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Here P= (l—l)
x
1
LF. = ofPe =eI(I—;)ﬁ = g*~logx)
I logl 1
=gf. e B =gt g FTopt o

x
Hence, the required LF. = ¢*. -} .
Q77. State True or False for the following:
(1) Integrating factor of the differential equation of the form

%+1’12:=Ql isgivenbyejp‘dy.

(i) Solution of the differential equation of the type
-%+Plx=Q, is given by x.LF.= [(LE.) Qdy.

(iii) Correct substitution for the solution of the differential

equation of the type %= flx,y), where f(x, y) is a

homogeneous function of zero degree is y = vx.
(fo) Correct substitution for the solution of the differential

equation of the type %= g(x,y), where g (x, y) is a

homogeneous function of the degree zero is x = vy.

(v) Number of arbitrary constants in the particular solution of
a differential equation of order two is two.

(vi) The differential equation representing the family of circles
22+ (y — a)* = 2% will be of order two.

1/3
(vii) The solution of % = (%) is y?3 - x*? =,
(viii) Differential equation representing the family of curves

2
y=e’(Acosx+Bsinx)issxz—y—2%+2y=0.

(ix) The solution of differential equation d_y = ﬂ
x+y =k dx x
di
(x) Solution of %xl =y+x tan% is sin(%) =CX.
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(x) The differential equation of all non-horizontal lines in a
2
planeis £% =,

d
Sol. (i) True y
LF. of the given differential equation

Ex—+F’lx-—7Qise-“:‘dy
dy

(i) True (i) True (iv) True (v) False
Since particular solution of a differential equation has no
arbitrary constant.

(vi) False

We know that the order of the differential equation is
equal to the number of arbitrary constants.

(vii) True .
The given differential equation is
L (y)w
d \x
d 3 dy  dx

o i)

Integrating both sides, we get

- I = P e - o

= — yu%+l= 1 xAL
——3~+1 _%+1
3 24 3 A
= - 3= M 3
zy 21 +c
= y%=x%+§c = y%—x% =k[k=§c]
(viii) True
Given equation is

y=£"(Acos x+Bsin x)
Differentiating both sides, we get
dy _
o
dy

T =e (-Asinx+Bcosx)+y

€* (-Asinx+B cosx)+ (A cosx+ Bsinx) &
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Again differentiating w.r.t. x, we get

dzy d
TE:E(_Acosx—Bsinx)+(—Asinx+Bcosx).e"+dx
2
%=—€(Acosx+35inx)+%—y+%
A2y dy Py dy
Ex—2=—y—y+2-d—x— oo 752——2;;+2y=0
(ix) True
The given differential equation is
@_ x+2y
dx x
dy y dy 2y
= dx x ="}dar x !

Here, P= —72 and Q=1

. [Zr gy _ togrt _ 1
Integrating factor LE.= ¢’ ¥ =e =e% =z
- Solutionis yxLF.= [QxLE.dr+c

1
= yx%=J‘1x?dx+c

1 1
= -xy?=-j—x7dx+c = xiz=_;+c
= y=-x+o* = y+x=c

(x) True
The given differential equation is

teyeron((]
= tan| <
xdx y+x "

=[]
& ——=xtan| = |=
xdx x Yy

x
dy _ (_y_) ¥ dy _ ¥ [1)
= dx tan x X = dx I+tan x
Put —'ox=>d—y—v+x@-
y= dx dx
dv _ ox vx)
= p+x.—=—+4tan| —
dx x+ (x
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}

do do
= 9+x—=v+tanv = x— =tanyp
dx dx

do  dx dx
= oo x = cotvdon-?
Integrating both sides, we get

Icotvdv = J'EE =logsinv=logx+logc

= logsinv-logx=logc = IogSin%=logzc

sin—z = xC
X

(x) True
Lety=mx+cbeﬂ1enon~h0ﬁzontallineinaplane
: *d—y=m and ﬂ=0
T 2 =0

QQQ
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Vector Algebra

[10.3 EXERCISE | .

B SHORTANSWERTYPE QUESTIONS -
Q1. Find the unit vector in the direction of sum of vectors
a=2i ,]+kandb 2]+k
Sol. Given that ) o
i=2—j+kandb=2j+k
a+b = (20 - ]+k)+(2]+k)=21+]+2k

Unit vector in the direction of 7 + +h= a+b
|E+b|

_ 2i+j+2k _2i+j+2%
P + 7+ VAT
21+]+2k 21+]+2k_2 14

+_

9 3 33

2:.1
3

k

.”"wlm

Hence, the required unit vector is }

Q2. I.fa—1+]+2kandb 21+] d the unit vector in the
direction of (i) 6b (i) 24 — b
Sol. Given that =1 + ] +2kand b =2i+] -2k
(@) 6b =6(2 +j—2k)=12] + 6] - 12k
.,
Unit vector in the direction of 6E=12—'3!‘3

+
2
3

g’@

__ wivej-12k _ 1i+6j-12
\[(12) +(6) +(-12) - J144+36+144
12{ +6] — 12k _ 12i +6j - 12k

T 34 18

—(21+] 2k)=—(2:+] 2k)

Hence, the requn'ed unit vectons 5(2: +j- 2k).

(if) 246 — b=2(1+]+2k) (2:+] —2k)

= 2f +2] +4k—2i - j+2k = +6k
356

il


http://www.cbsepdf.com

www.cbsepdf.com

Unit vector in the direction of 23 - b

_ 2i-b _ j +6k ;+6k
|22 -5 J(l) +@F J1+3
_jH6k
= [ +6k]
7 - 770 |
Hence, the required unit vector is f[}+6fé].

Q3. Find a unit vector in the direction of P(j, where P and Q have
coordinates (5, 0, 8) and (3, 3, 2) respectively.
Sol. Given coordinates are P(5, 0, 8) and Q(3, 3, 2)

PQ = (3-5)i +(3-0)] +(2-B)k = -2§+3i—612

Unit vector in the direction of PQ = ——I

-2 +3j -6k -2i+3j-6k -2i+3]-6k
V22 + @32 +(-6)F  JE+9+36 J49

—_ i ’:— E A Y A
o T2 +3j -6k _ 1(—2i+3j—6k)
7 7

Hence, the required unit vector is — (— 2i +3] j — 6k).

Q4. If dand b are the position vectors of A and B respectively,
find the position vector of a point C in BA produced such that
BC=1.5BA.

Sol. Given that C
BC = 15BA
BC 3
= BA = 15=—
- g-b 3
i-b 2
=26-2b = 3i-30 = 2 =35_35+25 = 26 =3i-h
. 3i-b
= ———o
2

Hence, the required vector is € = 3” —b

Q5. Using vectors, find the value of k such that the points
(k. -10, 3), (1, -1, 3) and (3, 5, 3) are collinear.
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Sol. Let the given points are A(k,—10, 3), B(1,-1,3) and C(3,5,3)

358

AB = (1-Kk)i +(~1+10)] +(3-3)k
AB = (1-k)i +9] +0k
s |EB| = Ja-Kk2 + 9P ={a-k +81
BC = (3-1)i +(5+1)j +(3-3)k = 27 + 6 + 0k
& |BC] = (2 +(6) = JE¥36 = 40 =210
AC = (3- ki +(5+10)j + (3~ 3)k = (3 k)i +15] +0k
|AC| = (3-8 +(15)* ={(3-k)* +225
If A, B and C are collinear, then
8] + 5] =
m+J4—0=m
Squaring both sides, we have
[JA=k7 +81+va0| = [Jo-KF +225]

= (1—k)2+81+40+:1J4_0,/(1-1:)2 +81 = (3-k +225
= 1+k? —2k+121+2J4_0\f1+k2 -2k +81

=9+k? —6k+225

= 122—2k+2J4_0\/k2—2k+82 = 234 — 6k
Dividing by 2, we get

=  61-k+40 2 — 2k+82 =117-3k
= J4_0./k2—2k+82 =117-61-3k+k
= J20 /K2 - 2k +82 =562k = 2410 |/k* — 2k + 82 =562k

= J1_0.~/k2—2k+82 =28-k  (Dividing by 2)
Squaring both sides, we get

= 10(k? — 2k + 82) = 784 + k* - 56k

= 10k — 20k + 820 = 784 + k2 - 56k

= 10/ -k - 20k +56k+820-784 = 0
= OR+36k+36=0 = K+4k+4=0 = (k+2)*=0
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= k+2=0 = k=-2

Hence, the required value is k=-2
Q6. A vector F is inclined at equal angles to the three axes. If the
' magnitude of 7 is 2v/3 units, find 7.
Sol. Since, the vector 7 makes equal angles with the axes, their

du-ectlon cosines should be same

l=m=n
Weknowthat Bim?+n®=1 = P+P+P=1

= =1 = P=

We know that 7 = (f')|"|

= :I:T(z+]+k)2\/§ =:|:2(1+}+k)

. Hence, the required value of 7 is + 2(i +j i+k).
Q7. A vector 7 has magnitude 14 and djrection ratios 2, 3 and - 6.
Find the direction cosines and components of 7, given that 7
makes an acute angle with x-axis

Sol. Let @, 7 and ¢ be three vectors such that d=2k b=3k and

¢ =-6k
Klm amil n are the direction cosines of vector 7, then
- & _2k_k
7] 14 7
B 3k ¢ -6k -3k
M= e = —— and = —=—=—
|'r'| 14 |r| 14 7
We know that 2+ m? + n?=1
B % 9%
49 196 49
A HIK ) k=196 = R=4
196 k2
. k=22 and |l====
7 7
_ 3k _3x2 3 _=3k-3x2_-6
™= 1T 14 2 T
2 A 6
F=tZitZj-2
(z =7k
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i=FF
= = i(—=+ 3——k) 14 = (4] +6] —12k)
Hence, the required du'echon cosines are Z 3 —76 and the

components of 7 are 4,6] jand — 12k.

Find a vector of magnitude 6, which is perpendicular to both
the vectors 2i — ]+2kand4z J1+3|k

Let a=21—]+212and5=4§—}+3£

, . .- (axb)
We know that unit vector perpendicular to Zand b = |"x5
A u
PGk
ixp =2 -1 2
4 -1 3
= (-3+2)-j(6-8) +k(-2+4) = -1 +2] +2k
|ixb] = JCIF+ @7 +@F = JT+2+4=10=3

(@ x b) —:+2]+2k 1

|uxb' 3

Now the vector of magnitude 6——(—z+2]+2k) 6
= 2(—1 +2]+2k) =-2i +4]+4k

Hence, the required vector is — —2i +4j i + 4k
Find the angle between the vectors 2i - ]+k and 3{ +4] —k.

Let E=2§—f+1?andl7=3?+4f~§
and let 0 be the angle between 7 and b.
ib  (2-j+k)-Gi+4j-k

50, (—z +2j +2Kk)

8= —— =
T a|E] T JETie1-Br16+1
_6-4-1 11
~ J6-V26 243413 2439
1 1
gy = el
N - HRR CT-T3

1
Hence, the required value of 8 is cos™ [156)

If 4+5+¢=0 show that axb=bXxZ=Fxa. Interpret the
result geometrically.
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Given that +b +&=0

So, Ax(@+b+¢)=ax0

= AXA+axb+dxé =0

= 6+axb+axé=0 (@axd=0)
= Axb-¢xa=0 (AxE=-Exa)
= dxb=¢xid 6)]
Now di+b+t=0

= bx(@+b+8)=bx0

= bxa+bxb+bxé=0

= bxi+5+bxE=0 (- bxb=0)
= -(axb)+i§xc—o -

A bxé=dxb (i)
from eq. (7) and (ii) we get

Axb=bxE=Etxi. Hence proved.

Geometrical Interpretation

According to figure, we have

Area of parallelogram ABCD is

|ax5| = |a|[p|sine g
Since, the parallelograms
on the same base and
between the same

parallel lines are equal in
area
laxbl Ib ¢l= Exii

Find the sine of the angle between the vectors 7 = 3i + ] +2k
and b =2i - 2] +4k.

Given that 7=37 + + Ieand5=2;:~—2f+4le
We know that |ax 5| = |i||b|sin@
i
ixp=[3 1
2 -2
f(4+4)-j(12-4)+ k(-6-2)
i —8j -8k

|axB| = (&) + (-8 +(-8y?

I}
DPNH‘)
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= J6A+6i+64 = V192 =[64x3 =83
3] = J@? +() + (2P = FF1+4=+12

5] = J2? +(-2* +(4)* = JT+2+T6

=24 =26
sine~lﬁxsl= 83
|a]| 5] J14-2J6
_ 4B _4B8_ 2
= =~ 22 &
oo 2
Hence, sme—ﬁ.

A

QI2. If A, B, C, D are the points with position vectors i +] ~k,
25 _;1’ +3k, 21 -3k, 3i - 2j + k, respectively, find the projection
of ABalong CD.
Sol. Here, Position vectorof A= i +j-k
Position vector of B = 27 — ] + 3k
Position vector of C = 2i — 3k
Position vector of D = 3i — 2} +k
AB = PVofB-PVofA
= (@ -j+3k)-G+j-k) =i-2]+4ak
CD = PV.of D-PV.of C
(31 -2 + k) - (2F - 3ky = 1 ~ 2] + 4k
AB-CD
D
] (G - 2] +4k)- (F - 2] +4k)
VO +(=2° +(4Y
1+4+16 21
T fitarie A =va
Hence, the required projection = /21 .
Q13. Using vectors, find the area of the triangle ABC with vertices
A(1, 2,3), B2, -1, 4) and C(4, 5, -1).
Sol. Given that A(1, 2, 3), B2, -1, 4) and C{4, 5, 1)

Il

Projection of ABonCD =
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AB=(2-1) +(-1-2)j + (4 - 3)k

AB—1—3]+k
AC=(4-1)i +(5-2)j + (-1-3)k=3] +3] - 4k
i 7k
AreaofAABc=—|ABxAc| LY N
3 3 -4
511(12 3)-j(-4-3)+ k(3 +9)]
%|91 +7] +12f = —J(9)2+ (7 +(12)?
= E‘/81+49+144 ‘=E\4‘274
Hence, the required area is _"2274

Q14. Using vectors, prove that the parallelogram on the same base
and between the same parallels, are equal in area.
Sol. Let ABCD and ABFE be two parallelograms on the same base
AB and between same parallel lines AB and DF.

D =E C F

z‘l

A 2 B
Let AB-dand AD=b

Area of parallelogram ABCD = |7 x b|
Now Area of parallelogram ABFE = | AB x AE|
= |#x(AD + DE)| = |7 x (b x Ka)|
=|@x5)+K@xa)| = Jax&+0 [ dxd=0]
= |axb|
Hence proved.
B | LONG ANSWERTYPE QUESTIONS.

b +c? - g
Q15. Prove that in any triangle ABC, c0sA =—pc ’ Where

a, b, ¢ are the magnitudes of the sides opposite to the vertices
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A, B, C respectively.

components of ¢ are ¢ cos A
and ¢ sin A.
CD = b-ccosA

In ABDC,

2 = CD?+BD?
2 = (b-ccos AP + (c sin A)?
&= B+ cosf A-2bccos A+c?sin? A
@ = B +c*(cos® A +sin® A) — 2bc cos A
P=P+P-2ccosA = 2bccosA=P+E-a
Pict-d®

2bc

cosA =
Hence Proved.

If 4, band¢ determine the vertices of a triangle, show that

l[b><c+cxa+a><b] gives the vector area of the triangle.

Hence deduce the condition that the three points ,band ¢
are collinear, Also, find the unit vector normal to the plane of
the triangle.

Since, @, b and ¢ are the vertices of AABC
AB =b-d,BC=c-b C
and AC =¢-2
AreaofAABC=—|E T'

Y

2
=l|(b‘-ﬁ)x(a-a)| A > B
=—|b xd-GXE+ax|
ixb=—-bxi
Slexe+axbrzxi| Exd=—xE
axi=0

For three vectors are collinear, area of AABC =0
-;—lﬁx'c'+iz’x5+§xﬁ| =
|axb+bxc+cxa| =0
which is the condition of collinearity of 4, b and®.
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Let 71 be the unit vector normal to the plane of the AABC

. ABxAC
- |AB xAC]

Axb+bxE+Exi

B |axb+bxe+2xa
Show that area of the parallelogram whose diagonals are given
Ia xb . Also, find the area of the parallelogram,

by 7andb is
whose diagonals are 23—}+§andf+3f—l;-
Let ABCD be a parallelogram such that,
AB = p,AD=§=BC D C
by law of triangle, we get
AC =2=p+7  .(i)
and BD =b=-p+i ..(G) b

=

Adding eq. (i) and (ii) we get, Al »- B
. P
i+b=27 = q:(“;b)
Subtracting eq. (i) from eq. (i) we get
i-h
—_— =2 =
i-b=2 = ¢ [ 2)
ﬁxﬁ=—(a+b)x(:’z’—5)=i(iz‘xﬁ—ﬁx5+5xﬁ—-5x5)
- L axb+bxa) axa=0
4 bxb=0
=i—(h’x5+&x5)=%‘2(ﬁx5)=la);"

So,theareaof&\epara]lelogramABCD=|ﬁ><§|=%|iix5|
Now area of parallelogram whose diagonals are 2i — j+k
and?+3}-E=%|(z§-}+E)x(€+3}—£)|
&
-2 1
1 3

T s 2
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]

1} 5 . N
E'z(l-—3)~](—2—l)+k(6+l)| = %|—2i+3j+7k

%J(—Z)Z + (3P +(7P = %\/m

%Jﬁsq.units

n

Hence, the required area is % V62 sq. units.

Ifg=i+j+kandb =]k findavector ¢suchthatdxé=>b
and d-¢=3.

LetE=CIE+C2;+£'3E
Alsogiventhat @ = i+j+kandb=j-k
Since, ixt =b

PR ..

1 1 1{=7j-%

6 & G

= i(cy ~ ) ~ley ~ 1) + Koy —cy) = -
On comparing the like terms, we get

g-c,=0 (i)
—c3=1 (i)
and c,—¢ =-1 (i)
Now fordi-¢ =3
(+]+E)-(ci+cy)+csk) =3
CQ¥ey+ey=3 (V)
Addmg eq. (i#) and eq. (iii) we get,
c,—c3=0 (D)
From (iv) and () we get
c+2c,=3 (1)
From (iii) and (zi) we get
€ +2,=3
-t =-1
Adding 3¢, =2
2
Q=73

2
;—C=0 = ¢ —§=0
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Choose the correct answet from the given four options in each of the
Exercises from 19 to 33 (MCQ).
Q19. The vector in the direction of the vector 7 — 2] +2k that has

magnitude 9 is .
(@) i-2}+2k ®) #
© 3(-2]+28) (d) 9(i—2]+2k)

Sol. Let 4=1—-2j+2k
Unit vector in the direction of & =

|

al
_ §-2je2k -2je2k T-2j+2k
JOP +(-27 + 27 I+4+4 3

9(i —2j +2Kk)
3

Vector of magnitude 9= =3(i - 2; +2k)

Hence, the correct option is (c).
Q20. The position vector of the point which divides the join of
points 2d —3b and 7 +b inthe ratio3:1is
3i-2b 7d - 8b 33 5d
W22 5= 03 @3
Sol. The given vectors are 27 —3b and 7 + b and the ratiois 3: 1.
The position vector of the required point ¢ which divides
the join of the given vectors dand b is
& o % + X
my +m,
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1-(28-3b)+3(@+b) 2a-3b+3a+3b

3+1 - 4
g 5.
Hence, the correct option is (d). )

Q21. The vector having initial and terminal points as (2, 5, 0} and
(-3, 7, 4), respectively is
@ —7+12] +4k (b) 5i+2f -4k
(€) —5i +2] +4k () i+]+k
Sol. Let A and B be two points whose coordinates are given as
(2 5,0) and (-3 7, 4)
= (-3-2)i +(7 - 5)} +(4-0)k
= AB = -5i +2] +4k
Hence, the correct option is (¢).
Q22. The angle between two vectors @ and b with magnitudes 3
and 4 respectively and 7-p =23 is
L L T 5T
a) — by — ¢ — d)y —
(@) 7 ®) 3 © ) >
Sol. Here, given that |al=+3,|6|=4and 2.5 =23
From scalar product, we know that
ib= |E][E|cose

= 243 = 3-4-cos®
= cos 8 = &—l
V34 2
g= T
3

Hence, the correct option is (b)..

Q23. Find the value of A such that the vectors a —21 + }..] +k and
b=i+2] + 3k are orthogonal

3 _—
@0 k) 1 0 @3
Sol. Given that =21 +Aj +kand b =1 +2j + 3k
Since Z and § are orthogonal
: i-b=0

= (21+}‘q+k) (1+21+3k) =0
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= 2+20+3=0

-5
= 5+424=0 = A=—
Hence, the correct option is (d).

Q24. The value of A for which the vectors 33—6}:+I‘E and 2i —4}+ Ak
are parallel is
2 3 5 2
ot B > = st
@3 ®;  ©; O3
Sol. Let a=3-6j+k
b =20 -4] +Xk
Since the given vectors are parallel,
Angle between them is 0°

s0 ib= |Ii||5|c050
= (31 - 6] +B)- (21 — 4] + Mk) = |37 - 6] + k|27 - 4] + M|

6+24+A = [9436+1-J4+16+A2
30+A= J_,/20+1’-

Squaring both sides, we get
900 + A%+ 60 A = 46(20 + 12)

= 900 + A% + 60A = 920 + 4632
= A2-46)A2+60A+900~920=0
= ~4502+60A-20 =0
= 92-12A+4=0
= (3r-2)2=0
= -2=0
= 3L=2
A=2/3
Alternate method:
Let i=ai+aj+ak and § = byi+by] +byk
If illb

a_n_4%

b, b B

3_-6_1 1 3 2
= 2 Ty T aTioMs

Hence, the correct option is (a).
Q25. The vectors from origin to the points A and B are
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E=2f-3} +2k and 5=2§+3f+12 respectively, then the
area of AOAB is equal to 1
@M ) VB V2 @ V2

Sol. Let O be the origin 2

O = 2i-3j+2k

and (ﬁi=2§+3}+ﬁ
i ]k
MeaofAOAB=l|mxm[=l2 -3 2
2 22 3 1

I

%|i(—3—6)—}(2-4)+12(6+6)|

%|-92+2}+1212|

i

%\K—s;)z +(2)% +(12)
l,/81+4+144 =%J@

Hence the correct option is (d).
Q26. For any vector 4, the value of (dx 1) +(d x ]) +(a X k) is
(@) @ (b) 32 () 42> @) 2
Sol. Let a= a1f+a2f+a3k
R

If

Now, ixi =(a1?+a2f+a3fé)xf

ik
=la & a4
1 0 0

1(0-0)-7 0-83) + k(0 -1)) = as] - ark

@x ] = (a] — k) (5] ~ak) = % +3
Similarly @xj)* =& +4
and @xk? =a +&

s @XD +@x]P +@xk? = a3 +a3 +al +a] +0f +a
= 2(a] +a +43) = 28"

Hence, the correct option is (d).
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Q27. If || =10,|b|=2and @- =12, then value of |d x b is
(@) 5 ® 10 © 14 @ 16

Sol. Given that |2|=10,|5|=2anda 5 =12

= |d|]B] cos 8
= 12=10-2-cos 6
= cosl-)=£—g
20 5
sin 8 = 1—cos?@
32
= sin 6 = 1—(—) = sin@= 1_1
5 25
= sinQ = E = sxn9=é
25 5

Hence, the correct option is (d). .
Q28. The vectors Ai +j+2k,i+4j -k and 2i — } + Ak are coplanar

if
(@) A=-2 (b)) A=0 (© A=1 @) A=-1
Sol. Let d= 75+}+2£
b=i+N-k
B E=2f—f+1ﬁ
If 4,band ¢ are coplanar, then
d-(bxc) =0
A1 2
1 A -1l=
2 -1 A

= MA-1)-1A+2)+2(-1-22) =0
AMBoA-A-2-2-40=0
A-6r-4=0
A+2)(A>-20-2)=0
A=-2 or A2-23-2=0

L 48
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2+ ,J4+8
= T2
24243
= T2
: A=-2 or A=1x3
Hence, the correct option is (a).

Q29. If ib,¢ are unit vectors such that G+b+¢=0, then the
valueof -b+b-c+¢ @ is

@ 1 ) 3 (c) —E (d) None of these

Sol. Given that || =|b|=|¢|=1
and 3+b+% =0
@+5+8)-@@+b+5)=0.0=

4@ b+a-c+b- Ei+|5|2+5 c+c-a

(a2 +|61" +ieP +2a-5 +

1+1+1+2(a-b

b

a-

L b=

x

Hence, the correct option is (c).
Q30. The projection vector of d on b is :

|
i.b) -
Sol. The projection vector of donb= (—-——]b
Hence, the correct option is (a).
Q31. If b, are three vectors such that a+b+ ﬁ and |2|=2,
|5|=3,|¢| =5, thenthe value of a-5+5-&+
(@0 b 1 (C) -19 (
Sol. Given that |d|=2,

@+b+c)-(@+b+8)=0.0 =

0
vd-bra-c+b-a+|pf +5-e+c- +E-E+|E| =0
= |a] +|b[ +|e[* +2a-b+2b-c+26-a =0
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= (22 +3)2+(5)2 +2(@.b+b-t+¢-a) =0
= 4+9+25+2 (@-b+b-c+c-7) =0
= 3842G-b+b-E+E-4) =0
= 2(@-b+b-c+¢-4) =—38
. G-b+b-¢+¢-7 =-19

Hence, the correct option is (c).
If || =4and ~3< A <2, then the range of |Ad| is
(2) [0, 8] (b) [-12,8] (o) [0.12] (@) [8.12]
Given that |d|=4,-3<A<2
Now |Ad| = A|d|=A-4=4A
Here -3<A<2
= -34<4A<24 = -12<4A<8

4r=[-12,8]
Hence, the correct option is (b).
The number of vectors of unit length perpendicular to the
vectors =2i + ] + 2k and b=j+kis®
(1) one b) two (c) three (4) infinite
The number of vectors of unit length perpendicular to vectors
P and b is € (let)

¢=+(@xh)

So there will be two vectors of unit length perpendicular to
vectors @ and p.
Hence, the correct option is (b).

Fill in the blanks in each of the Exercises from 34 to 40.

Q34.

Sol.

The vector Z +b bisects the angle between the non-collinear
vectors @ and b if

If vector 7 + b bisects the angle between non-collinear vectors
@ and p then the angle between d+band @ is equal to the
angle between @ + b and b.

S 6 d-@+b) a-(@+b) 0
, cos B = - = i
|E||E+b] [ﬁ|,/u2+b2
b-(@a+b) ,
Also, oS0 = =7 [*» 0issame]
l6l-|a + &
b- (a+b)

|bl m -..(ii)

From eq. (i) and eq. (ii) we get,
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a-@+h) b-(d+b)
a|J@ +82 5] (e +¥?
- b
ENG
= i=b = da=b
Hence, the required filleris 4 = j.

Q35. If 7.4=0,7-b=0and7-¢=0 for some non-zero vector 7,
then the valueof 4-(bx¢)is |
Sol. K 7 is a non-zero vector, then @, b and ¢ can be in the same

plane.

Since angles between @, and ¢ are zeroie.9=0
i-(bxc)=0

Hence the required value is 0.

Q36. The vectors =3 — 2}: +2k and b=-1 -2k are the adjacent
sides of a parallelogram. The acute angle between its diagonals

1
Sol. Given that i =3i-2]+2k

and b=-i-2k
. A+b=21-2jandi-b=4i -2j+4k
Let 6 be the angle between the two diagonal vectors 7 + b and

i—b then
(@+b)-(@-b) (2i —27)- (4i — 2] + 4k)
cosb="—"—"—". =7 =
a+blla-8]  J2F + (27 o7 + (-2 + (@
8+4 _ 12 __L
T2v2-6 226 2
T

Hence the value of required filler is T

Q37. The values of k, for which | k| <|d| and ka‘+%a’ is parallel to
d holds true are .
Sol. Given that |kﬁ|<|ﬁ|andk]i+%ﬁ is parallel to 7
|kz|<|a| = |k]|d|<|d] = ki<l = -1<k<1
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Now since kii+%ﬁ is parallel to @
Here we see that at k=-%,kiz‘+%ﬁ become null vector and
then it will not be parallel to 7 .
kﬁ+%ﬁ is parallel to 4 when ke (~1,1) and k;a}z-—.
Hence, the required value of ke (-1, 1) and k # 1 .
The value of the expression IE X EIZ +(@-b) is
lax B +@-By* = (a||5|sine) +{|a||b|cose)”
- [P |B[ sin20+|aP|b[* cos?e
= |..?z'|2 IE|2-(sinzB+cosze)
- [aP {5 -1 - af' B

Hence, the value of the filler is il? |5 |2

i [axB[ la B =144 and | |—4 then |b| is equal to
|axb[" +(@ -5y =144
= ([ZiHI;IsinB) (| ||b|cosB) =144
= fal* |E|2 sin? @ + || |5|2 cos? @ = 144
= | B’ (sin? @ + cos? @) = 144
= |a|2 |i,'|2 =144
= |a|[B| = 12
= 4.5 =12
6] =

Hence the value of the filler is 3.

If @ is any non-zero vector, then (d- :)z+(a ])]+(a k)k
equals :

Let a= alt+a2]+a3k

Y i-i=(a 11+a2]+a3k) i

Similarly, #+] = 4, and 7- k=42,
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f@ D@ i+ @ R)F =i +ay)+ak=i
Hence, the value cf the filler is 4.

State True or False in each of the following Exercises.

Q41. If IEI =|5], then necessarily it implies 2 = b.

Sol. If |d|=|b| then #=+5 which is true.
Hence, the statement is True.

Q42. Position vector of a point P is a vector whose initial point is
origin.

Sol. True

Q43. If |a +b| = , then the vectors 4 and b are orthogonal.

Q44,

Sol.

Q45,
Sol.

. Given that |a+b| |11 bl

Squaring both sides, we get
|a+5[" = lﬁ—Elz

= |aP+|p[ +2a-b = |aff +|5[ - 245
= 2%-b=-2i-b = d-b=-i-b
= 2.5 =0 = #-b=0

which implies that 7 and b are orthogonal.
Hence the given statement is True.
The formula (7 + b)* =&* + b% + 24 x b is valid for non-zero
vectors @ and b.

(@+bY = (@+b)-(@+b)

= |aP +|B| +23-5

Hence, the given statement is False.
If @ and }p are adjacent sides of a rhombus, then i - b=0.
If4-b=0 then @b =|d||5] cos 90°
So the angle between the adjacent sides of the rhombus should
be 90° which is not possible.

Hence, the given statement is False.
aaa
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11 Three Dimensional
| Geometr!

B | SHORT ANSWER TYPE QUESTION
Q1.
Sol.

Q2.

Sol.

[11.3 EXERCISE |

Find the position vector of a point A in space such that OA is
inclined at 60° to OX and at 45° to OY and |OA = 10 units.
Let 0.=60° B = 45° and the angle inclined to OZ axis be y
We know that

cos? o.+cos? f + cos?y = 1

= cos? 60° + cos? 45° + cos?y = 1

= (l]2+(—1—J2+cosz =1 = 1+1+cos2 =1
2 V2 Y 4 2 Y
3 2 3 1

=) =+ =1 = cos?y=1-==—
2 Feos™y . cos?y 152

1 1
cosy= iE = cosy=§

(Rejecting cos y= —~ %, since y< 90°)

e enifls 14 1a I 15 1

A = Sit =itk | =102+ j+ =

O |0A|(21+J§]+2 )/(21+J51+2 )
= 51 + 542} + 5k

Hence, the position vector of A is (57 + 5v2] + 5k).

Find the vector equation of the line which is parallel to the

vector 3/-2j+6k and which passes through the point

(1,-2,3).

We know that the equation of line is

F o= d+ba
Here, @ = 1~2j+3k and § = 3/ - 2] + 6k
<. Equation of line is 7 = (i — 2] + 3k) + M(3f - 2} + 6%)
=(xi +yj +2k) = (1 — 2] + 3k) + A3 - 2] + 6k)
= (xi + yj + zk) - (F - 2] + 3k) = A(37 - 2} + 6F)
= (x— 1) +(y +2)] +(z - 3)k = A(3] -2} +6k)
Hence, the required equation is
(x = 1) +(y +2)] +(z - 3)k = M3F -2} +6k)
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Sol.
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- -2 z-3
x-1 _—y3 =z and

2 4

x-4 _y-l =z intersect. Also, find their point of intersection.

5 =
The given equations are

x-1_y—-2 _z-3 x—4 y-1_
7 ~ 3 &4 ™5 2
x-1 y—2_z—3_1
et 2 3 4
x=2A+1,y=3A+2andz=4A+3
x-4 y-1 z
and = =m—=
5 2 1 "

s x=5u+4,y=2u+landz=u
If the two lines intersect each other at one point,

then 2 +1=5u+4 = 2A-5u=3 (D)
A+2=2u+1 = 3A-2u=-1 (i)
and 4A+3=p = 4A-p=-3 .(iif)
Solving eqns. (i) and (ii) we get
2D.-5u=3 [multiply by 3]
-2p=-1 [multiply by 2]
= 6A -150 = 9
6L —-4p = -2
) &2 62)
-1p = 11 «p=-1
Putting the value of p in eq. (i) we get,
2h-5(-1)=3
= 2+5=3

= A=-2 ~A=-1 ‘
Now putting the value of A and i in eq. (jif) then
4-1)-(-1)=-3
-4+1=-3
-3 = -3 (satisfied)

-. Coordinates of the point of intersection are
x=51)+4=-5+4=-1
y=2(-1)+1=-2+1=-1
z=-1

Hence, the given lines intersect each other at(-1,-1, - 1).

Alternately: If two lines intersect each other at a point, then

the shortest distance between them is equal to C.

@-m)Bxb)
lbl xbzl
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Q4. Find the angle between the lines . .
= 3i-2j +6k+M2i +j+2k) and

7
F o= (2] - 5k)+ u(6i + 3] +2k)
Sol. Here, By = 2i+]+2k and b, = 67 +3] + 2k
b, .b, (21 + +2k).(6F + 3] +2F)
0s0= ey = 2 2 2 2 2 2
Bl J22 + a2 + @2 ek + 37+ 2)

_ 12+3+4 9 19 19
Va+1+4.36+9+4 O.J19 3.7 21

0= cos”! (E)
21

-1(19
Hence, the required angle is cos™’ ('ﬁ) .

Q5. Prove that the line through A(0, -1,~1) and B(4, 5, 1) intersects
the line through C(3, 9, 4) and D(-4, 4, 4).
Sol. Given points are A(0,-1,~1) and B(4, 5, 1)
C3,9,4)and D(-4, 4, 4)
Cartesian form of equation AB is
x—0=y+1_z+1 x=y_+_1_z_+1

= =
4-0 5+1 1+1 4 6 2
and its vector formis ¥ = (~j ~ k) + A(41 + 6] + 2k)

Similarly, equation of CD is
x-3 y-9 z-4 x-3 y-9 z-4
“4-3 4-9 4-4° 7 7 5 0

and its vector form is 7 = (3 +9} +4l€) +u(-77 —5})
Nowhere 5 = ~j—, §, =41 +6}+2%

31 +9j +4k, by =77 -5}
Shortest distance between AB and CD

a,

By By |
iy ~8 = (31 +9] +4k) - (- ] - k) = 3 +10] + 5%
x|l ]k
hxb =g § 3
-7 -5 0

10 +10) — (0 +14) + k(- 20 + 42)
10 - 14j + 22k

il
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Sol.
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Sol.
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|By % Bo| = JO0Y +(-14)? +(22)?

- [i00+196+ 484 = V780
_ (37 +10] + 5k)- (10§ — 14] +22k)
J780
_30-140+110
J780

Hence, the two lines intersect each other.
Prove that the lines x=py +4,z=ry+sandx=p y+7,
z=7 y+5 are perpendicular, if pp" + 77 +1=0

S.D

! x—

Given that: x=py+q = y=_p'1
z-s
and z=ry+s = y=
-. the equation becomes r
x-q y_Z=S o
T=T— " in which d'ratios area, =p, b, =1, ¢, =7
imi ’, ’ x""ff
Similarly x=py+q = y= o
and z=ry+s = y=2"
;. the equation becomes r
-9 _ ¥

- 1 =ET—,S inwhicha,=p, b,=1,¢,=7
If the lines are pe%endicular to each other, then
aa,+bby+cic; =0
pr+11+m =0
Hence, pp’ + r”’ + 1 =0 is the required condition.
Find the equation of a plane which bisects perpendicularly
the line joining the points A(2, 3, 4), B(4, 5, B) at right angles.
Given that A(2, 3, 4) and B(4, 5, 8)
2+4 3+5 4+ 8)
_ > A (3,46)
Now direction ratios of the normal to the plane
= direction ratios of AB
=4-25-3,8-4=(22,4)
Equation of the plane is
a(x —x;) + by —y) +c(z~2,) = 0
= 2(x-3)+2(y-4)+4z-6)=0
= Ix-6+2y—-8+4z-24=0
= 2x+2y+4z=38 = x+y+2z=19

4

Coordinates of mid-point C are (
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Q9.

Sol.

Q10.
Sol
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Hence, the required equation of plane is

x+y+2z=19 or F(i+]+2k) =19.

Find the equation of a plane which is at a distance 33 units
from origin and the normal to which is equally inclined to
coordinate axis.

Since, the normal to the plane is equally inclined to the axes
s cosa=cosB=cosy

= cos?a+cos? o+ cos? o = 1

= 3costa=1 = cosa=-1§-
1
= 0S O = = =
c cos B=cosy 7
So, the normal is N=—1—f+iﬁ+—1—2
' B BTHA
- Equation of the plane is 7.N =d
. N
= Foeg =d
Il
(1~ 14~ 1~
r(——z+—;+——k
= 3 "1[5 3 =343
1 1+~ 1=~
Fl=i+—e=j+—=k]| =
= HGirpirgh) -
= (1 +yf )G 4] +B) = 33
N}
= x+y+z=3~f§.\/§ = x+ty+z=9

Hence, the required equation of planeisx +y +z=9.

If the line drawn from the point (- 2, - 1, - 3) meets a plane

at right angle at the point (1, - 3, 3), find the equation of the

plane.

Direction ratios of the normal to the plane are

(1+2,-3+1,3+3)=(3,-2,6)

Equation of plane passing through one point (x,, y,, z;) is
a(x—x)+bly—y)+c(z-2,) =0

= (x—-1)-2(y+3)+6(z-3)=0

= 3x-3-2y-6+62-18=0

= 3x-2y+6z-27=0 =3x-2y+62=27

Hence, the required equation is 3x — 2y + 6z = 27.

Find the equation of the plane passing through the points

(21,0),(3-2-2)and (3,1, 7).

Since, the equation of the plane passing through the points

(1 Y1r 21)s (¥ Yo 25) and (x3, Yy, Z3) is
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X=x% Y- 2zZ—Z
= -X Yo—Y Z—%|=0
X3—X Ys—Y1 Z3—4

x-2 y-1 z-0 x-2 y-1 z
=|3-2 -2-1 -2-0|=0=2| 1 -3 -=-2(=0
3-2 1-1 7-0 1 0 7
2 -3 -2 1 1 - 1 -3 -0
= (-2 , 4|--Dy P

= (-2)2)-y-1D)7+2)+z(3) =
= -21(x-2)-9(y-1)+3z=0
= ~21x+42-9y+9+3z=0

= -2lx-9y+3z+51=0=>7x+3y—-z-17=0
Hence, the required equation is 7x+ 3y -z -17=0.
Q11. Find the equations of two lines through the orig'm which
. , x-3 y-3 z L
intersect the line SR at angles of =

Sol. Any point on the given line
is
x-3 —3_2_1
I S PR
= x= 2A+3,y=A+3 u
and z= A 0=7
Let it be the coordinates of P PPN
-. Direction ratios of OP

are
(2L +3-0), A+3-0and (A-0) = 2A+3,A+3, A
But the direction ratios of the line PQare 2,1, 1

aa, + blbz + 616y

o))

cos @ =
\/af +b +cl Ja% +b+c2
14 2L +3)+1(A+3)+1.A
cos— =
3 J@P+1)? +1)? J2A+37 +(h+3)7 +22
- 1 4h+6+A+3+A
2 J6.4A% +9+120 +22 +9 +6A + A7
_ V6 _ 6\ +9 _ 6\ +9
2 [T +180+18  VBAZ +31+3
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6 3124 + 3) 3 3(2 + 3)
= PR s — = e—_—_——
2 ,/AZ +31+3 ,/}.2 +31+3
20 +3
= 1= = 2430 +3 =24+3
\/).2+SA+3

=  A+3A+3=4A2+49+12) (Squaring both sides)
= 3A+9%+6=0 = A2+31+2=0

= A+1)A+2)=0

A=-1,A=-2

- Direction ratios are [2(~ 1)+ 3, -1+ 3,-1}i.e., 1,2,~1 when
=-land[2(-2)+3,-2+3,-2}ie,-1,1,-2 whenA=—2,
Hence, the required equations are

T_Y_E g Y%

1 2 -1 -1 1 -2

Find the angle between the lines whose direction cosines are
given by the equations I+ m+n=0and 2+ m2 - n2=0

The given equations are
I+m+n=0 (1)
P+m?-n2=0 -.(#)

From equation (i) n=- (I + m)
Putting the value of 7 in eq. (i) we get
P+mr+[-(+m)?]=0
P+m2-R-m?-2im=0
-2im=0
Im=0=Cm-nym=0["l=-m-n)
(m+nym=0=m=00rm=—n
= I=0o0rl=-n
= Direction cosines of the two lines are
0,-m,nand -n,0,n = 0,-1,1 and -1,0,1

O -j+h).(-i+0j+k) _ 1 )
VED2+2 DR+ (12 V242

n

3

Hence, the required angle is z \
If a variable line in two adjacent positions has direction cosines
I, m, n and I + 81, m + &m, n + 8n, show that the small angle 50
between the two positions is given by 882 = 812 + §m2 + 5n2.
Given that [, m, n and I + 8I, m + 8m, n + 8n, are the direction
cosines of a variable line in two positions

Prm+n?=1 (i)

|/ |

cos0 =

1
2
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and (I + 81)2 + (m + Sm)? + (n + dn)? =1 ()
=5 2+ 812 + 2151 + m? + 8m? + 2m.8m + n? + 3n? + 2n.dn =1

=5 (B + m2 +n?) + (B + 8m? + &%) + 2(L3l + m.8m + n.dn) =1

= 1+ (812 + dm?2 + 5n?) + 2(L.8I + m.dm + n.dn) = 1

— L8]+ m.6m + n.6n = —%(szz +8m? + 5r2)

Let 7 and b be the unit vectors along a line with d’cosines [, m,
n and (I + 8l), (m + &m), (n + bn).
~d=l+m+nkandb=(I+ 8 + (m +8m)j + (n + Br)k
a.b

]

50 (85 + ma} + ) [ (1 + 80 +(m + Bm)] + (n + Br)k )

[+lal =I5l =1]

cos &8 =

COos

cos 30 = I(I + 8I) + m(m + &m) + n{n + n)
cos 58 = 2 + 1.3 + m* + m.8m + n? + n.8n
€08 80 = (2 + m? + n?) + (1.8 + m.5m + n.on)

cos 50 =1 — %(8[2 +8m? +8n?)

L Ll

=1-cos 0= %(612 +8m? + 8n%)
=2 sinz% = %(812 +8m? +8n?)

=,45;n2%=5[2+5m2+5,,2 50
—2~isverysmallso,

50
- 4(—] = 52+ 52+ B2 sin23_ %

2 2 2
=  (80)2 =52+ &m? + 8n® Hence proved. ‘
O s the origin and A is (g, b, ¢). Find the direction cosines of the
line OA and the equation of plane through A at right angle to OA.
We have A(g, b, ¢} and O{0, 0, 0)
» direction ratios of OA=a—-0,b-0,c-0

=a,bc
- direction cosines of line OA
b c

a
Vit 102+ 2 P +p?+ 1P+
Now direction ratios of the normal to the plane are (, b, ¢).
+. Equation of the plane passing through &e point A(a, b, ¢) is
a(x —a)+bly-b)+c(z—-c)=0
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=  ax-a+by-P+cz-2=0

= ax+by+cz=a?+bh2+ 2 -

Hence, the required equahonlsux+by+cz =@ +b2+ 2
Q15. Two systems of rectangular axis have the same origin. If a

Plane cuts them at distances 4, b, ¢ and ', V, ¢’ respectively

from the ori oV that—l— i+'1—=l *-1—+*L

o origin, prove P R A Y R
Sol. LetOX, OY, OZ and oz, ay, 0z be two rectangu.lar systems

-. Equations of two planes are

3’£+%’.+£=1 () and —+%+-—=1 (i)
a a
Length of perpendicular from origin to plane (i) is
g+g+g_.1
la_b ¢

1.1 1| [1_ 1.1
Length of perpendicular from origin to plane (i)
Jpme]
1 1 1 1 1

As per the condition of the questlon

eess J e

Q16 Find l:he foot of;;afpel;udxcular from the point (2, 3 - 8) to the

4-x

1~z
lin =—_bi=
¢ 6

3

3 . Also, find the perpendicular distance

=

- Coordinates of any point Q on the line are
x=-20+4,y=6Landz=-3A+1
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and the given point is P(2, 3, - 8)

Direction ratios of PQ are —2A +4—~2,6A -3, -3\ +1 +8
ie,-2A+2,6A—-3,-34+9

and the D'ratios of the given line are -2, 6, - 3.

If PQ 1 line
then — 2(= 2X +2) + 6(6A —3) - 3(- 34 +9)=0
= 40, -4+36A-18+91-27=0

= 49h-49=0 = A=1
. The foot of the perpendicular is —2(1) +4, 6(1), - 3(1) +1
ie,2,6,-2

Now, distance PQ = /(2 —2)2+(3-6)? +(-8+2)’

= J9+36 = J15=3\5
Hence, the required coordinates of the foot of perpendicular
are 2, 6, — 2 and the required distance is 35 units.
Q17. Find the distance of a point (2, 4, - 1) from the line
x+5 _ y+3 z-6
1 4 -9
Sol. The given equation of line is
x-i—S = y13=z—96=x and any point P(2, 4,-1)
Let Q be any point on the given line
», Coordinates of Qare x=A~5,y=4A-3,z=-9A +6
D'ratios of PQare A —-5-2,4A-3-4,-9A+6+1
ie,A-7,40-7,-9A+7
and the d’ratios of the line are 1,4, -9
If PQ 1 line then
1A-7)+4(4A-7)-9(-9A+7)=0
A-7+16A—-28+81A-63=0

= 98A-98=0 .. A=l
So, the coordinates of Qare 1-5,4x1-3,-9x1+6
ie,-4,1,-3

PQ= \(-4-2% +(1- 4 +(-3+1)
= \/(t6)2 +(-3 +(-2)7 = 36+ 9+4=49=7

Hence, the required distance is 7 units.
Q18. Find the length and foot of perpendicular from the point

(1,%,2) to the plane 2x -2y +4z+5=0.
Sol. Given plane is 2x — 2y + 4z + 5 =0 and given point is (1,%,2)

Drratios of the normal to the plane are 2, -2, 4
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So, the equation of the line passing through (1, g—, 2) and

whose d'ratios are equal to the d’ratios of the normal to the -

x-1 Y75 z-2
planeie., 2,-2,4is > = _22=z4 =A
-~ Any point in the plane is 24 + 1, —-2’11’%,'4l+2
Since, the point lies in the plane, then
2(22.+1)—2(—27L+-3-)+4(4k+2)+5=0

=4A+2+40 -3+ 16A+8+5=0
1 ) _
=}24l+12=0 S =‘—‘E ; _

So, the coordinates of the point in the plane are
5

2(—1)+1, —2(——1~J+§, 4(—1)+2 ie,0, =,0

2 2/ 2 2 2

Hence, the foot of the perpendicular is (u,g, 0) and the

2
required length = J(1-0)* +(g,§) +(2 - 0)?
= J1+1+4 =6 units
Find the equations of the line passing through the point
(3,0, 1) and parallel to the planes x + 2y =0 and 3y -z = 0.
Given point is (3, 0, 1) and the equation of planes are

x+2y=0 (i)
and Jy-z=0 (i)
Equation of any line / passing through (3, 0, 1) is )
l'x—3 y-0_ z-1 .

b c
Diregtion ratios of the normal to plane (7) and plane (if) are
(,2,0)and (0,3,-1) ,
Since the line is parallel to both the planes.
1la+2b+0.c=0 = a+2b+0c=0
and 02+3b-1c=0 = 04+3b-¢=0

a =-b ¢
S ~2-0 ~ <i-0 3-0 %
sa=-2,b=% c=3L
So, the equation of line is

xr-3 y_z-1

2% A 3A
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Hence, the required equation is
| x-3 _y_z-

-2 1 3
or in vector form is
(x—3)i +yj +(z—1k = M~2i +j + 3k}
-Q20. Find the equation of the plane through the points (2, 1, - 1)
and (- 1, 3, 4), and perpendicular to the plane x — 2y + 4z =10.
Sol. Equation of the plane passing through two points (x, ¥y, )
and (x,, ¥, z,) with its normal’s d’ratios is
ax —xp) + by - y1) + oz - ) = 0 )
If the plane is passing through the given points (2, 1, -1} and
(-1, 3,4) then
- a(xy —27) + by, ~ ) +e(z,-2) = 0
= a-1-2)+b@3-1)+c(4+1)=0
= - ~3a+2b+5c=0 (i)
Since the required plane is perpendicular to the given plane
x -2y +4z =10, then
la-2b+4.c=10 (i)
Solving (ii) and (iii) we get,
g a _ -b ¢ _
8+10 -12-5 6-2
a=18), b=17A, c=4A
Hence, the required plane is
18Mx-2) +17My - 1)+ 4z +1) =0
= 18x-36+17y—-17+42+4=0
= 18x+17y+4z-49=0
Q21. Find the shortest distance between the lines given by
‘ F o= (8+30)i —(9.+16A)] + (10 + 7A)k

A

and F = 15i +29] + 5k + u(3i + 8] —5k) .
Sol. Given equations of lines are
7 = (8+3M)i —(9+16))] +(10 +7A)k ()
and F = 151 +29] + 5k + (37 +8] - 5%) i)
Equation (i) can be re-written as
/ 7 = 8 — 9] + 10k + M3 —16] + 7k) ..(ii?)

Here, 4 = 8i —9j+10k and @ =15i +29] + 5k
B, = 3i —16] + 7k and b, =3i +8] - 5k

G, — = 7i+38j -5k
IR A
bxb=|3 -16 7

3 8 -5
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= (80 — 56) — j(— 15— 21)+ k(24 + 48)
= 24i +36] + 72k

- Shortest distance, SD = kﬁz — fl)'(_i’:l XEZ)I
| uxB| |

(7 + 38] — 5£).(241 + 367 + 720)|
Jen? +@eF + (27 |

_ | 168 +1368 — 360 |=168+1008_1176_14 its

/576 +1296 + 5184 | V7056 ’" (T
Hence, the required distance is 14 units.
Find the equation of the plane which is perpendicular to the
plane 5x +3y +6z+8=0 and which contains the line of intersection
of the planes x + 2y + 3z—4=0and 2xr+y -z +5=0.
The given planes are
P;: 5x+3y+6z+8=0
P,: x+2y+3z-4=0
Py: 2x+y-z+5=90
Equation of the plane passing through the line of intersection
of P, and P, is

(x+2y+3z-4)+M2x+y-2z+5)=0

=  (+2x+(2+Ay+(B-A)z-4+54=0 (i)
Plane (i) is perpendicular to P;, then

51+20)+3(2+A) +6(3-1) =0
= 5+10L+6+3L+18-61=0
= A+29=0
-29

7..='—7—

Putting the value of A in eq. (i), we get

- -2
[1+2(——729J]x+[2—27—9]y+[3+%2]z—4+5(—79) =0
7 7Yy 7

= -15x-15y+50z-28-145=0

= -15x-15y+502-173=0 = 5lx+15y-50z+173=0
The plane ax + by = 0 is rotated about its line of intersection
with plane z = 0 through an angle . Prove that the equation of
the plane in its new position is a:t+byi(\;‘a2 +b? tano:)z=0.
Given planes are:
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ax+by =0 (i)

. z=0 (i)

Equation of any plane passing through the line of intersection
of plane (i) and (i) is

(ax+by)+kz=0 = ax+by+kz=0 ...({if)

Dividing both sides by @ + 7 + K, we get
a b
x+ + z
Ja2 + b + 12 Ja2+b2+k2y Jad +b% + K2
- Direction cosines of the normal to the plane are
a b k
Ja TP NS A

and the direction cosines of the plane (i) are

a b 0
J7 +¥ ’ J7? +b? '
Since, a is the angle between the planes (f) and (iii), we get
_ a.a+b.b+k.0
cosa= J&2 + B+ i .\/az +b?
2 + b
\/az +b2 + K .Jaz +b?
Ja_2—+bT @ + b

= ——————— 2= ———————
= Ccos Q. m = COs” 0 P N
= (@+P+k) cos’a=a2+P
= a® cos? o+ b2 cos? o + k2 cos?® oL =% + 2

K costa=a?—-a?cost a+b2 - b costa

k2 cos? o = 031 — cos? a) + b*(1 — cos? o)

k2 cos? o = @ sin? o + % sin? o

k2 cos? o = (a2 + b?) sin? a

.2

k2=(a2+b2)::;22 = k=% di* +b? .tana
Putting the value of k in eq. (iif) we get

ax +by £ (@ + ¥ .tan &)z =0 which s the required equation
of plane.
Hence proved.

Q24. Find the equation of the plane through the intersection of
the planes 7.(i+3])-6=0 and 7.3i - j-4k)=0, whose
perpendicular distance from origin is unity.
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Given planes are;
F(i+3))-6=0 = x+3y-6=0 (i)
and F.(3i-j-4k)=0 = 3x-y-4z=0 (i)
Equation of the plane passing through the line of intersection
of plane (i) and (i} is
(x+3y-6)+k(3x-y—-4z)=0 w(fi1)
(1+3)x+(B-ky-Yz-6=0
Perpendicular distance from origin
| -6
= =1
[+ 3K + (3 - k)% + (- k72
36
=1 ing both sid
= T o rekr 0+ —eks 16K (oquaring both sides]
_ 3% 1 o 262+10=36
26k% +10
= 26k2 =26 = KB=1 ~k=z1

Putting the value of k in eq. (iii) we get,
(x+3y-6)+t(Bxr-y—4z)=0

=x+3-6+3x-y-42=0andx+3y-6-3x+y+42=0

=4xr+2y~4z-6=0and-2x+4y+42-6=0

Hence, the required equations are:

4x+2y-4z-6=0and -2x+4y+4z-6=0.

Show that the points (i -] +3k) and 3(i +] +&) are equi-

distant from the plane 7.(5{ +2j—7k)+9=0 and lies on

opposite side of it.

Given points are P(i — j +3k) and Q(3i+ 3] +3k) and the

plane ?.(5?+2}—7l€)+9=0

Perpendicular distance of P(f—-f+312) from the plane

(i -] +3k).(50 + 2] ~7B) + 9|

Jor @2 + (77 |

F.51+2] - 7k)+9 =

_ 5-2-21+9| —9|
J25+4+49| |78

and perpendicular distance of Q(37 + 3] + 3k) from the plane
(37 +3] +38).(51 + 2] -78) + 9|

B J25+4+49 |
_[15+6-21+9 __9_|
78 J78
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Hence, the two points are equidistant from the given plane.
Oppomte sxgn shows that they lie on either side of the plane.
Q26. AB=3i - ]+k and CD-—31+2]+4k are two vectors. The
position vectors of the points A and C are 6 +7; +4k and
- 9} + 2k, respectively. Find the position vector of a point P
on the line AB and a point Q on the line CD such that PQ is
perpendicular to AB and CD both.
Sol. Position vector of A is 6f+7;+4§ and AB = 3f—f+§
So, equation of any line passing through A and parallel to AB
Fo(6i+7]+4k)+ M3 -] +6) ()
Now any point Pon AB =(6+34,7-2,4+A)
Similarly, position vector of C is — 9] + 2k
and CD = —3i +2] +4k
So, equation of any line passing through C and parallel to
CD is
F= (—9]+2k)+u( 31 +2] + 4k) (i)
Any point Q on CD =(-3u,-9+2u,2+4p)
d'ratios of PQ are
(6+3A+3, 7-A+9-2u, 4+ A -2-4y)
= (6+3A+3p), (16 -A-2p), (2+A-4p)
Now PQ is L to eq. (i), then
3(6+3A+3n)-1(16-A-2u) +1(2+A-4u) =0
= 18+9A+9u-16+A+2u+2+A-4p =0
= 1IA+7u+4=0 -..(fif)
PQ is also L to eq. (i), then
-3(6+3A+3u)+2(16 -A-2u) +4(2+A-4u) =0
= -18-9A-9u+32-2A-4p+8+4A-16u=0
= —~7A-29u+22 =0
= 7A+29u-22=0 (D)
Solving eq. (ifi) and (iv) we get
77 + 49u + 28 =0
77A +319u 242 =0
(I
—270}.!. +27O =0
S p=1
Now using U =1 in eq. (iv) we get
A+29-2=0 = A=-1
. Position vector of P=[6+3(~1),7+1,4-1]=(3,8,3)
andpomtwnvectorof Q=[-3(1),-9+2(1),2+4(1)]=(-3,-7,6)
Hence, the position vectors of
P=3i+8]+3k and Q=-3{ -7j +6k
392 NCERT Exemptar ProeLems MatHemamics—XII



http://www.cbsepdf.com

www.cbsepdf.com

Q27. Show that the straight lines whose direction cosines are given

by 2/ +2m—n=0and mn + nl + Im = 0 are at right angles.

Sol. Giventhat2I+2m-n=0 ()
and mn+nl+lm=0 (i)
Eliminating m from eq. (i) and (if) we get,

n—21

Q28.

m=

2
= [n—ﬂ]n+nl+l(n—21)=0
2 2

n? —2nl + 2ul + nl - 20
=0
2
n2+nl-22=0
+2nl-nl-212=0
nn+2D)—ln+2)=0
(m-Dn+2)=0

n=-2 and n=l]

[from (7)]

L4 448U U

= 21 -—_l
m—,m2

Therefore, the direction ratios are proportional to /, — 21, -2/

-1
and ], —2~,I.

= 1,-2,-2and?2,-1,2
If the two lines are perpendicular to each other then
1(2)-2(-1)-2x2=0
2+2-4=90
0=0
Hence, the two lines are perpendicular.
If I, my, ng; b, my, vy b, my, ny are the direction cosines of
three mutually perpendicular lines, prove that the line whose
direction cosines are proportional to I, + [, + I, m, + m, + ms,
ny + 1, + n;, makes equal angles with them.

Sol. Let i, b,cand d are such that

a4 =Li+mj+mk
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o

= i +my] + gk

= Li+ mﬁ + nSfc

and A = (I +1p +1,)i +(my +my +m3)] + (1 +1y +15)k
Since the given d’cosines are mutually perpendicular then

a1}

L+ mymy + nyny = 0
Lly+ mymg +nyny = 0
Ly +mymy+nyn; =0
Let o, p and Ybe the angles between iandd, bandd, ¢andd
respectively. '
<005 0= ll(ll+lz+ta)+m1(m1+ "’2*"’3)"'"1("1"'"2*"3)
= ll + lltz +Ilt3 + ml + m1m2 + m1m3 + nl + nlnz + n1n3
= (B +m] +n]) + (Ll mymy+ )+ (Gl + mymy + nyns)
=1+0+0=1
5008 B= Ll + 1 + 1) + my(my + my + ma) + my(ny + 1y + 123)
= lllz +I% + 1213 + m]"lz +m% + mZM3 + nlnz +n§ +n2n3
= (& +mj + 13 ) + (L + mymy + nyg) + (Lly+ momy + n51is)
=1+0+0=1
Sumlarly,
v cos Y = Ll + b + L) + my(my """2*'"’3)“'"3("1 + 1y + 1y)
= 1113 + 1213 +l3 + mIM3 + "12’"3 + M3 + n1ﬂ3 + nzns +n:.2,
(5 +mj + n3)+ (hly+ mymy+ nys) + (Lly+ myms + nong)
=1+0+0=1
K cosa=cos]3=cosy=1=>a=B=ywhid1istherequiredremﬂt.

R | OBJECTIVE TYPE QUESTIONS : .
Choose the correct answer from the given four optlons in each of the
Exercises from 29 to 36.

Q29. Distance of the point (o, B, 7) from
(a) B @ 8] @ PBhl |v| (d) Jo? +

Sol. The given point is (o, B, ¥)
Any point on y-axis = (0, B, 0)

. Required distance = y(a:—0)> +(B—B)* +(y - 0)°

= JoZ+ "
Hence, the correct option is (d).
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If the direction cosines of a line are k, k, k, then 1 -1

(@) k>0 (b) O<k<1 (c) k=1 (d) k=-—\/§01'-\/—5

If I, m, n are the direction cosines of a line, then
P+m?+n?=1

So, K+k2+k2=1
1
= 3k2=1 k=+—
= 3
Hence, the correct option is (d).

The distance of the plane F.(;f+;f—;l;)=l from the

origin is 1

(@) 1 (by 7 (c) - (d) None of these
. =22, 35 6,

Given that: r.(71 +71—7k) 1

So, the distance of the given plane from the origin is

- -1 L - 1
\/22 32 [-6Y Ni+i+36 1~
3)+G) )| No*w*s

Hence, the correct option is (a).

The sine of the angle between the straight line

_y-3_z-4 and the plane 2x -2y +z= 513
3 4 5 L
@ B = © z‘r @ 2
645 5\45 10
Given that: I:x; =yT= —4
and P:2x-2y+z=5
d’ratios of the line are 3, 4, 5

and d'ratios of the normal {o the planeare2,-2,1
32)+4-2)+ 5()
V9+16+25. fA+4+1
= sin 0= 6-8+5 = 3 _1 —_‘/_E
Vv50.3 5¥2.3 52 10
Hence, the correct option is (d).
The reflection of the point (¢, B, ¥) in the xy-plane is
@ (@p0) @& 00y () (w-fyY (@ (B
Reflection of point (e, B, 7) in xy-plane is (o, B,—Y).
Hence, the correct option is (d).
The area of the quadnlateral ABCD, where A(0,4,1), B(2,3,-1),
C(4,5,0) and D(2,6,2) is equal to

THREE DIMENSIONAL GEOMETRY
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(a) 9 sg. units (b) 18 sq. units
(¢) 27 sq. units (d) 81 sq. units
Sol. Given points are

A(0, 4,1), B(2,3~1), C(4, 5, 0) and D(2,6,2)
d'ratios of AB =2,-1-2

and d’ratios n*DC =2,-1,-2

-~ ABIIDC

Similarly, d’ratios of AD=2,2,1

and d'ratios of BC=2, 2,1

s~ AD IIBC

So OABCD is a parallelogram.

AB =2i-j-2k
AD =20 +2j +k
». Area of parallelogram ABCD = |AE x AD|

D C
(2,6,2) 45,0

Aoa1) b1

i Kk
=2 -1 —2={(-1+4)- j2+4)+k(4+2) = 31 - 6]+ 6k
2 2 1

= (37 +(~6) +(3)* = J0+36+36 = V81 =9squnits
Hence, the correct option is (a).
Q35. The locus represented by xy +yz=01is
(@) A pair of perpendicular lines
(b) A pair of parallel lines
(c) A pair of parallel planes
(4) A pair of perpendicular planes
Sol. Giventhat: xy+yz=0
y(x+z)=0
y= 0 or x+z=0
Here y =0 is one plane and x + z =0 is another plane. So, itisa
pair of perpendicular planes.
Hence, the correct option is (d).
Q36. The plane 2x - 3y + 6z — 11 = 0 makes an angle sin™ (o) with
x-axis. The value of a is equal to

3 ¥z 2 3
(a) > ) 3 © 7 @ 3
Sol. Direction ratios of the normal to the plane 2x -3y +6z—-11=0
are2,-3,6

Direction ratios of x-axisare 1,0, 0
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~ angle between plane and line is \
A -3(0)+56(0) |
N@P +(=37 +(6%).y(1) + (0 +(0)?
.2 .2
S J4+9+36 7
Hence, the correct option is (c).
Fill in the blanks in each of the Exercises from 37 to 41.
Q37. Aplane passes through the points (2 0, 0), (0, 3,0) and (0, 0, 4).
The equation of plane is ........ccrenns
Sol. Given points are (2, 0, 0), (0, 3, 0) and (0,0, 4).
So, the intercepts cut by the plane on the axes are 2, 3, 4
Equation of the plane (intercept form) is
¥ x ¥y, z_

—4+L 42 4L
abc1= 2+34

sin 0 =

Hence, the equation of plane is §+%+i =1.

Q38, The direction cosines of vector (27 + 2] — k) are w.....euueeer

Sol, Let a=2+2j-k
direction ratios of @ are 2, 2, -
2 2 -1

So, thedirection cosines are ﬁ,—mﬁ

22-—1

3 3°3
Hence, the direction cosines of the given vector are

’ ’

|
w| L

2
3

WwIN

x—5Hy+4_z—6 .
3 = 7 = 2 | S

Q39. The vector equation of the line
Sol. The given equation is
x5 _y+4 z2-6
. W3 72
Here @ = (5 —4j + 6k) and b = (3i + 7] + 2k)
Equation of the lineis 7 =4+ bA
Hence, the vector equation of the given line is
7 = (51 - 4 + 6k) + A(3 + 7] + 2k)
Q40. The vector equation of the line through the points (3, 4, - 7)
and (1, -1, 6) is ...cecnuce..
Sol. Given the points (3,4,-7)and (1, -1, 6)
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Here @ = 3;+4; 7k and & = ;—;+612

Equation of the line is 7 = a+7\.(b d)

=7 = (3 +4] - 7k)+7L[(t -]+6k) (31+4] 78)]
= 7= +4] 7k)+7\.(—21 5] +13k)

= (11 +yj +2K) = (3 + 4] - 7k) + M= 2i - 5] +13k)
= (x-3)i +(y — 4)] +(z + 7)k = M~2i — 5] +13k)
Hence, the vector equation of the line is
(x-3)i +(y —4)] +H(z + T)k = M- 2i — 5] +13Kk)

~

. The Cartesian equation of the plane 7.(i+j—-k)=2 is

Given equation is F.(f+f-§) =2
= (x§+y']’-|-'zfc\).(f+f—§) =2
= xty-2z=2
Hence, the Cartesian equation of the planeisx+y—z=2.

State True or False for the statements in each of the Exercises from 42 to 49.

Q42.

Sol.

Q43.

Sol.

Qa4.

Theumtvectornormaltoﬂ\eplanex+2y+3z—6=0is
1. s 3 5
+ k
JiE f" Jiz
Given planeisx+2y+3z~-6=0
Vector normal to the plane ﬁ=f+2}+312
i 1427 +3k 1;, 25, 3;
A i r@rr@r  ViA " ~/_

Hence, the given statement is ‘true’.
The intercepts made by the plane 2x — 3y + 5z + 4 = 0 on the

-4
coordinate axes are -2, — 35
Equation of the plane is 2x -3y +5z+4=0
= 2x-3y+5z=-4
2, 3y 52

L A=

L x_Y z
-2 4/3 -4/5
4

4
So, the required intercepts are -2, 3 and ~5

Hence, the given statement is ‘true’. ! o
The angle between the line 7 = (51 ] 4k)+7«.(2: j+k) and
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the plane 7.(3{ —4j - k)+5=0 is sin_l(—S—J.

a2y
Equation of line is 7=(5i —j—4k)+M2i —j+k) and the
equation of the plane is 7.(3f — 4] — k)+5=0
Here, b, = 21 —j+k and 7, =3i -4} -k
sin@ = A%
|b1""2|
(Qi-j+k).3i-4j-k) 6+4-1 9
JEa+1+1.9+16+1  V6.426 V6.426

= s§inO-=

. 9 o
Hence, the given statement is ‘false’.

. The angle between the planes ?.(23—3f+12)=1 and

F.i-])=4is cos*(%:).
The given planes are 7.(2i - 3j + k)=1 and 7.(i - /) =4
Here, b, = 2/ —3j +k and b, =(i - })

So, cos(-)=%"
|b1“"2| .
- cose=(21—3]+k).(1—])_ 2+3 _ 5

Jar9+1.fiv1  VidN2 V28
~1(_5 ) s
= 08 | —= .
Hence, the given statement is ‘false’,
The line 7 =2i — 3] — k + A(i — j + 2k) lLies in the plane
r-@i+j-k)+2=0.
Direction ratios of the line (i —f+2fé)
Direction ratios of the normal to the plane are (3i + j ~ k)
So(i—j+2k).(3i+)-k)=3-1-2=0
Therefore, the line is parallel to the plane.
Now point through which the line is passing

i=2i-3j-k
If line lies in the plane then
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@ -3j-k).@ +j-k)+2=0
6-3+1+2=0

So, the line does not lie in the plane.

Hence, the given statement is ‘false’.

. x-5 y+4 z-6
Q47. The vector equation of the line 3 - 7 g 8

7=5i— 4] + 6k + A3 +7] +2K).
Sol. The Cartesian form of the equation is
-3 _ y+4~z—6_h
3 7 2
s Herex, =5y,=-4,2=6,a=3,b=7,¢c=2
So, the vector equation is 7 = (5i —4j + 6k) + A(3i +7] + 2k)
Hence, the given statement is ‘true’.
Q48. Theequationofaline, whichisparallelto 27 + ] + 3k and which
x-5 y+2 z-4
2 -1 3
Sol. Here, x,=5,y,=-2,2,=4a4=2,b=1,¢=3
X—% _Y-Wh_z2"4
b

passes through the point (5, - 2, 4) is

We know that the equation of line is
x-5 y+2 z-4
2 1 3
Hence, the given statement is ‘false’.
Q49. Ifthe footof the perpendicular drawn from the origin to a plane
is (5,—3, —2), then the equation of plane is 7. (57 — 3] — 2k)=38.
Sol.. The given equation of the plane is 7 (51 — 3; ~2k)=38
If the foot of the perpendicular to this plane is
(5,23,-2) ie, 5 — 3] - 2k then
(51 - 3] — 2k).(51 — 3] - 2k) =38
= 25+9+4 =38
38 =38 (satisfied)
Hence, the given statement is ‘true’.

=>

aaa
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Linear Programm_i_ﬂg

| 12.3 EXERCISE |

constraints:

2x+y<6,x<2,x20,y20
Given that: Z = 11x + 7y and the constraints 2x +y <6, x < 2,
x20,y20

Let2x+y=6

x 0 3
Y 6 0
The shaded area OABC is the ,
feasible region determined by X
the constraints
2x+y<6,xr<2,x20,y20 “a
The feasible region is bounded. Y e
So, maximum value will occur at a corner point of the feasible
region.

Corner points are (0, 0), (2, 0), (2, 2} and (0, 6).

Now, evaluating the value of Z, we get

Corner points Value of Z
0(0, 0) 11(0) + 7(0) =0
A(2,0) - 11(2) + 7(0) =22
B(2, 2) 11(2) +7(2) =36
C(0, 6) 110)+7(6) =42 | — Maximum

Hence, the maximum value of Z js 42 at (0, 6).
Maximise Z = 3x + 4y, subject to the constraints: x+y <1, x 20,
y20.

Given that: Z = 3x + 4y and the constraints x +y<1,x 20,y 20
Let x+ty=1

x 1 0
Y 0 1

401
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The shaded area OAB is the
feasible region determined by
x+ty<l,x=20,y20.

The feasible region is bounded.
So, maximum value will occur x’e
at the corner points O(0, 0),

A(1, 0), B@, 1).
Now, evaluating the value of ,
Z, we get Y
Corner poinis Value of Z
00, 0) 3(0)+4(0)=0
A1, 0) 3(1) +4(0)=3
B(0, 1) 30)+4(1)=4 | Maximum

Hence, the maximum value of Z is 4 at (0, 1).
Q3. Maximise the function Z =11x + 7y subject to the constraints:
x<3,y<2,x20,y=20.
Sol. The shaded region is the YA
feasible region determined 02)
by the constraints x <3, y <2, —
x20,y20. '
The feasible region is
bounded with four corners
0(0, 0), A3, 0), B3, 2) and
(0, 2).
So, the maximum value can Yy
occur at any corner.
Let us evaluate the value of Z.

Corner points Value of Z.
0(0, 0) 11(0)+7(0)=0
A(3,0) 11(3) + 7(0) = 33
B(3, 2) 11(3)+7()=47 | Maximum
C(0,2) 11(0) +7(2) = 14

Hence, the maximum value of the function Z is 47 at (3, 2).

Q4. Minimise Z = 13x — 15y subject to the constraints:

X+y<7,2x-3y+620,x20,y=0.

Sol. Given that: Z=13x - 15y and the constraints
x+y<7,2x-3y+620,x20,y20

Xe&

-l
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Letx+y=7
X 3 4
v | 4 3

Let2xr-3y+6=0 C
x i -3 X’1—74
Ql
1} 2 0

The shaded region is the
feasible region determined Yv
by the constraints x + y <7, 2x-3y+620,x 20,y 20
The feasible region is bounded with four corners
O(0, 0), A(7, 0), B(3, 4), C(0, 2)

So, the maximum value can occur at any corner.

Let us evaluate the value of Z,
Corner points Value of Z
0(0, 0) 13(0) - 15(0) =0
A(7,0) 13(7) - 15(0) =91
B(3,4) 13(3) - 15(4) = - 21
C(o, 2) 13(0)- 15(2) =~ 30 |  Minimum

Hence, the minimum value of Z is - 30 at (0, 2).

Determine the maximum value of Z = 3x + 4y if the feasible
region (shaded) for a LPP
is shown in figure.

As shown in the figure,
OAED is the feasible
region.

AtA, y=0. 2r +y =104

=x=52 X > X
Which gives corner point
A=(52,0)
AtD, x=0., . x+2y=76 =y =138
Which gives corner point D = (0, 38)
Now solving the given equations, we get
X +2y = 76
2r +y= 104
2r +4y = 152
2r +y = 104
() ) )
3 = 48 =y=16
LINEAR PROGRAMMING 403
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x+2(16) =76
= ) x=76-32=44
So, the corner point E = (44, 16)
Evaluating the maximum value of Z, we get
Corner points Z=3x+4y
0(0, 0) Z=3(0) +4(0)=0
A(52,0) Z=3(52) + 4(0)=156
E(44, 16) Z=3(44) + 4(16) =196 |  Maximum
D(0, 38) Z =3(0) + 4(38) =152

Hence, the maximum value of Z is 196 at (44, 16).
Q6. Feasible region (shaded) for a LPP is shown in figure.

Maximise Z =5x + 7y.

Sol. OABC is the feasible region Y4 B34
whose comner points are @4
(0, 2)
Evaluating the value of Z, we Nou ‘ S\ oy
get o A0

Corner points Value of Z
0(0, 0) Z=5(0)+7(0)=0 Yv

A(7, 0) Z=5(7) +7(0) = 35
B(3, 4) Z=5(3)+7(4) =43 |  Maximum
C(, 2) Z=5(0)+7(2)~ 14

Hence, the maximum value of Z is 43 at (3, 4).
Q7. The feasible region for a LPP is shown in figure. Find the
minimum value of Z=11x + 7y.
Sol. As per the given figure,
ABCA is the feasible
region. Comer points
C(0, 3), B(0, 5) and for A,
we have to solve equations

x+3y=9 e
and x+y=95 X
Whichgivesx=3,y=2
ie, A3, 2)
Evaluating the value of Z, we get
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Corner points Value of Z
A(3,2) Z=11(3)+7(2) =47
B(0, 5) Z=11(0)+7(5)=35
C(0,3) Z=110)+7@) =21 | Minimum

Hence, the minimum value of Z is 21 at (0, 3).

Refer to Exercise 7 above. Find the maximum value of Z.

As per the evaluating table for the value of Z, it is clear that
the maximum value of Z is 47 at (3, 2).

The feasible region for a LPP is shown in ﬁgure Evaluate
Z = 4x + y at each of the corner points of this region. Find the
minimum value of Z, if it exists.

As per the given figure, ABC is the feasible region which is

open unbounded.
Here, we have
x+y=3 wi)
and x+2y =4 (i)
Z=dx+y

Solving eq. (i) and (ii), we

get

x=2andy=1

So, the corner points are

A(4,0), B(2, 1) and C(0, 3)

Let us evaluate the value of Z

Corner points Z=dx+y

A4, 0) Z=4(4)+(0)=16
B(2, 1) Z=4(2)+(1)=9
C(0,3) Z=40)+(3)=3 « Minimum

Now, the minimum value of Z is 3 at (0, 3) but since, the
feasible region is open bounded so it may or may not be the
minimum value of Z.

Therefore, to face such situation, we draw a graph of 4x +y <3
and check whether the resulting open half plane has no point
in common with feasible region. Otherwise Z will have no
minimum value. From the graph, we conclude that there is no
common point with the feasible region.

Hence, Z has the minimum value 3 at (0, 3).

In given figure, the feasible region (shaded) for a LPPis shown.
Determine the maximum and minimum value of Z = x +2y.
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.<

Sol. Here, comner points are given as follows:

R(ZIE), Q(E,E), p(}_,ﬁ) and
2’e) 2% ) 3’13

S(E,Z).
77

Now, evaluating the value of Z for the feasible region RQPS.

Corner points Valueof Z=x +2y
R(Z,i) Z=Z+2(§)=5
2°4 2 4
315 3 .(15 .
=, = Z==42|=|= « Maximum
Q(z 4] 2" (4) ?
(2,2 | 2=245(2).2
13°13 13 13/ 13
S(E’ 3) Z =E+2(Z)=2 — Minimum
77 7 7 7

315

Hence, the maximum value of Z is 9 at (— —) and the

minimum value of Z is 2 at

(73)
7'7)

7

2" 4

Q11. A manufacturer of electric circuits has a stock of 200 resistors,
120 transistors and 150 capacitors and is required to produce

406 &
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two types of circuits A and B. Type A requires 20 resistors, 10
transistors and 10 capacitors. Type B requires 10 resistors, 20
transistors and 30 capacitors. If the profit on type A circuit is
¥ 50 and that on type B circuit is ¥ 60, formulate this problem
as a LPP so that the manufacturer can maximise his profit.

Let x units of type A and y units of type B electric circuits be

produced by the manufacturer.
As per the given information, we construct the following table:
Items Type A(x) | TypeB{y) | Maximum stock
Resistors 20 10 200
Transistors 10 20 120
Capacitors 10 30 150
Profit T 50 ¥ 60 Z =50x + 60y

Now, we have the total profit in rupees Z = 50x + 60y to
maximise subject to the constraints

20x + 10y <200 (i) 10x +20y <120 -{if)
10x+30y <150  ..(ii; x20,y=20 -{iv)
Hence, the required LPP is

Maximise Z = 50x + 60y subject to the constraints

20x+ 10y <200 = 2x +y <20; 10x+20y<120>x+2y <12
and 10x+30y <150 = x+3y<15x20,y20

A firm has to transport 1200 packages using large vans which
can carry 200 packages each and small vans which can take 80
packages each. The cost for engaging each large van is ¥ 400
and each smail van is ¥ 200. Not more than ¥ 3000 is to be
spent on the job and the number of large vans cannot exceed
the number of small vans. Formulate this problem as a LPP
given that the objective is to minimise cost.

Let x and y be the number of large and small vans respectively.
From the given information, we construct the following
corresponding constraints table;

Items Large vans Small vans Maximum/
(x) (y) Minimum
Packages 200 80 1200
Cost 400 200 3000
Now the objective function for minimum cost is
Z = 400x + 200y
Subject to the constraints;
200x + 80y 21200 = 5x+2y230 D)
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400x +200y <3000 = 2x+y<15 {if)
xSy (1)
and x20,y20 (non-negative constraints)

Hence, the required LPP is to minimise Z = 400x + 200y
Subject to the constraints 5x + 2y 230, 2x +y <15, x S y and
x20,y20.

A company manufactures two types of screws A and B. All
the screws have to pass through a threading machine and a
slotting machine. A box of type A screws requires 2 minutes on
the threading machine and 3 mihutes on the slotting machine.
A box of type B screws requires 8 minutes of threading on
threading machine and 2 minutes on the slotting machine. In
a week, each machine is available for 60 hours.

On selling these screws, the company gets a profit of ¥ 100
per box on type A screws and ¥ 170 per box on type B screws.
Formulate this problem as a LPP given that the objective is to
maximise profit.

Let the company manufactures x boxes of type A screws and
y boxes of type B screws.

From the given information, we can construct the following
table.

Items Type A Type B | Minimum time available
(x) (y) on each machine
in a week

Time required on ' _ )
threading machine 2 8 | 60 x60=23600 minutes
Time required on _ )
slotting machine 3 2 60 x 60 = 3600 minutes
Profit €100 T170

Q14.

408

As per the information.in the above table, the objective
function for maximum profit Z = 100x + 170y

Subject to the constraints
2x+8y <3600 = x+4y<1800 (D)
3x + 2y < 3600 ) I e1))
x20,¥y20 (non-negative constraints)
Hence, the required LPP is ','
Maximise Z = 100x + 170y
Subject to the constraints,

x+4y <1800, 3x +2y <3600, x20,y 2 0.

A company manufactures two types of sweaters: type A and
type B. It costsT 360 to make a type A sweater and ¥ 120 to make
a type B sweater. The company can make at most 300 sweaters
and spend at most ¥ 72000 a day. The number of sweaters of
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type B cannot exceed the number of sweaters of type A by
more than 100. The company makes a profit of ¥ 200 for each
sweater of type A and ¥ 120 for every sweater of type B.
Formulate this problem at a LPP to maximise the profit to the
company.

Let x and y be the number of sweaters of type A and type B

respectively.
From the given information, we have the following constraints.

360x +120y < 72000 = 3x+y <600 (i)
x+y<300 ..(i); x+1002y= y<x+100 (1))
Profit (Z) = 200x + 120y

Hence, the required LPP to maximise the profit is

Maximise Z = 200x + 120y subject to the constraints
3x+y<600,x+y<300,y<x+100,x20,y20.

A man rides his motorcycle at the speed of 50 km/hr, He has to
spend X 2 per km on petrol. If he rides it at a faster speed of 80
km/hr, the petrol cost increases to ¥ 3 per km. He has atmost
¥ 120 to spend on petrol and one hour’s time. He wishes to
find the maximum distance that he can travel.
Express this problem as a linear programming problem.

Let the man covers x km on his motorcycle at the speed of
50 km/hr and covers y km at the speed of 80 km/hr.

So, cost of petrol = 2x + 3y

'I'hemanhastospend?‘ 120almostonpetrol

2x +3y <120 ()
Now, the man has only 1 hr time
'56"% <1 = 8x+5y < 400 i)
x20,y20

To have maximum distance Z = x +y.
Hence, the required LPP to travel maximum distance is
maximise Z = x + y, subject to the constraints
2:+3y$120 8x+5ys400 x20,y20.

TYPE QUESTIONS -
Refer to Exemse 11. How many of circuits of Type A and of
Type B, should be produced by the manufacturer so as to
maximise his profit? Determine the maximum profit.
As per the solution of Question No. 11, we have
Maximise Z = 50x + 60y subject to the contraints
2 +y<20..(1) x+2y <12 ..i); x +3y < 15...(ii)); x 20, y 2 0...(7v)
Let us draw the table for the above statements
x| 0110) popte for i) B2t t 22
y|20] 0 y| 6] 0

Table for (7)
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0 |15

Table for (i)

h-l Kal
w
o

(0.6)

(6,3)
\C 4
A(10,0 x
{ )ﬁ %i%‘
P SN
B A

%
Solving eq. (i} and (i) we get,
28 4 28 4) .
x="3y 3 B(a ,3] is the corner
Solving eq. (ii) and (iii) we get,
x=6,y=3 .. C(6, 3) is the corner
Solving eq. (i) and (iii) we get,
x=9,y=2 (not included in the feasible region)
Here, OABCD is the feasible region.

)

=
o
~—r

£0

(0,

So, the comer points are O(0, 0), A(10, 0), 5[2—38, %)’ C{6, 3)
and D(0, 5).
Let us evaluate the value of Z

Corner points | Corresponding values of Z = 50x + 60y
0O{0,0) | Z=50(0)+60(0)=0
A(10,0) | Z=50(10) + 60(0) =500
28 4 28 4 1400 = 240
B[a ,3) 50(3)+60(3) 3 3
= =2 =546.6 «Maximum

C(6,3) | Z=>50(6)+60(3) =480

D(0,5) | Z=50(0) +60(5) =300
Here, the maximum profit is ¥ 546.6 which is not possible for
number of items in fraction.
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Hence, the maximum profit for the manufacturer is T 480 at
(6, 3). Type A=6 and Type B = 3.
Q17. Refer to Exercise 12. What will be the minimum cost?
Sol. As per the solution of Q. 12, we have Z = 400x + 200y

Subject to the constraints
S5x+2y 230 D) 2x+y<15 ()
xSy, x20,y20
x-y<0 (i)
Let 5x +2y=30 AY
x 0o | 6 ‘
y | 1510 C(0,15)
Let2x+y=15
a0 g 65)
x | 0 |75 (?3_70) .,
y [ 15 ]0 s
Letx-y=0 .
: o " X
X 0 3 \
>
y 0 )
Solving eq. (f) and (iii) we get; x = ? and y = %

and on solving eq. (i) and (iif) we get, x=5and y =5
Here, ABC is the shaded feasible region whose corner points

are A(%q, %), B(5, 5) and C(0, 15)
Evaluating the value of Z, we have
Corner points | Value of Z = 400x + 200y

A(22) {z- wo(2) am(2)
77 7 7

= ls;ﬂ =2571.4 <« Minimum
B(5, 5) Z = 400(5) + 200(5) = 3000
C(0, 15) Z=400(0)+200(15)=3000 | ~

( 30 30
Hence, the required minimum cost is ¥ 2571.4 at (7, -7—)
Q18. Refer to Exercise 13. Solve the linear programming program
and determine the maximum profit to the manufacturer.

Sol. As per the solution
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of Q. 13, we have: :1\"
Letar+2y=3600 (@0
0 1200
1800 0 (0,450 (1080, 180)
*
= . g.yb
Let x + 4y = 1800 _, ik,
x | 0 | 1800 O™ (1200, OY\(1800, 0}~
y | 450 0
Maximise Z = 100x + 170y subject to the constraints
3x+2y <3600 ..(i); x+4y<1800 ..(ii)
x20,y20
On solving eq. (i) and (i) we get
x =1080 and y =180

OABC is the feasible region whose corner points are O(0, 0),
A(1200, 0), B(1080, 180), C(0, 450).
Let us evaluate the value of Z.

Corner points Value of Z = 100x + 170y
0(0, 0) Z =100(0) + 170(0) = 0
A(1200,0) |Z = 100(1200) + 0= 120000
B(1080, 180) |Z = 100(1080) + 170(180) «— Maximum

= 138600

C(0,450)  |Z=170(450) = 76500

Hence, the maximum value of Z is 138600 at (1080, 180).
Q19. Refer to Exercise 14. How many sweaters of each type should
the company make in a day so as to get a maximum profit?

What is the maximum profit?
Sol. Referring to the solution of Q. 14, we have

Maximise Z = 200x + 120y subject to the constraints
x+y <300 ..(i); 3x+y<600 (i}
x-y2-100 ().
x20,y20

On solving eq. (i) and (iii) we have

x =100, y =200

On solving eq, (/) and (ii) we get

x=150, y =150

Let x+y =300 Let 3x + y =600 Letx+y=-100

x i 0 |300 x| 0 | 200 x | 0 |-100

y |300| O y {600 O y |100| ©
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(0,300
0,100D}) -

(—IOO’V_';_'- 1_.‘; =
> / ol : (2(!) 0)\ OT‘

Here, the shaded region is the feasible region whose comer

points are O(0, 0), A(200 0), B(150, 150), C(100 200), D(0, 100).

Let us evaluate the value of Z.

Corner poinis Value of Z = 200x + 120y

0O(0, D) Z =200(0) + 120(0) =0

A(200,0) Z = 200(200) + 120(0) = 40000

B(150, 150) |Z = 200(150) + 120(150) = 48000 | Maximum

1 C(100, 200) |Z = 200(100) + 120(200) = 44000
D(0, 100) Z = 200(0) + 120(100) = 12000

Hence, the maximum value of Z is 48000 at (150, 150} i.e., 150

sweaters of each ,

Refer to Exercise 15, Determine the maximum distance that

the man can travel.

Referring to the solution of Q. 15, we have

Maximise Z = x + y subject to the constraints

ki Let 8x + 5y = 400
X 0 60 . - -
¥y | 40 0 % z
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2x +3y < 120 ...(7); 8x + 5y 400 ...(i})
x20,y20

. 300 80
On solving eq. (7) and (ii) we get; x= Ea andy= -

Here, OABC is the feasible region whose comer points are

0(0, 0), A(50, 0), B (317)_0’ %) and C(0, 40).

Let us evaluate the value of Z

Corner points Valueof Z=x+y

0(0, 0) Z=0+0=0

A(50,0) Z=50+0=50km

B(é-og.-@) Z=@+-8—0=@=54.3km « Maximum
7 7 7 7 7

C(0,40) - Z=0+40=40km

Hence, the maximum distance that the man can travel is

2 300 80
42 st (22,5
N ‘
Maximise Z=x +y subjecttox +4y <8, 2x + 3y <12, 3x +y <9,
x20,y20.

Sol. We are given that Z = x +y subject to the constraints

X 0 8

x+4y<8 () y 1210

< . x 0 6

2c+3y <12 ..(if) v i 0

. x 0 [ 3

3x+y<9 (i) y 9 0
x20,y20
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On solving eq. (i) and (iif) we get
28 15

Here, OABC is the feasible region whose corner points are

O(0, 0), A3, 0), BG—?—, %), (0, 2)
Let us evaluate the value of Z
Corner points Valueof Z=x+y
o, 0) Z=0+0=0
A3 0 Z=3+0~3
(_ZE E) 728,15 _8_ .4 | Maximum
11711 1 11 11
C(0, 2) Z=0+2=2

28 15)
1111/

A manufacturer produces two Models of bikes—Model X
and Model Y. Model X takes a 6 man-hours to make per unit,
while Model Y takes 10 man-hours per unit. There is a total of
450 man-hour available per week. Handling and marketing
costs are ¥ 2,000 and ¥ 1,000 per unit for Models X and Y
respectively. The total funds available for these purposes are
¥ 80,000 per week. Profits per unit for Models X and Y are
¥ 1,000 and ¥ 500 respectively. How many bikes of each model
should the manufacturer produce so as to yield a maximum
profit? Find the maximum profit.

Let x and y be the number of Models of bike produced by the
manufacturer.

Given information is

Model X takes 6 man-hours to make per unit

Model Y takes 10 man-hours to make per unit

Total man-hours available = 450

Hence, the maximum value of Z is 3.9 at (

- 6x+10y <450 = 3x+5y<225 (1)
Handling and marketing cost of Model X and Y are ¥ 2,000
and ¥ 1,000 respectively
Total funds available is ¥ 80,000 per week

2000x + 1000y < 80,000
= 2x +y <80 (i)

LINEAR PROGRAMMING
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and x280,y20
Profit (Z) per unit of models X and Y are 2 1,000 and ¥ 500

Wﬁvely /

Z = 1000x + 500y
The required LPP is
Maximise Z = 1000x + 500y subject to the constraints
3x +5y < 225 x |07
X 5y "’(i) y 45 0
!
x 0o | 40
2x+y <
+y <80 (i) %o

x20,y20 ..(iii)

Pl

On solving eq. (i} and (if),g g5
we get, x =25,y =30

Here, the feasible region™__|
is OABC, whose corner C
points are (0,45)
O(0, 0), A(40, 0), B(25, 30)
and C(0, 45).

Let us evaluate the value
of Z. 0,0)

* | Corner points | Value of Z = 1000x + 500y
0(0, 0) Z=0+0=0

A(40,0) |Z=1000(40) +0=40,000 «Maximum
B(25,30) |Z=1000(25)+500(30)=40,000 | Maximum
C(0,45) | Z=I0+500(45) = 22500
Hence, the maximum profit is ¥ 40,000 by producing 25 bikes
of Model X and 30 bikes of Model Y.

Q23. In order to supplement daily diet, a person wishes to take
some X and some wishes Y tablets. The contents of iron,
calcium and vitamins in X and Y (in milligram per tablet) are
given as below:
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Tablets Iron Calcium Vitamin
X 6 3 2
Y 2 3 4

The person needs atleast 18 milligrams of iron, 21 milligrams
of calcium and 16 milligrams of vitamin. The price of each
tablet of X and Y is ¥ 2 and ¥ 1 respectively. How many tablets
of each should the person take in order to satisfy the above
requirement at the minimum cost?

Sol. Let there be x units of tablet X and y units of tablet Y
So, according to the given information, we have
6x+2y218 = 3x+y29 ..(I) x |03
Y 9 0
3x+3y 221 = x+y27 ..(i) ol 0 |7
Y 7 0
2r+4y 216 = x+2y28..(iii) x 10 |8
Y 4 0
x20,y=20 -.(i7)
The price of each table of X typeis¥2 and that of y is ¥ 1.
So, the required LPP is

Minimise Z = 2x + y subject to the constraints
x+y29,x+y27,x+2y28,x2 0, y20

X % 2 ’/////; X
0O (3.0 . (7,0) A
"Y , - N %, '+ 25"‘8
'r‘-* ‘\\ S
s N,
)
©
Cn solving (if) and (iii) we get
x=6andy=1
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On solving (7} and (i) we getx=1and y=6

From the graph, we see that the feasible region ABCD is
unbounded whose corner points are A(8, 0), B(6, 1), C(1, 6)
and D(0, 9).

Let us evaluate the value of Z

Corner points Valueof Z=2x+y
A(8,0) Z=28)+0=16
B(6, 1) Z=26)+1=13
(1, 6) Z=2(1)+6=8 « Minimum
D(0, 9) Z=2(0)+9=9.

Here, we see that 8 is the minimum value of Z at (1, 6) but the
feasible region is unbounded. So, 8 may or may not be the
minimum value of Z.

To confirm it, we will draw a graph of inequality 2x +y <8 and
check if it has a common point.

We see from the graph that there is no common point on the
line.

Hence, the minimum value of Z is 8 at (1, 6).

Tablet X =1

Table Y =6.

A company makes 3 models of calculators: A, B and C at
factory I and factory II. The company has orders for atleast
6400 calculators of model A, 4000 calculators of model B and
4800 calculators of model C. At factory I, 50 calculators of
model A, 50 of model B and 30 of model C are made everyday;
at factory I, 40 calculators of model A, 20 of model B and 40 of
model C are made everyday. It costs T 12,000 and ¥ 15000 each
day to operate factory I and II respectively. Find the number
of days each factory should operate to minimise the operating
costs and still meet the demand.

Let factory I be operated for x days and II for y days

At factory L 50 calculators of model A and at factory II,
40 calculators of model A are made everyday.

Company has orders of atleast 6400 calculators of model A.

o 50x +40y 26400 = 5Sx+4y 2640

Also, at factory I, 50 calculators of model B and at factory I,
20 calculators of model B are made everyday.

Company has the orders of atleast 4000 of calculators of
model B.
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© 501 +20y 24000 = 5x+2y > 4000
Similarly for model C,

30x+40y 24800 = 3x+4y>480

andx20,y20

It costs ¥ 12,000 and T 15000 to operate the factories I and II
each day.

. Required LPP is
Minimise Z = 12000x + 15000y subject to the constraints
5x +4y = 640 ()
5x +2y = 400 (i)
3x + 4y = 480 w(iti)
x20,y20 .(iv)
Table for (i) equation 5x + 4y = 640
x 0 | 128
y {160 O
Table for (if) equation 5x + 2y = 400
x 0 80
y 200/ 0
Table for (jii) equation 3x + 4y = 480
x 0 | 160
y_[120] o

» x
128,0 A
O‘V P ( ) d\'l"x (1 60,0)\.

Yoow g
Y AN
“ K2
. B
On solving eq. (i) and (ii), we get

x=80,y=60
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On solving eq. (i) and (ii) we get

x=32and y=120

From the graph, we see that the feasible region ABCD is open
unbounded whose comers are A(160, 0), B(80, 60), C(32, 120)
and D(0, 200).

Let us find the values of Z.

Corner points | Value of Z = 12000x + 15000y
A(160,0) | Z=12000(160) + 0 = 1920000

B(80, 60) | Z = 12000(80) + 15000(60)
= 1860000 « Minimum

C(32,120) |Z=12000(32) +15000(120)
= 2184000

D(0,200) | Z =0+ 15000(200) = 3000000

From the above table, it is clear that the value of Z = 1860000
may or may not be minimum for an open unbounded region.
Now, to decide this, we draw a graph of
12000x + 15000y < 1860000

= 4x +5y < 620
and we have to check whether there is a common point in this
feasible region or not.
So, from the graph, there is no common point.
=, Z =12000x + 15000y has minimum value 1860000 at (80, 60).
Factory I : 80 days
Factory II: 60 days.

Q25. Maximise and minimise Z = 3x — 4y subject to x — 2y S 0,
~3x+y<4,x-ysbandx,y20.

Sol. GivenLPPis
Maximise and minimise Z = 3x — 4y subject to

x 0 2
x-2ys0 (i) y 10 |1
. x | 0 |~-4/3
-3x+ys4 ..(i) v | 4 0
. x 0 6
x-ys<6 (i) y |=6] 0

and x,y20 (i)
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From the graph, we see that AOB is open unbounded region
whose corners are O(0, 0), A(0, 4), B(12, 6).
Let us evaluate the value of Z

'Yﬁ

Corner points Value of Z=3x — 4y
0(0, 0) Z=0
A0, 4) Z=0-4(4)=-16 « Minimum
B(12, 6) Z=3(12)-46)=12 « Maximum

For this unbounded region, the value of Z may or may not be
—16. 50 to decide it, we draw a graph of inequality 3x -4y <- 16
and check whether the open half plane has common points
with feasible region or not. But from the graph, we see that
it has common points with the feasible region, so it will have
not minimum value of Z. Similarly for maximum value, we
draw the graph of inequality 3x — 4y > 12 in which there is no
common point with the feasible region.

Hence, the maximum value of Z is 12.

LiINEAR PROGRAMMING 8 421


http://www.cbsepdf.com

www.cbsepdf.com

B | OBJECTIVETYPE QUESTIONS : o

Choose the correct answer from the given four ophons in each of the

Exercises 26 to 34.

Q26. The corner points of the feasible region determined by the

system of linear constraints are (0, 0), (0, 40), (20, 40), (60, 20),
(60, 0). The objective function is Z = 4x + 3y. Compare the
quantity in Column A and Column B

‘ Column A Column B

Maximum of Z 325

(2) The quantity in column A is greater.

(b) The quantity in column B is greater

(c) The two quantities are equal

(d) The relationship cannot be determined on the basis of the

information supplied.

Sol. | Corner points Value of Z=4x + 3y
(0, 0) Z=0

(0, 40) Z=0+3(40)=120
(20, 40) Z =4(20) + 3(40) = 200
(60,20) |Z=4(60)+3(20)=300 |, Maximum
(60, 0) Z = 4(60) + 3(0) =240

Hence, the correct option is (b). Y4 D (4,10)
Q27. The feasible solution for a

LPP is shown in figure. Let o o E

Z = 3x - 4y be the objective

function. Minimum of Z

occurs at

{a) (0,0 () (0, 8)

(c) 5. 0) (@) (4,10)

NC68)

YB(65)

0 AGoy) X

Sol. | Corner points Value of Z = 3x — 4y

0(0, 0) Z=0

A(5,0) Z=3(5)-0~=15

B(6, 5) Z=3(6)-4(5)=-2

C(6, 8) Z=3(6)-4(8) =14

D4, 10) Z=3(4)—-4(10)=-28

| E@©8) Z=30)-48)=-32 | Minimum
Hence, the correct option is (b).
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Q28.
Sol.

029,

Sol.

Qa3o.

Sol.,

Q31.
Sol.
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Refer to Exercise 27. Maximum of Z occurs at

(8 (5,0) (&) (6,5) ) 6.8 () 410

According to solution of Q. 27, the maximum value of Z is 15

at A (5, 0).

Hence, the correct option is (a).

Refer to Exercise 27. (Maximum value of Z + Minimum valie

of Z) is equal to

(@) 13 ® 1 © -13 () -17

According to the solution of Q. 27, Maximum value of Z = 15

and Minimum value of Z = - 32

S0, the sum of Maximum value and Minimum value of Z
=15+(-32)=-17

Hence, the correct option is (d).

The feasible region for an LPP is shown in the figure. Let

F = 3x — 4y be the objective function. Maximum value of F is

(@) 0 ®) 8 (© 12 @ -18
Ya '_/
5 A(12,6)
>
o > X
0,0) (120)

The feasible region is shown in the figure for which the
objective function F = 3x — 4y

Corner point Value of F=3x — 4y
0O(0, 0) F=0
A(12,6) (F=3(12)-4(6)=12 « Maximum
B(0, 4) F=0-4(4)=-16 « Minimum

Hence, the correct option is (c).

Refer to Exercise 30. Minimum value of F is

(@) 0 ) -16 (c) 12 (d) does not exist
According to the solution of Q. 30, the minimum value of F
is— 16 at (0, 4).

Hence, the correct option is (b).
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Q32. Corner points of the feasible region for an LPP are (0, 2), (3, 0),
(6,0), (6, 8) and (0, 5).
Let F =4x + 6y be the objective function.
The minimum value of F cccurs at

() (0,2) only (b) (3, 0) only
(c) the mid-point of the line segment joining the points (0, 2)
and (3, 0) only

(d) any point on the line segment joining the points (0, 2) and (3,0)

Sol. Corner points Value of F = 4x + 6y
0,2) Z=40)+6(2)=12 « Minimum
(3, 0) Z=43)+6(0)=12 «— Minimum
(6,0) Z =4(6) + 6(0) = 24 _
(6, 8) Z=4(6) +6(8) =72 « Maximum
(0,5) Z =4(0) +6(5) =30

The minimum value of F occurs at any point on the line
segment joining the points (0, 2) and (3, 0).
Hence, the correct option is (d).

Q33. Refer to Exercise 32, Maximum of F — Minimum of F=
(@) 60 (b) 48 () 42 (d) 18

Sol. According to the solution of Q. 32,

Maximum value of F — Minimum value of F =72 - 12 =60
Hence, the correct option is ().

Q34. Corner points of the feasible region determined by the system
of linear constraints are (0, 3), (1, 1) and (3, 0).
Let Z = px + gy, where p, g > 0. Condition on p and 4 so that the
minimum of Z occurs at (3, 0) and (1, 1) is

@p=2q ® p=3 ©p=3 @ p=q

Sol. Corner points Valueof Z=px+qy; p,q>0
0, 3) Z=p(0) +4(3) =34
a1 Z=p()+q()=p+q
3.0 Z=p(3)+9(0)=3p

So, condition of p and 7 so that the minimum of Z occurs at
(3,0)and (1, 1) is

q
prq=3p = p-3p+q=0=p=1.

Hence, the correct option is (b).
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Fill in the blanks in each of the Exercises 35 to 41.

Q35.

Sol.

Q36.
Sol.
Q37.

Sol.
Q38.

Sol.
Q39,

Sol.
Q40.

Sol.
Q41.
Sol.

In a LPP, the linear inequalities or restrictions on the variables
are called .................. .

constraints.

In a LPP, the objective function is always .................. .

linear.

If the feasible region for a LPP is .................. then the optimal
value of the objective function Z = ax + by may or may not exist.
open unbounded

In a LPP, if the objective function Z = ax + by has the same
maximum value at two corner points of the feasible region,
then every point on the line segment joining these two points

give the same ........ccvvuenne value.

maximum

A feasible region of a system of linear inequalities is said to be
.................. if it can be enclosed within a circle.

bounded _

A corner point of a feasible region is a point in the region
which is the ................. of two boundary lines.

intersection

The feasible region for an LPP is always a..........coceune. polygon.
convex

State whether the statements in Exercises 42 to 45 are True or False.

Q42

Sol.
Q43.

Sol.
Q44.

Sol.
Q45.

Sol.

If the feasible region for a LPP is unbounded, maximum or mini-
mum of the objective function Z = ax + by may or may not exist.
True.
Maximum value of the objective function
Z = ax + by in a LPP always occurs at only one corner point of
the feasible region.
False,
In a LPP, the minimum value of the objective function
Z = ax + by is always 0 if the origin is one of the corner point
of the feasible region.
False.
In a LPP, the maximum value of the objective function
Z = ax + by is always finite.
True.

aQQ
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Probability

B [SHORT ANSWER TYPE QUESTI

Q1. For aloaded dié, the probarﬁili-tiﬁersﬂc;f‘ outcomes are ngen as under:

Sol.

Q2.

P(1) = P(2) = 0.2, P(3) = P(5) = P(6) = 0.1 and P(4) = 0.3
The die is thrown, two times. Let A and B be the events, ‘same
numbereach time’; and ‘atotal score is10 or more’; respectively.
Determine whether or not A and B are independent.
A loaded die is thrown such that
P(1) =P(2) = 0.2, P(3) = P(5) = P(6) = 0.1 and P(4) = 0.3 and die
is thrown two times. Also given that:
A = Same number each time and
B = Total score is 10 or more.
So, P(A) = [P(1, 1) + P(2, 2} + P(3, 3) + P(4, 4) + P(5, 5) + P(6, 6)]
= P(1).P(1) + P(2).P(2) + P(3).P(3) + P(4).P(4)
+P(5).P(5) + P(6).P(6)
=02x02+02x02+01x0.1+03x03+0.1x0.1
+0.1x0.1
=0.04+0.04+0.01 +0.09 +0.01 +0.01 =020
Now B = [(4, 6), (6, 4), (5, 5), (5, 6), (6, 5), (6, 6)]
P(B) = [P(4).P(6) + P(6).P(4) + P(5).P(5) + P(5).P(6)
+P(6).P(5) + P(6).P(6)
=03x01+01x03+01x01+0.1x0.1+0.1x=0.1
+0.1x0.1
=0.03+0.03 +0.01 +0.01 +0.01 +0.01 =0.10
A and B both events will be independent if
P(A n B) = P(A).P(B) ..(d)
Here, (A nB) = {(5, 5), (6, 6)}
P(A n B) = P(5, 5) + P(6, 6) = P(5).P(5) + P(6).P(6)
=01=x0.1+0.1x01=0.02
From eq. (i) we get
0.02 = 0.20 x 0.10
0.02 = 0.02
Hence, A and B are independent events.
Refer to Exercise 1 above. If the die were fair, determine
whether or not, the events A and B are independent.
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According to the solution of Q. 1, we have
A={(1, 1), (2, 2), 3, 3). (4 4), (5, 5), (6, 6)}
~n(A)=6andn(S)=6x6=36
nA) _6 1
S50, P(A)= _nﬁ = g = E
and B = {4, 6), (6, 4), (5, 5), (5, 6), (6, 5), (6, 6)}
n(B) = 6 and n(S) =36

_nB_s6 1
P@) = nS) 36 6
AnB = {(5,5), (6,6)}
~P(ANB) = -3%:1—18~

Therefore, if A and B are independent, then

P(AnB) =P(A).P(B)
8786 T 1%
Hence, A and B are not independent events.
The probability that atleast one of the two events A and B
occurs is 0.6. If A and B occurs simultaneously with probability
0.3, evaluate P(A) + P(B).
We know that:
A U B denotes that atleast one of the events occurs
and A N B denotes that the two events occur simultaneously,
So, P(AUB) = P(A) + P(B) - (AN B)
= 0.6 = P(A) + P(B)-0.3
= 0.9 = P(A) + P(B)
= 09 = 1-P(A)+1~P(B)
= P(A)+P®B) =2-09=1.1
Hence, the required answer is 1.1.
A bag contains 5 red marbles and 3 black marbles. Three
marbles are drawn one by one without replacement. What is
the probability that atleast one of the three marbles drawn be
black, if the first marble is red?
Let red marbles be represented with R and black marble with
B. The following three conditions are possible, if atleast one of
the three marbles drawn be black and the first marble is red.

(7) E,:IIballis black and Il is red

(i) E,:IIballis black and Il is also black
(1) E,:IIball is red and III is black
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P(Ey) = P(R,).P(B,/R,}.P(R2/R;B,) =
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P(E,) = P(R;).P(B,/R,).P(B,/R;B;)==>.
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-~ B
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and P(E,) = PR;).P(R,/R,).B(B;/R{R;)

25
Hence the required probability is 56"

Q5. Two dice are thrown together and the total score is noted. The
events E, F and G are ‘a total of 4’ ‘a total of 9 or more’, and ‘a
total divisible by 5’, respectively. Calculate P(E), P(F) and P(G)
and decide which pairs of events, if any;are independent.

Sol. Two dice are thrown together
-~ n(S)=36

E=Atotalof4={(2,2),(13),(3,1)} ..nE)=3
F = A total of 9 or more
= {(3, 6), (6, 3), (5, 4), 4, 5), (5, 5), (4 6), (6,4), 5, 6),
(6, 5), (6, 6)}
-~ n({F)=10; G=Atotal divisible by 5 }
={(1,4),(4 1), (2.3), (3 2), (4, 6), (6,4, (5 5)} .~ n(G)=7
Here, wesee that EnF)=¢and (ENG)=¢

and (FNG)=1{(46),(64), (5 5}
- nFNG)=3and (ENFNG)=0
_HE)_3_1
PE) =76 36 12
_HBH_10_5 . "G _7
P@E) = n(S) 36 18 PO = nS) 36
3 1 5 7 35
P(FﬁG)=¥=E andP(F).P(G)=E-‘-3-6-=-@

Since, P(FnG) # P(F).P(G)
Hence, there is no pair of independent events,

Q6. Explain why the experiment of tossing a coin three times is
said to have binomial distribution.

Sol, We know that random variable X takes values 0, 1,2, 3, .., nis
said to be binomial distribution having parameters # and p, if
the probability is given by
P(X=r)="C,p'q" ", whereq=1-pandr=0,1,23, ..
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Similarly in case of tossing a coin 3 times,

1
n =3 and X has the values 0, 1, 2, 3 withp = 574
Hence, it is said to have a binomial distribution.

1
>
A and B are two events such that P(A) = %, P(B) = % and
P(ANB)= %. Find:
(i) P(A/B) (i) P(B/A) (i) P(A’/B) (iv) P(A’/B)
We have P(A)= 2, P(B) = Sand PA N B)=
- _1__ _1_2
P(AY)=1 23 PBY=1-2=2
P(A’ " B)=1-P(A UB)=1-[P(A) + P(B) - P(An B)]
1 1 1 6+4-3 7 5
-1-[3ea e
KANB) _1/4_3
PB) 1/3 4
P(AnB) 1/4 1
(i) P(B/A) = —(P(:) )=1§—2=E

P(A’nB) P(B)-P(ANB)

() P(A/B) =

(iii) P(A'/B) =

P®) P(B)
-, PAanB , 14 o 31
P(B) 1/3 4 4
(i) PATE)= P(A'NB) 5/12_5 3_5

P(B") 2/3 12 2 8
2 1 1
Three events A, B and C have probabilities 53 and 3
1
respectively. Given that PAN C) = — and PBNC)= 1 » find

the values of P(C/B) and P(A" C’).

We have P(A) = =, P(B) = 1 and P(C) = %

5
P(AnC)——andP(BnC)—l
P(C/B) = P(B“C)=1/_4=§
PB) 13 4
PA’'AC) =1-PAUC)
- 1-[P(4) + P(Q) - AN O)]

ProsaBLTY B 429


http://www.cbsepdf.com

www.cbsepdf.com

2,1 1], 7.3
- L5 2 5 10 10
Hence, the required probabilities are % and %

Q9. LetE,and E,betwoindependent events such that P(E,)=p, and

P(E,) = p,. Describe in words of the events whose probabilities
are:

(&) pipa (i) A-pip,
(i) 1-(1-p)1-py) (@) p1+p-2pp,
Sol. Here, P(E,) = pyand P(E;) = p,
(@) PiP2 = P(Ey) . P(Ep) = P(E; N Ey)
So, E; and E, occur.
(i) (1-py).p, = P(E,).P(Ey) = P(E{ NEy)
So, E, does not occur but E, occurs.
(i) 1~ (1~py) (1-py) =1~ PEYP(E,Y = 1 - P(E{ A E})
=1-[1-P(E; VEy)]=P(E, VE)
So, either E, or E, or both E, and E, occur.
(W)  pi+p2—2ppy= P(E)) + P(Ey) - 2P(E,). P(Ey)
= P(E,) + P(E,) - 2P(E; N E,)
= P(E; U E) - 2P(E, N E))
So, either E, or E, occurs but not both.

Q10. A discrete random variable X has the probability distribution
given as below:
. 1] 1 (1) Find the value of k.
X_| 05 o | 2 (if} Determine the mean of
PX)| k | & [ 2| k the distribution.
Sol. For a probability distribution, we know that if P; 2 0}

Q)] iP::l = k+k2+22+k=1

i=1
32+2k-1=0 = 3k+3k—-k-1=0
3k(k+1) - 1(k+1)=0=> (3k— 1)k + 1) =0

1
k=3 andk=-1

Butk20 .. k= %
(if) Mean of the distribution
n
E(X)= 3, X;P, = 0.5k + 1.k2 + 1.5(2k%) + 2k

i=1

=
=
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= §+k2+3k2+2k = 4k? +§k

1V 5(1) 4 5 23
=4 (2 =2+2=22
QIL Prove that (3) 2(3) 9 6 18
® P(A) = P(ANB)+P(ANB)
(i) P(AUB)= P(ANB)+P(AB)+PA NB)
SoL. () Toprove: P(A)= P(A N B)+P(A N B)
RHS. = P(ANB)+P(AnB) _
= P(A).P(B)+ P(A).P(B) = P(A) [P(B) + P(B)]
= P(A).1
= P(A) = L.H.S. Hence proved.
(i) To prove: P(AUB)= P(A N B) + P(A " B)+ P(A N B)
R.HS. = P(A).P(B) + P(A).P(B) + P(A).P(B)
= P(A).P(B) + P(A)[1-P(B)] +[1- P(A)].P(B)
= P(A).P(B) + P(A) - P(A).P(B) + P(B) - P(A).P(B)
= P(A)+P(B)-P(ANB)
= P(AuU B)=L.H.S. Hence proved.
Q12. If X is the number of tails in three tosses of a coin, determine
the standard deviation of X.
Sol. Giventhat: X=0,1,2, 3
o P(X=7)=1C p g7

1 1
wheren=3,p=5,q=§andr=0,1,2,3
1. 1.1 1 1.1 1 3
PX=0)= —x=x==—; PX=1)=3x=-X-X—=>
.(X ) 2x2 2 8 X=1) 2 2 8
1.1 1 3 1. 1.1 1
= = —_ — ——— = = — —_ = —
P(X=2) 3x2x2x2 8,P()( 3) 2x2 538
Probability distribution table is:
X 0 1 2 3
1 3 3 1
POl 5 | 5| 8| 3
3 1 3 6 3-12 3
= — —_ —_m—t—_—t—_=— = —
E(X) = 0+1x=+2x +3x8 s 8T8 83
1 3 12 9 24
= 0+1X—-+4Xx—-+9XxX- ==+ —4+7=""-3
BOE) = 0+1x X 8 8 8 8 8
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3V 4.9
We know that Var(X) = E(X?)-[E(X)]*= 3 - (E) =3- 1

. Standard deviation = 1Nm'(X) = \E =—‘/2§—.

Q13. Ina dice game, a player pays a stake of Re 1 for each throw of
a die. She receives ¥ 5 if the die shows a 3, ¥ 2, if the die shows
a1 or 6, and nothing otherwise. What is the player’s expected
profit per throw over a long series of throws?

Sol. Let X be the random variable of profit per throw.

W | W

X -1 1 4
POOL L |11
2 3 6
Since, she loses ¥ 1 for getting any of 2, 4, 5.
6, Poxo_tym telrlodl
6 6 6 6 2
PX=1)= l+l=2=l (*+ die showing 1 or 6)
6 6 6 3
P(X=4) =% (' die shows only a 3)
Player’s expected profit = > rx
1 1 1 11 2 1
=—1x5+1x§+4xg=—§+5+§=E=?‘0,50

Q14. Three dice are thrown at the same time. Find the probability of
getting three two’s, if it is known that the sum of the numbers
on the dice was six.

Sol. The dice is thrown three times

». Sample space n(S) = (6)° = 216

Let E, be the event when the sum of numbers on the dice was

six and E, be the event when three two's occur.

>E={(1,14),(,23),(132,(1L41) 213,222,

231,312,621, (411}

= n(E,) = 10 and n(Ey) =1 [+ E=1{222)]
P(E,NE,) 1/216 _ 1

» P(By/Eq) = P(E,) 10216 10

Q15. Suppose 10,000 tickets are sold in a lottery each for Re. 1. First
prize is of ¥ 3,000 and the second prize is of ¥ 2,000. There are
three third prizes of ¥ 500 each. If you buy one ticket, what is
your expectation?
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Sol. Let X be the random variable where X = 0, 500, 2000 and 3000

Q16.

Sol.

Q17.

Sol.

X 0 500 2000 3000
9995 1 1
PX) 10000 10300 10000 10000
E(X)= 0x 15:)%%% +500 xﬁaa+2000 X 10[1)00 + 3000 x1_0[1)0—0
~ 005+ o000 0000~ o008~ 20 =<0
Hence, expectation is ¥ 0.65.

A bag contains 4 white and 5 black balls. Another bag
contains 9 white and 7 black balls. A ball is transferred from
the first bag to the second and then a ball is drawn at random
from the second bag. Find w W

the probability that the ball ! 2
drawn is white. 4 white 9 white
Let W, and W, be two bags | 5plack 7 black
containing (4 W, 5 B) and- |

(9 W, 7 B) balls respectively. ~ 1ball l

Let E; be the event that the 1ball
transferred ball from the bag

W, to W, is white and E, the event that the transferred ball is
black.

And E be the event that the ball drawn from the second bag is
white.

10 9
=~ P(E/E;) = 17 P(E/E,;) = 7
5

4

PE)=y and PE)-7j

P(E) = P(E;).P(E/E, )+ P(E,).P (E/E,)
_4,10 5 9 40 45 8 5

= = = + = =
9717 9 17 1537153 " 153~ 9
5
Hence, the required probability is 9

Bat I contains 3 black and 2 white balls, bag I contains 2 black
and 4 white balls. A bag and a ball is selected at random.
Determine the probability of selecting a black ball.

Given that bag I = {3 B,2 W}

and bagIl = {2 B, 4 W}

Let E; = The event that bag I is selected
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E, = The event that bag I is selected
and E = The event that a black ball is selected

P(E;) = 3. P(y= 57 P(E/E:)= and P(E/E;)=

P(E) = P(El).P(E/El) +P(E,). P(E/Ez)
1.3.1.1_3 1 9+5 14 _7

275723 10 6 30 30 15
7
Hence, the required probability is 5

Q18. Abox has 5 blue and 4 red balls. One ball is drawn at random
and not replaced. Its colour is also not noted. Then another
ball is drawn at random. What is the probability of second
ball being blue?

Sol. Given that the box has 5 blue and 4 red balls.
Let E, be the event that first ball drawn is blue
E, be the event that first ball drawn is red
and E is the event that second ball drawn is blue.
P(E) = P(E;).P(E/E,) + P(E,). P(E/Ez)
_5.,4.4 5 2 20 _40_
+=X +

Hence, the required probability is

Q19. Four cards are successively drawn without replacement from
a deck of 52 playing cards. What is the probability that all the

four cards are Kings?
Sol. LetE,, E, E; and E, be the events that first, second, third and
fourth card is King respectively.
=~ P(E,NE,NnE;NE,)
E E
= P(E,).P(E, /E.).P 3 .P 4
(E,).P(E,/E,) [(El ngz)] [(ElnEananE4):|
4 xg- 2 1 24 1 1

= X—X—= = =
52 51 50 49 52-51-50-49 13.17-25.49 27075
- N |
Hence, the required probability is ———,
o4 P v 27075
Q20. A die is thrown 5 times. Find the probability that an odd

number will come up exactly three times.

Sol. Here, p=—+—+l”~:>q=1-%-% and n=5
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- P(x=r)=”C,p’q""’
-3 () -] ) -0
2/ 2 312082, \2 '8'4
Hence, the required probability is T56— .

Q21. Ten coins are tossed. What is the probability of getting atleast
8 heads?

1
Sol. Here, n=10,p= 7’ q= -

13

&lw

M=

1
2
P(X 2 8) = P(x=8) + P(x = 9) + P(x = 10)

_10 1)8(1)10-8 0 (1)9(1)10—9 o (1)10(1)0
OO REDIOHOK
81212/ \2) "on\2) \2)"\2

- 10 10 10 10
= 45.(%) +10.(%) +(%J =G‘2-) (45+10+1)
1\ 1 7
= 56 - =56 XKe—=
(2) 1024 128

7
Hence, the required probability is 28"

Q22. The probability of a man hitting a target is 0.25. He shoots
7 times. What is the probability of his hitting at least twice?
1
Sol. Heren=7, p=025=-—=> and q= 1—-;:=%

P(X22)=1-[P(X=0)+P(X=1)]
-1-[e (&) e 1) Q)]
G -G E
6
) B
16384 —7290 _ 9094 _ 4547

)

16384 16384 8192
. o 4547
Hence, the required probability is 392"
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A lot of 100 watches is known to have 10 defective watches.
If 8 watches are selected (one by one with replacement) at
random, what is the probability that there will be atleast one
defective watch?

0 1
Probability of defective watch out of 100 watches = 0010

1
Here, n=8,p= 17 and g= 1—11—0=% andr21

P(X21)=1-P(x=0)=1-"°C (%)D (19_0)3#0 =1_(%0)8
8

Hence, the required probability is 1— (1—90-) .

Consider the probability distribution of a random variable X:
X 0 1 2 3 4
P(X)| 0.1 |025| 03 | 0.2 | 0.15

Calculate: (i) v(_’zij (if) Variance of X.
Here, we have

X 0 1 2 3 4 We know that: Var(X)
P(X)| 0.1 [025| 03 | 0.2 | 0.15 =E(X?) - [EX)1?

n n
where E(X) = ZI;P,- and E(X?) = ZP;"-’.'Z
i=1 i=1
-~ E(X)=0x01+1x025+2x03+3x02+4x0.15
=0+025+06+0.6+0.6=205
E(X?) =0x0.1+1x025+4x03+9x02+16x0.15
=0+025+1.2+18+240=5.65
Xy 1 1 1
vliZ) = 2V = = [5.65 —(2.05)2] = —[5.65 — 4.2025
@ V(%)= 1v00 - J1565- 057 - 515 )

- i- x 1.4475 = 0.361875

i

(ii) Var(X) = 1.4475
The probability distribution of a random variable X is given

below:
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X|104{1 ]| 2] 3| (i) Determine the value of k.
k | k| k| (@ Determine P(X <2) and P(X >2)
PX)| & >12138 (ii)) Find P(X<2)+P(X >2),

Sol. () We know that P(0) + P(1) + PQ2) + P(3) =1
k k
K+ 2%
= tateteg !
8k +4k+2k+k

8 =1 =15k=8

" 15
(if) P(X $2) = P(X =0) + P(X=1) + P(X = 2)
k k_7k_7 8 _14

=k+-+—=— —=—
2 4 v 41 4 151 15
8
and P(X>2)=PX=3)= P TRET
14 1 14+1 1
(iif) PX<2)+P(X>2)= — ———-—-———?-—1.

55 15 15 15
Q26. For the following probability distribution, determine standard

deviation of the random variable X

X 2 3 4
P(X) 0.2 0.5 0.3

Sol. We know that: Standard deviation (5.D.) = \/Variance
Var(X) = E(X?) - [EQQP
EX)=2%x02+43x05+4x03=04+15+12=31
E(X?)=4x02+9x05+16x0.3=08+45+4.8=10.1
So V(X)=10.1-(3.1>=10.1-9.61=0.49
SD. = Var(X) = V0.49 =0.7

1
Q27. A biased die is such that P(4) = 0 and other scores being
equally likely. The die is tossed twice. If X is the ‘number of

fours seen’, find the variance of the random variable X.
Sel. Here, random variable X=0,12

. 1.9
P = 550 P i
9 81
P = P(4 P4——— X——=—
X=0) ()() 10 10 100
1 1x9 18

9
P(X=1) = P@).P4)+PA).P@) = 17X 35+ 10X 10 10
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1
P(X=2) = P(4).P(4) = E BT

81 18

1
100
X {1 o | 1 | 2
1
PX) 1t 0 | 10 | 700

We know that V(X) = E(X?) - [EQ)

81 18 2 20 1
= —_— 1 —_—,— e =
) = 0% 950 " 00 * 100 " 100 "5

E(XY) = 0x oL p1x8 gt 2 _11
100 100 100 100 50
11 1% 11 1 9
Var(X) = ———[=| =—=-—=2-=0.18
X (5) 50 25 50

Hence, the requlred variance = 0.18.

A die is thrown three times. Let X be the ‘number of twos
seen, find the expectation of X.
Here, wehave X=0,1,2,3 [ die is thrown 3 times]
1 5
andp= ,q
PO = Pt ) Bt Ptz 5.5, 5125
. (X—) (not 2) . P(not 2) .P(not 2) 666 216

P(X =1) = P(2) .P(not 2) . P(not 2) + P(not 2) . P(2) . P(not 2)
+ P(not 2) .P(not 2) . P(2)

~155,515551_ 5 3 B _75
666 666 666 216 216 216 216
P(X =2) = P(2) .P(2) .P(not 2) + P(2) .P(not 2) . P(2)

+P(not 2) . P(2) .P(2)

115 151 511 5 5 5 15
= st S s o s —— b o
6 66 666 66¢6 216 216 21 16
111 1
P(X=3) = PQ).PQ).PQ)= g ¢ =7z
Now E(X) = ZP. x;
._0 1.224.1 _7_5_+2x_1§_+3x_1_
216 216 216 216
- '75+150+ 3 75+30+3 108_1
216 216 216 216 216 2
Hence, the required expectation is ';—
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Two blased dice are thrown together. For the first die
P(6) = 5 the other scores being equatly likely while for the
second die, P(1) = 2 and the other scores are equally likely.

Find the probability distribution of ‘the number of ones seen’.

1 _
Given that: for the first die, P(6) = 5 and P(8)=1- % =%

= P(1) + P(2) + P(3) + P(4) + P(5) = -
But P(1) = P(2) = P(3) = P(4) = P(5)

1 _
+5P(1)= 5 = P(0)= - and P(1)=1—%=1_90.

2 -
For the second die, P(1) = 7 and p(1)=1_§=§

Let X be the number of one’s seen
& X=0,1,2
9 3 27

= PX=0)=P(D).P(D)= o= 0= 054

P(X=1) = P(T)-P(1) + P(l)-P(l)
1 o I

105 105 50 50
PX=2)= Pl Pl i E—A—OM

Hence, the required probabxhty distribution is

X 0 1 2
PX) | 054 | 042 | 0.04
Two probability distributions of the discrete random variable
Xand Y are given below.

X1lo 213 )
1 1

1
PX)| 5 55| [FM

Prove that: E(Y?) = 2E(X).

3
1
10

1
3
0

AN =
U= |
AN N

b

First probability distribution is given by

XJoJi1T273 "
1]2[1[1] Weknow that EX)= Y PX;

"M 5|5]5]5
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1 2 1 1 2 2
EX)=0.-+1. = +2.=+3.—-=0+=+—
= X) 5 5. 5 5 5 5

For the second probability distribution,

Y 0 1 2 3

1|3 1
PM| 5 110 10
3

E(Y? —+1 = 44,249, —
() =0. 10 5 10

=0 +i + §- 3 B4
10 5 10 10 5
NowE(Y2)~—4and2E(X) 2%=1?4
Hence, E(Y?) = 2E(X).
Q31. A factory produlces bulbs. The probability that any one bulb

is defective is o5 and they are packed in boxes of 10. From

the single box, find the probability that (§) none of the bulbs is
defective (ii) exactly two bulbs are defective (7if) more than 8
bulbs work properly.
Sol. Let X be the random variable denoting a bulb to be defective.
1 1 _49
Here,n=10,p= 50’97 1 30" 50
We know that P(X=r)="Cp" ¢" "

() None of the bulbs is defective, i.e., r=0

P=0)= C"(so) (50 50
(if) Exactly two bulbs are defective

e

10
= 45. (49)10 =45x (i) x (49)°
(50) 50
(i) More than 8 bulbs work properly
We can say that less than 2 bulbs are defective
P(x<2) =P(x=0)+P(x=1)

e 3 ()" e )-8 48]
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-(&)(59-(2)(2)- 2

Q32. Suppose you have two coins which appear identical in your
pocket. You know that one is fair and one is 2-headed coin. If
you take one out, toss it and get a head, what is the probability
that it was a fair coin?

Sol. Let E, = Event that the coin is fair
E, = Event that the coin is 2-headed
and H = Event that the tossed coin gets head.

1 1 1

PE) =5, PE)=3, PH/E)=5, P(H/E)=1

. Using Bayes’ Theorem, we get

. P(E,).P(H/E,)
/M) = B PRYE,) + P(E,). PEVE,)
11 1
2 __4
l 1 1+
4

[N
Q) [ -

1
PR
22 2

s | GOk | =

1
2
1
Hence the required probability is 3
Q33. Suppose that 6% of the people with blood group O are left
handed and 10% of those with other blood groups are left
handed, 30% of the people have blood group O. If a left
handed person is selected at random, what is the probability
that he/she will have blood group O?
Sol. Let E, = The event that a person selected is of blood group O
E; = The event that the person selected is of other group
and H = The event that selected person is left handed
P(E;) =0.30 and P(E,;)=0.70
P(H/E,) =0.06 P(H/E,) =0.10
So, from Bayes’ Theorem
(EJ _ P(E,).P(H/E;)
H P(E,).P(H/E,) + P(E;).P(H/E,)

~ 0.30 X 0.06 ___ 0018  0018_9
T 0.30x0.06+0.70x0.10 0.018+0.070 0.088 44

9
- Hence, the required probability is a
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‘Two natural numbers r and s are drawn one ata time, without
replacement from the set S={1, 2, 3, ..., n}. Find P(r S p/s < p),
wherep e S.
Given that: S=11, 2, 3, ..., n}
' PPAS) p-1 _n _p-1
PS) n n-1 n-1
r-1
n-1
Find the probability distribution of the maximum of the two
scores obtained when a die is thrown twice, Determine also
the mean of the distribution.
Let X be the random variable scores when a die is thrown twice.
X=1234,5,6
and 5={11),(L2,(21),(2),(L3),(23),31),32),
3, 3), (3, 4), (3, 5), ..., (6, 6)}

P(r<pls<p) =

Hence, the required probability is

11 1
S0, PX=1)= 453
11 11 11 3
P(x—2)=g.€+g.g+g.-g_-3—6-
P(X 111111, 11,115
X=3)= 55 6666 6666 36
Similarly
7 9 11
P(x—4)—¥,P(X=5)=£andP(X=6)=§
So, the required distribution is
X 1 2 3 4 5 6
1 3 5 7 9 | 1
PO 36 13 | 36 | 3 | 3 | 3
Now, the mean E{(X) = Z x;p;
i=1
1 3 5 7 9 11

I

IX—+2X—+3X—+4X—+5x—+6Xx—
36 36 36 36 36 36

1.6 ,15 28 45 66 16l

— -+ —+ = —
36 36 36 36 36 36 36

161
Hence, the required mean = 36
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Q36. The random variable X can take only the values 0, 1, 2. If
P(X=0)=P(X=1)=p and E(X?) = E(X), then find the value of p.
Sol. Given that: X=012
and P(X)at X=0and 1is p. Let P(X) at X =2 is x
= prtptx=1 = x=1-2p
Now we have the following distributions.

X 0 1 2
P | p | p [1-2

E()=0p+1p+2(1-2p)=p+2-4p=2-3p
and E(Xz)=0.p+1.p+4(1—2p)=p+4—8p=,4——7p
Given that: E(X?) = E(X)

4-7p=2-3p = 4p=2 = p= “;-
Hence, the required value of p is %

Q37. Find the variance of the distribution:

X 0 1 2 3

1 5
P(X) 3 T

Sol. We know that:
Variance (X) = E(X?) - [EQ(J?

EX) = 2P
i=1
11 1

= 0x1+1xi+2x3+3x—+4x—+5x_
6 18 9 6 9 18

O e

’;lH T

N
- W

5 4 3 4 5 5+8+9+8+5 35
=0+—t—t—F—p— " 7T B
18 9 6 9 18 18 18

1 5 2 1 1 1
E = —+IX——+4X=+9IX—-+16X =+ 25X —
3 0x6+ x18+ x9 x6 5 13

9 16 25 5+16+27+32+25 105
s —+—+—-—+—+4+— =

18 96 9 18 18 18
105 35 35 1890-1225 g5
V= 1e T18%18T T a4 "

665
Hence, the required variance is 24

Q38. Aand B throw a pair of dice alternately. A wins the game if he
gets a total of 6 and B wins if she gets a total of 7. If A starts the
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game, find the probability of winning the game by A in third
throw of the pair of dice.
Sol. Let A, be the event of getting a total of 6
=1{(2,4) 4, 2),(1,5), 5 1), 3, 3}
and B, be the event of getting a total of 7
= {(Zr 5), (5,2), (1, 6), (6, 1), (31 4), 4 3)]

Let P(A,) is the probability, if A wins in a throw = %

1
and P(B,) is the probability, if B wins in a throw = s

.. The required probability of winning A in his third throw
- = 315 5 75
= P(A;).P(B,).P(A;) = % 6 36T
Q39. Two dice are tossed. Find whether the following two
events A and B are independent. A= {(x, y) : x + y =11} and
B={(x, y): x # 5} where (x, y) denotes a typical sample point.
Sol. Given that:
A={(x, y):x+y=11}and B={(x, y) :x %5}

A=1{(5,6) (6 5

B=1{(1, 1), (1,2, (L 3), (14, @15)16), 21) 22,
(23),(24),25),(26),31),32,33), 34,
3, 5)% (3, 6), (4, 1), (4 2), (4 3), (4 4), (4 5), (4 6),
(6, 1), (6,2), (6, 3), (6,4, (6,5), (6, 6)}

= n(A)=2, n(B)=30and n(ANB)=1

2 1 30 5
1 5_ 35 1
= P(A).PB)= 1z e =155 MAPANB)= 7o

Since P(A). P(B) # P(AnB)
Hence, A and B are not independent.

Q40. An urn contains m white and n black balls. A ball is drawn at
random and is put back into the urn along with k additional
balls of the same colour as that of the ball drawn. A ball is
again drawn at random. Show that the probability of drawing
a white ball now does not depend on k.

Sol. Let A be the event having m white and n black balls
E, = {first ball drawn of white colour}
E, = {first ball drawn of black colour}

444 & NCERT ExemrLAR ProeLEMS MaTHEMATICS—XIT


http://www.cbsepdf.com

Sol.

www.cbsepdf.com

E, = {second ball drawn of white colour}

m
1:,(El).—_nvn+ (E‘)_m+n
m+k m
PEs/B) = vk 4 P(Ba/Ba) =

Now P(E;) = P(E;) .P(E3/E1)+ P(E,) .P(E3/E2)
m y m+k n m

X
m+n min+k m+n min+k

m m+k+ n
m+n+k|m+n m+n

m m+n+k m
“man+k| man | m4n
Hence, the probability of drawing a white ball does not
depend upon k.

NSWER TYPE QUESTIONS.

. Three bags contain a number of red and white balls as

follows, Bag I: 3 red balls, Bag II: 2 red balls and 1 white bail
and Bag III: 3 white balls. The probability that bag i will be

chosen and a ball is selected from itis . wherei=1,2, 3.
6

What is the probability that () a red ball will be selected (ii) a
white ball is selected?

Given that:

Bagl: 3 red balls and no white ball

BagIl: 2 red balls and 1 white ball

Bag III: no red ball and 3 white balls

Let E,, E, and E, be the events of choosing Bag I, Bag Il and
Bag III respectively and aball is drawn from it.

-~ P(Ey) = ' P(E) = — Md P(Es)‘ "
(i} LetE be the event that red ball1sselected
~.P(E) = P(E,).P(E/E,)+P(E,).P(E/E,)+P(E,).P(E/E;)
_ 13 2 2 3 0 = 3 4 7

63636 18 18 18
(i7) Lethetheevent that a white ball is selected

s PF)=1- P(E) [P(E) + P(F)=1]
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7 .11
Hence, the required probabilities are T and T
Q42. Refer to Exercise Q.41 above. If a white ball is selected, what

is the probability that it came from
() Bagll (ii) BagI?
Sol. Referring to Exercise Q.41, we will use here Bayes’ Theorem

P(E;).P(F/E,)

OP(E:/F)= 5wy, P(F/E;) + P(E,) . P(F/E,) + P(E;) . P(F/E,)
21 2
- 6 3 - 183_£
T,,21,3,° 237y
¢ %%63%6! 1t
] _ P(E;) . P(F/E;)
(i) P(E3 /F) P(E,).P(F/E,) + P(E). P(F/E, ) + P(E,) . P(F/Es)
3 4 3
o ¢' s am.9
1,221,823 61 1

6 63 6 18 6
2
Hence, the required probabilities are — and —.

Q43. A shopkeeper sells three types of flower seeds A;, A, and A,.
They are sold as a mixture, where the proportions are 4:4: 2,
respectively. The germination rates of the three types of seeds
are 45%, 60% and 35%. Calculate the probability

(?) of a randomly chosen seed to germinate
(i7) that it will not germinate given that the seed is of type A,
(ifi) that it is of the type A, given that a randomly chosen
seed does not germinate,
Sol. Given that A ;:A,:A;=4:4:2
4 4 2

= P(A) = 35, PAY = 35 and (A = =
where A, A, and A, are the three types of seeds.
Let E be the event that a seed germinates and E be the event
that a seed does not germinate

EY 45 EY)_ 60 EY 35
P —_—= — = P —_— a2 —
(AIJ 100 P(AJ 100 24 (AJ 100

E) 55 E) 40 E) 65
—— = —, P —_— = — — = ——
and P(A,J 100 (AJ 100 P(AJ 100
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E E E
P(AI).P[A1]+ P(Az).P(AJ+P(A3).P(A3)
4 45 4 60 2 35
10 100 10 100 10 100
~ 130+24o 70 490

1

() P(E)

1000 1ooo+1ooo'1ooo=0‘49
- ' 35 65
P(E/A;) = 1-P(E/A,)=1-—2=2 _q.
(i) P(E/A,;) (E/A;) 100 = Tog =065

(i#i) Using Bayes’ Theorem, we get
P(A;).P(E/A,)

E) = = B E
P(A,/E) P(A))P(E/A,)+P(A2)P(E/A;)+P(Ay)P(E/A,)
4 40
_ 10 " 100
4 55 4740 76
107100 10°100 10 100
160
i 1000 160 _160 16

20 160 130 T 220+160+130 510 51 ol

+
1000 1000 1000 16
Hence, the required probability is 5 0.314.

A letter is known to have come either from TATA NAGAR
or from CALCUTTA. On the envelope, just two consecutive
letters TA are visible. What is the probability that the letter
came from TATA NAGAR?
Let E;: Theevent that the letter comes from TATA NAGAR
and E,: The event that the letter comes from CALCUTTA
Also E,: The event that on the letter, two consecutive letters
TA are visible

- P(E)= 1 -1 E).2 E).1
- P(E;) 5 and P(Ey) = 2 and P(EJ =g and P[Ez] =7
[+ For TATA NAGAR, the two consecutive letters visible are
TA, AT, TA, AN, NA, AG, GA, AR] .. P(E;/E,;) = 2
and [For CALCUTTA, the two consecutive letters Visible are

1
CA, AL, LG, CU, UT, TT and TA] So, P(E,/E,) = 7
Now using Bayes’ Theorem, we have
P(E,).P(E;/E,)
P(E,/E;3) =
/) ™ B (B )+ PCEr) . P )
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177
14 56

1
8
+ +

N (RN
=

1:
‘7

SR

7
Hence, the required probability is i1

Q45. There are two bags, one of which contains 3 black and 4 white
balls while the other contains 4 black and 3 white balls. A die
is thrown. If it shows up 1 or 3, a ball is taken from the first
bag but if it shows up any other number, a ball is chosen from
the second bag. Find the probability of choosing a black ball.

Sol. Let E, be the event of selecting Bag I
and E, be the event of selecting Bag Il
Let E, be the event1 that black ball is selected
2 1 2
P(E,) = 6= 3 and P(E,) =1 373
4

P(E;/E,) = '?7 and P(E;/E;) = 7

P(Es) = P(E,). P(E3/E, )+ P(Ey) . P(E3/E,)
13 24 _3+8 11

37737 21 21
11
Hence, the required probability is LT

Q46. There are three urns containing 2 white and 3 black balls,
3 white and 2 black balls and 4 white and 1 black balls,
respectively. There is an equal probability of each urn being
chosen. A ball is drawn at random from the chosen urn and it
is found to be white. Find the probability that the ball drawn
was from the second urn.

Sol. We have 3 urns:

2W 3W 4W
3B 2B 1B
U, U, U,

.. Probabilities of choosing either of the urns are

1
P(Uy) = P(U) = P(Up) = 3
Let H be the event of drawing white ball from the chosen urn.
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P/ = 5, PH/U,) = 2 and PE/U,) - 2
PU,)-P(H/U,)

<~ P(U,/H) =
(C=/H) P(U) P(H/U, )+P(U,).P(H/U, )+P(Uy).P(H/U,)
13 3

35 5 3.1

12 13 142 3 4793
Treta-oto. s =+ =
35 35 35 5 5 5

1

Hence, the required probability is 3

Q47. By examining the chest X-ray, the probability that TB is
detected when a person is actually suffering is 0.99. The
probability of an healthy person diagnosed to have TB is 0.001.
In a certain city, 1 in 1000 people suffer from TB. A person is
selected at random and is diagnosed to have TB. What is the
probability that he actually has TB?

Sol. Let E,: Event thata person has TB

E, : Event that a person does not have TB

and H: Event that the person is diagnosed to have TB.

1 1 999
P(E;) = —==0.001, P(E))= 1~ -——=-—""21-=0.999
(E;) 1000 1000 1000

P(H/E,) = 099, P(H/E,) = 0001

- P(By/H)- P(E,) . P(H/E,)
P(E,). P(H/E,} + P(E,) . P(H/E, )
0.001 x 0.99 0.99
= 0.001x 0.99 +0.999 x 0.001 _ 0.99 + 0.999

0.990 990 _110
0.990+0.999 1989 221

Hence, the required probability is 1521—(1)

Q48. An item is manufactured by three machines A, B and C.
Out of the total number of items manufactured during a
specified period, 50% are manufactured on machine A, 30%
on B and 20% on C. 2% of items produced on A and 2% of
items produced on B are defective and 3% of these produced
on machine C are defective. All the items are stored at one
godown. One item is drawn at random and is found to be
defective. What is the probability that it was manufactured on
machine A?
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Sol. Let E,: The event that the item is manufactured on
machine A
E,: The event that the item is manufactured on
machine B
E;: The event that the item is manufactured on
machine C
Let H be the event that the selected item is defective.
. Using Bayes’ Theorem,
50 30 20

P(Ey) = 107 P(E2) = 7557 PEa) = 750

P(H/E,) = . P(H/E;) = 1o and P(H/Es)

' _ P(E,).P(H/E, )
*P(E\/H) = Bg ) P(H/E, ) + P(E, ) P (H/E; ) + P(E5) P(H/E;)
50 2

100 100
52 .30 _2 20 3

X e X X —
100" 100 * 100~ 100 100 ~ 100
~ 100 100 _10_5

_ 3
"~ 100

5
: Hence, the required probability is TR
Q49. Let X be a discrete random variable whose probability

distribution is defined as follows:
k(x+1) forx=1,234
PX=x)= { 2kx forx=5,6,7
- 0, otherwise
where k is a constant—Calculate:
() the value of k (i7) E(X) (i) Standard deviation of X.
Sol. (i) Here,P(X=x)=k(x+1)forx=123,4
So, PX=1)=k(1+1)=2kPX=2)=k(@2+1)=3k
P(X=3)=k(3+1)=4k P(X=4)=k(4 +1) =5k
Also, P(X =x)=2kx forx=5,6,7
P(X = 5) = 2(5)k = 10k; P(X = 6) = 2(6)k = 12k
P(X=7)=2(7} =14k
and for otherwise it is 0.
. The probability distribution is given by

x| 11213 4] 5] 6| 7 |otherwise
PO | 2k | 3k | 4k | 5k | 10k | 12k | 14k 0
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We know that 3, P(X;) =1
i=1
So, 2k + 3k + 4k + 5k + 10k + 12k + 14k =1

= Sk=1 = ke—r
1 50
Hence, the value of k is 50

(if) Now the probability distribution is
X 1 2 3 4 5 6 7
2 3 4 5 10 12 14
P¥ | 55 | % | 5 =

50 | 50 | 50 | 50 | 50 | 50 | 50

E(X) = 1xi+2xi+3><i+4><i+5xl(-}'~+6x12

50 5 50 50 50 50

14

+7x—

o 50

2 6 12 20 50 72 98 260 26

= — b=

+—=+—+ =52
50 50 50 50 50 50 50 50 5

(iify We know that Standard deviation (SD) =
Variance= E(Xz) [E(X)]2

Vartance

10
E(X?) = 1 —+4 -~ —+16x—+25
(X4) ><50 ><5 +9x 0+1 x50+ x50

36><£+49xE

50 50

2 12 36 80 250 432 686 1498
= ———t— + = +

—t—t——t—t—— = —
50 50 50 50 50 50 50 50
1498 (26

*. Variance (X) = —— - (——)

50 5
_ 1498 676 _1498-1352 146 Choo
50 25 50 50 <
-

= J2.92 = 1.7 (approx.)
Q50. The probablhty dJstnbutlon of a discrete random variable X is
given as under:

X | 1 2 | 4 | 2A | 3A | 5A
1 1 3 1 1 1
PO 2 | 5 || 10| 25 25

Calculate: (1) The value of A if E(X) = 2.94; (ii) Variance of X
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Sol. (i) We know that: E(X) = Y P,X;
i=1
1 1 3 1 1 1
= IX=4+2%—+4Xx—+2AX—+3AX—+DAX—
E(X) = IxgFexgieixgs 105 %

294 = l+2+£+é+%+é
“* 725 25 5 25 5

13A 13A
= 2'94=0'5+0'4+0'48+E=1'38+_2-5_
= 2.94-1.38=%=>1.56=%
1.56 x 25
= A= BETE 0.12 x 25
ks A=3
(if) Now the distribution becomes

X 11 [ 2 | 469 ]15
1 (3|1 1]1

1
POl 2 | 5 |5 | 0|5 >

1 1 3 1 1 1
X3 = IX—4+4X=4+16X—+36%—+Blx—+225x—
E 2 5 25 10 25 >(25

=05+08+192+3.6+324+9.00=19.06
Variance (X) = E(X?) - [EX)J?
= 19.06 — (2.94)% = 19.06 — 8.64 = 10.42
Q51. The probability distribution of a random variable X is given
°  asunder:

kx*> forx=1,2,3
P(X=x)= {2kx forx=4,5,6
0 otherwise
where k is a constant. Calculate:
() EQX) (i) E(3X?) (ii)) P(X 2 4)
k2 forx=1,2,3
Sol. Giventhatt P(X=1x)= y2kx forx=4,56
0 otherwise
. Probability distribution of random variable X is
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X 1 2 3 4 5 |6 otherwise
PX) | k 4k 9%k 8k | 10k [12k 0

n

We know that 3 P(X;) =1
' i=1
S k+4k+ 9% +8k+10k+12k= 1= 44k=1 = k=ﬁ
- II- )
(D EQQ= 2 BX; =1xk+2x4k+3x9%+4x8k+5x10k+6x 12k

i=1 = k+ 8k + 27k + 32k + 50k + 72k = 190k
1

95
=190x—=— =4 :
a7 4.32 (approx.)

(i) E(3X%) = 3[k+4 x4k +9x 9k+ 16 x 8k + 25 x 10k + 36 x 124]
3tk + 16k + 81k + 128k + 250k + 432k] = 3[908k]
3% 908 x ﬁ = % =61.9 (approx.)
(iii) P(X24)= P(X=4)+P(X =5)+P(X=6)
= 8k+ 10k + 12k = 30k
1 15
= 30 — T —
8 4 22
Q52. Abag contains (2r + 1) coins. It is known that n of these coins
have a head on both sides whereas the rest of the coins are fair.
A coin is picked up at random from the bag and is tossed. If

the probability that the toss results in a head is ‘%, determine

the value of n. (
Sol. Given that n coins are two headed coins and the remaining
(n + 1) coins are fair.
Let E;: theevent that unfair coin is selected
E,: the event that the fair coin is selected
E: the event that the toss results in a head

p __n qP _n+1
(€)= 5,57 M PE)= 5

P(E/E,) =1 (sure event) and P(E/E,) = _;.

P(E) = P(E,).P(E/E,)+ P(E,).P(E/E;)
n n+l 1 1 ( n+1]
= d+ — = n+
2n+1 2n+12 2n+1 2
1 (2n+rz+1)_ n+1
2n+1 2 T 2(2n+1)

1
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But |P(E)= % (given)

o 3n+1 31 3n+1 31
el &2 T 7+l 2
: = 63n+2l=62n+31
f
: = n=10
Hence, the required value of # is 10.

Q53. Two cards are drawn successively without replacement from a
well shuffled deck of cards. Find the mean and standard deviation
of the random variable X where X is the number of aces.

Sol. Let X be the random variable such that X=0, 1,2
and E = the event of drawing an ace
and F = the event of drawing non-ace.
~ P(E)= —5% and P(E)=%
Now P(X=0) = P(E).PE) = - — =7

P(X = 1) =P(E).P(E) + P(E).P(E) = éx%‘%#;'_;x% - %

4 3 1
P(X=2) = P(E).P(E) = 2521
We have Distribution Table:

X 0 1 2

B | 32 | 1
221 21 221

P(X)

188 . 32 1 32 2 34 2
Now, Mean E(X) =0 x —+1X—+2X—=——+4—— = _——=—=
ow, Mean E(X) =0 x o+ 1% o+ 2% ol ™ 1 "1 " 221 13

' 2 4 36
E(X"’-)=0x%§+-lx£+4x 1.3 =—

21 21 21 21 221
. Variance = E(X) - [EQO?

_ﬁ_(gf 36 4 468-68 400
_ T 221 \13 221 169 13x221 2873

e ’ 400 _
Standard deviation = 2573 0.377 (approx.)

Q54. A dieis tossed twice. A ‘success’ is getting an even number on
a toss. Find the variance of the number of successes.
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Sol. Let E be the event of getting even number on tossing a die.

3_1 = . 11

..P(E)-~6—2 and P(E)=1 357
Here X=0,1,2

P(X=0) = P(E).P(E)==.—=—

-t
-l

+
=

NI

+

n
N]H
N | =
N-IH

]
| =

ﬂbl'ﬂNl'-‘wa.

P(X=1) = P(E).P(E)+P(E).P(E)

P(X=2) = P(E).P(E) =
- Probability distribution table
X 0 1

P(X)

||—l
& Nl

N
NN

1 2
E OxX—+1x—+2x—
(X) = 2 1

E(X?) = 0x—l—+1x%+4

~. Variance (X) = E(X - [E(X)]?= E ~1= % =05

Q55. There are 5 cards numbered 1 to 5, one number on one card.
Two cards are drawn at random without replacement. Let X
denotes the sum of the numbers on two cards drawm. Find the

mean and variance of X.

Sol. Here, sample space S = {(1, 2), (2, 1), (1, 3), 3, 1), (2, 3), (3, 2),
(L 4), 41),(1,5), (5 1) (2 4) 4 2),(25), (5 2), G4 4 3),

(3,5), (5, 3), (5 4), (4 5)}
n(S) = 20

Let X be the random variable denoting the sum of the numbers

on two cards drawn.
X=34567289

So, P(X= 3)—i PX=4)= o5
P(X = 5)~i P(X = 6)——
P(X = 7)~— P(X = 8)~£
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P(X=9) =
202 2 4 4 4
, = 3X—+4X—+5X—+6X——+7X—
Mean, E(X) = 3% s 44X 0+ 3% 6 50t %20
+8X£+9X£
2077720

6 8 20 24 28 16 18 120
= ——t—t—t—t—+—
20 20 20 20 20 20 20 20

2 4 4 4 2 2
Q _+16 — +25%— 436 X—+49x— =
BOC) = 9x *207 %20 20 20t BIxgg
18 32 100 144 196 128 162 780
—_—— = —=39

t—t—t—t—t—
20720 20 20 20 20 20 20
¢ Variance (X)= E(?) - [E(Q]=39 - (6 =39 -36=3

N . OBJECTIVE TYPE QUESTION

Choose the correct answer from the given four ophons in each of the
Exercises from Q. 56 to 93.

Q56, IfP(A)— 2 and P(An B)— 7 0’ then P(B/A) 1sequa1 to

7
@% ®F ©F @3
Sol. Given that: P(A) = % and P(AnB) = 1

P(A N B) 7/10 Z
P(A) 4/5 8
Hence, the correct option is (c).

P(B/A) =

Q57. If P(A N B)= 7 and P(B) 7 20 then P(A/B) equals

(ﬂ) T (b ) Yy (C) g (@) g
7 17
Sol. Given that: P(AN B) and P(B) =

P(A NB) _ 7/10 _14
PA/B) = ~pmy "1 1T

Hence, the correct option is (a).

Q58. IfP(A)=i P(B) = —andP(AuB) 3 then

P(B/A)+ P(A/B) equals to
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Sol.

Q59.

Sol.

Q60.
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1 1 5 7
@ 3 © 3 O @3
Here, P(A) 0 P(B) == and P(AUB)= E
P(A UB)= P(A) +P(B)-P(An B)
3 3 2
= —5*——1—6+§—P(Ar3\B)4 .
2 3 + 1
> PACB = 5% 5" 10 10
_PAnB) P(AnB)
NowP(A/B)+P(B/A)= P®) + BA)
_1no 1710 | 110 /10 _1 1.1 1_7
T 2/5 310 4 3 12
Hence, the correct option is (d).

IfP(A)—z, P(B)= 3 10 @dP(ANB)= —,then

P(A’/B’). P(B'/A") is equal to
5 5 25
@ < ® 7 © @ 1

2
Given that: P(A) = <, P(B) = 5 1 and FANB)=; 1

2 3 3 7
P@A) = 1-Z=2, P)=1-=2=—
) 5 ®)=1- % 10

and P(A’B) = 1-P(AUB)=1~[P(A) + P(B)— P(A A B)]

R RN

5 10 5 5 10 10 2
A _PA'NB) 12 5
(A7/B7) = PB) 7/10 7
PA'nB) 12 5

and P(BY/AY) - P(AY 35 6
~ P(AYB).P(B/A) = x2= 2

Hence, the correct option is ().

1 1
If A and B are two events such that P(A) = 2 PB)= 3 and

P(A/B) =—, then P(A’ " B") equals
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@= O 2 ©; @ 2

Sol. Given that: P(A)= -/ ., P@)- - and P(A/B) =

P(AnB)
A/B) = ————2
P(A/B) = —55)
1_PANB) o p=ixiol
s~ 13 (ANB)=4X3"]

Now P(A’nB) =1-P(AUB)
=1-[P(A) +P(B) -P(ANB)]

=1_.[l~+l_i]=1_[§_i] 1231
273 12 6 12 12 12 4

Hence, the correct option is (¢).
Q61. If P(A) = 0.4, P(B) = 0.8 and P(B/A) = 0.6 then P(A U B) is
equal to
(a) 024 () 0.3 (c) 048 () 0.96
Sol. Given that: P(A) =0.4, P(B)=0.8 and P(B/A) =0.6
P(ANB) P(ANB)
PEB/A)="pay =0 "oa

P(AnB)=06x04=024
P(A UB) = P(A) + P(B) -P(AnB)
=04+08-024=120-024=096
Hence, the correct option is (d).
Q62. If A and B are two events and A# ¢, B # ¢, then

(@) P(A/B)=PA)PE) () P(A/B)=—P(§<;B)
A
() P(A/B).P(B/A)=1  (d) P(A/B)=%(6§)

Sol. Giventhat A=¢andB=4¢,

ten  P(AB) = TR

Hence, the correct option is (b).
Q63. Aand B are events such that P(A)=0.4, P(B)=0.3 and P(AUB)
= 0.5, Then P(B’ N A) equals

2 3 1
W2 By ©Op @3
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Sol. Given that: P(A) = 0.4, P(B) = 0.3 and P(A U B) = 0.5
P(AU B) = P(A) + P(B) - P(A 1 B)
0.5=04+03-P(ANB)
P(ANB) =04 +03-05=02
P(B’ N A) = P(A)-P(ANB)

=04-02=02= =
Hence, the correct option is (d).

Q64. IanndBaretwoeventssuchthatP(B)-—, P(A/B)= % and
P(Au B)=— then P(A) equals
1 3
(ﬂ) - (b) = © 3 @ ¢
Sol. Given that: P(B) = —:- P(A/B) =% and (AUB)= =
We know that P(A/B) = ¢20°B) 1 _P(AnB)
e know (A/B) = PE) == 35
P(ANB) = —
Now P(A U B) = P(A) + P(B) - P(A N B)
2 _pay+3_3
5 5 10
4 3 3 1 3 5 1
= ———t— =4~ ==
= P =5 5 " 0°5 0 102
Hence, the correct option is (c).
Q65. In Exercise 64 above, P(B/A’) is equal to
1 3 1 3
@z O ©@; @
Sol. According to Exercise 64, we have
P(B) = % P(A/B) = % P(AUB)= =
3.3 3
n_PBNAY) PB)-PANB) 5 10 _10_3
P(B/A) = PAY  1-Pa) ;.1 175
2 2

Hence, the correct option is (d).
4
Qe66. If P(B) = —, P(A/B)=— and P(AUB)— = then

ProaBiLITY B 459


http://www.cbsepdf.com

www.cbsepdf.com

P(AUB)Y +P(A’ UB) =
1 4 1
Wz  ®3 @5 @1

3 4
Sol. Given that: P(B) = 5 P(A/B) =% and P(AUB)= 5

P(A N B)
P(A/B) =
1 P(AnB) 3
= 2" 35 =P(Ar'\B)—10
P(A U B) = P(A) + P(B) - P(A N B)
4 3 3
A A T
4 3 3 1 3 5 1
=-—--——+——-=— — i — I
P(A) 5 5 10 5+10 10 2
Now P(A UBY + P(A’ UB)
=1-P(AUuB)+1-P(ANnB)
= 2—%—P(A).P(B’)
6 1( 3) 6 1. 2 6 1 5
=——=Jl-=|=o-=x===—-====1
5 2 5 5 2 5 5 5 5
Hence, the correct option is (d).
Q67. LetP(A)=-7-, P(B)=3—andP(AnB)=i_ Then P(A’/B)
is equal to 13 13 13
6 4 4 5
@ 33 ®) T () 9 @ 3 )
i P(A)= -2 -
Sol. Given that: P(A) = T P(B) 3 and P(A N B) 13
9 4 5
P(A’~B) PB)-PANB) 13 13 13 5
P‘Ql = —_———— T = o == —
(ATB) P(B) P(B) 9 29
13 13

Hence, the correct option is (d).
Q68. If A and B are such events that P(A) > 0 and P(B) # 1 then
P(A’/B’) equals

(@ 1-P(A/B) (b) 1-P(A’/B)
1-P(A UB) P(A")
© ey @ P
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Sol. Given that: P(A)>0and P(B)=1
P(A’nB) 1-P(AUB)
P(A’/B%) = = -
A7) = 2@y )
Hence, the correct option is (c).
Q69. If A and B are two independent events with P(A) = % and

P(B) = —, then P(A’ N B’) equals

2
(@) E () 743 () “5 @ 3
Sol. Given that: A and B are independent events
3 3 2
that P(A)=—- .P —-—==
such (A) 5 (Ah=1 i
4 5

4
PB) =g PB)-1-7=

P(A’nB") =P(A").P(B) = % §=%

Hence, the correct option is (d). -

Q70. If two events are independent, then
(@) they must be mutually exclusive
(v) the sum of their probabilities must be equal to 1
(¢) (4) and (b) both are correct
(d) none of the above is correct

Sol. For independent events A and B, P(A).P(B) = P(A N B)

So, they will not be mutually exclusive.
If P(A) + P(B) = 1, they are exhaustive events and for
independent events A and P(A N B) # 0.
Hence, the correct option is (d).

Q71. Let A and B be two events such that P(A) = %, P(B) = % and

PAUB)= %. Then P(A/B).P(A’/B) is equal to
2 3 3 5
CESENCRE- © 3 @ 5
Sol. Given that: P(A) = %, P(B) = g and P(A U B) = %
P(AUB) = P(A) + P(B) - P(A B
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P(ANB) P(A’NB)
P(B) = P(B)

P(A NB) PB)-P(ANB)
P@B) - P(B)

Now P(A/B).P(A’/B) =

L)

N

[ JE4)
I

=

SN—
N

w

o

>m|»n
8}
5]
ul
)
[$,)

Hence, the correct option is (d).
Q72. If the events A and B are independent, then P(A N B) is equal to

(@) P(A)+P(B) () P(A)-F®) () PAPE) (@) P((B))
Sol. Since A and B are two independent events
. P(ANB) = P(A).P(B)
Hence, the correct option is (c).
Q73. Two events E and F are independent. If P(E) = 0.3 and
P(E U F)=0.5, then P(E/F)- P(F/E) equals
1
w2 ez ©Ox O
Sol. Given that: E and F are independent events such that
P(E)=0.3 and P(EUF) =0.5
P(E U F) = P(E} + P(F) - P(E N F)
0.5 = 0.3+ P(F) - P(E).P(F)
0.5-0.3 = P(F) [1 - P(E)] = 0.2=P(F) (1-0.3)
0.2 = P(F)(0.7)
02 2

PO =577

PENF) PENF)
Now P(E/F) - P(F/E) = PE - P(E)
_ PEMPE) _PE).PE) 2321
~ P(F) P(E) =P(E)-P(E)= 10 7 70
Hence, the correct option is (c).
Q74. A bag contains 5 red and 3 blue balls. If 3 balls are drawn at

random without replacement, then the probability of getting
exacﬂy one red ball is

(@) R ® ﬁ () 5%

=
=

15 15
(@) 29
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Sol. Given that: Bag contains 5 red and 3 blue balls,

Q75.

Sol.

Q7e.

Sol.

Probability of getting exactly one red ball if 3 balls are

randomly drawn without replacement

=P(R).P(B). P(B) + P(B). P(R) . P(B) + P(B) . P(B) . P(R)
532352+325 30 30 .30 20 15

876 876 876 336 33 33 33 56
Hence, the correct option is (¢).

Refer to Question 74 above. The probability that exactly two
of the three balls were red, the first ball being red is

1 4 15 5
@ 7 ® > © 5% @ 5
According to Question 74,
Let E, be the event that first ball is red.
E, be the event that exactly two of the three balls are red.

P(E,) = P(R).P(R). P(B)+P(R). P(R) . P(R)+P(R). P(B) . P(R)
+P(R) P(B).P(B)

_60 60 60
336 336 336 336 336

P(E; NE;) = PR). P(B).P(R)+P(R). P(R). P(B)

_534.543 6 60 12

876 876 336 33 336
P(E,nE,) 120/336 4

“PE/E) = "pEy 210/336 7
Hence, the correct option is (b).
Three persons A, B and C fire at a target in turn, starting with
A. Their probabilities of hitting the target are 0.4, 0.3 and 0.2
respectively. The probabilities of two hits is
(a) 0.024 ~ (¥) 0.188 (c) 0336  (d) 0452
Given that: P(A) = 04, P(B) = 0.3 and P(C) =0.2
Also P(A) =1-0.4=0.6, P(B) =1-0.3=0.7
and P(C) =1-0.2=0.8
. Probabilities of two hits
=P(A).P(B). P(C) + P(A). P(B).P(C) + P(A).P(B).P(C)
=04x03x08+04x07x02+0.6x0.3x=0.2
= 0.096 + 0.056 + 0.036 = 0.188
Hence, the correct optién is (b).
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Q77. Assume that in a family, each child is equally likely to be a boy

or a girl. A family with three children is chosen at random.
The probability that the eldest child is a girl given that the
family has atleast one girl is

2
@w: el e; @3

Sol. Let G denotes the girl and B denotes the boy of the given family.

So, n(S) = ((BGG), (GBG), (GGB), (GBB), (BGB), (BBG),
(BBB), (GGG)}
Let E, be the event that the family has alteast one girl.
. E;=((BGG), (GBG), (GGB), (GBB), (BGB), (BBG), (GGG))
Let E, be the event that the eldest child is a girl.
E, = {(GBG), (GGB), (GBB), (GGG)}
(E, N Ey) = ((GBB), (GGB), (GBG), (GGG)}

=~ P(Ey /) = _._P(El)_=%=7
Hence, the correct option is (d).

Q78. If a die is thrown and a card is selected at random from a

Sol.

Q79.

deck of 52 playing cards. The probability of getting an even
number on the die and a spade card is

1 1 1 3
@5 O3 ©5 @7

Let E, be the event of getting even number on the die. E, be
the event of selecting a spade card.

O N WD W |
11 1
So P(E, NEy) = PE).P(E) = 5.7 =7
. L 2 4 8
Hence, the correction option is (c).
A box contains 3 orange balls, 3 green balls and 2 blue balls.
Three balls are drawn at random from the box without
replacement. The probability of drawing 2 green balls and
one blue ball is
3 2 1 167

Sol. Probability of drawing 2 green and 1 blue balls

464

=P(G).P(G).P(B) + P(G) .P(B). P(G) + P(B) . P(G) . P(G)
322 322 232 12 12 12 36 3
876 876 876 33 336 336 336 28
Hence, the correct option is (a).
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Sol.

Qs1.

Sol.

Q82

Sol.

Qs3.
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A flashlight has 8 batteries out of which 3 are dead. If two
batteries are selected without replacement and tested then the

probability that both are dead is
33 9 1 3
@ < ®) = © 12 @ 73
Required probability = P(dead).P(dead)
_32_3
87 28

Hence, the correct option is (d).
If eight coins are tossed together, then the probability of
getting exactly 3 heads is

1 7 53
1 1 1
Here,rz=8,p=5,q=1—"-=~* and r=3

2 2
We know that P(x=r) = "C, p".q" "

o

.8 (1)3 (1)5 - 56 (1)" 56l _7
315102/ \2 \2) T 3

Hence, the correct option is (b).
Two dice are thrown. Ifit is known that the sum of numbers on
the dice was less than 6, the probability of getting a sum 3, is

1 5 1 2
@) 15 ) 15 © 3 @ 3
Let E; be the event showing the sum of the numbers on the
two dice was less than 6 and E, be the event that the sum of
the numbers is 3.
El = {(11 1), (ll 2)! (2r l)r (11 3)/ (31 1)1 (11 4): (4: 1)1
(2,2),2,3), 3 2)
n(E,;) = 10 4
and E, = {(1 2), 2, 1)} = n(E,) =2 and #E;NE)=2
++ Required probability
nE, NE) 2 1
Hence, the correct option is (c).

Which one is not a requirement of a Binomial distribution?
(2) There are two outcomes for each trial.
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(b) There is a fixed number of trials.
(¢) The outcomes must be dependent on each other.
(d) The probability of success must be the same for all trials.
Sol. We know that for a Binomial distribution, the outcomes must

not be dependent on each other.
Hence, the correct option is (c).

Q84. If two cards are drawn from a well shuffled deck of 52 playing
cards with replacement, then the probability that both cards
are queens is

1 1 1 1 1 1 1 4
@3 O ptn O 7 @ B
4
Sol. Probability of getting Queen = 2
So, the required probability
= P(Queen).P(Queen)

4 4 11 )
=525 1313 (with replacement)
Hence, the correct option is (a).
QB85. The probability of guessing correctly atleast 8 out of 10
answers on a true false type examination is

7 7 w7
@g O @ @

: 1 1
Sol. Here,n=10,p= 2 and 4 = 2 (for true/false questions)
andr>8ie.8,9 10

~ P(X28)=P(x=8) +8P(x : 9)+Plx= 190) 10,10
T T

{3 en(2) ) - o

1 7
X —=—
1024 128
Hence, the correct option is (b).
Q86. The probability that a person is not a swimmer is 0.3. The
- probability that out of 5 persons 4 are swimmers is
") 5G4 (0.7)4 (03) () 3C,(07) 0.3)*
() 5C4(0.7) (0.3)* (d) (0.7 (0:3)
Sol. Given that: P =0.3 . p=07and4=1-0.7=03
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Q87.

Sol.

Qss.

Sol.

Q89.

Sol,
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n=5andr=4
We know that
P(X=1) = "C, (pY.(g)"~"
P(x=4) =5C, (0.7)* (0.3)°~%=5C, (0.7) (0.3)
Hence, the correct option is (a).
The probability distribution of a discrete random variable X is
given below:

X 12131415 ]| Thevalueofkis
PP
We know i =1

§+z+§£=1
k k k k
%2——1=>k=32.

Hence, the correct option is (c).
For the following probability distribution:

X |-4[-3[-2[-1]o ] EX)isequal to:
P(X)(01[02|03{02]02| @ 0 ® -1

(¢} -2 (d) -1.8
We know that
E(X) = ixipi
i=1

= (-4)(0.1) + (- 3)(0.2) + (- 2)(0.3) + (- 1)(0.2) + 0(0.2)
=-04-06-06-02=-18

Hence, the correct option is (d).

For the folowing probability distribution

X|11]2[3|4| EX)isequalto
1 3 3 2 () 3 () 5
P(X)ﬁ wlols! @7 (d) 10
We know that
n
E(?) = 3 BX]
i=1
=1><l+4><1+9><i+16xz
10 5 10 5
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1.4 27 32 28 36_100

= —t—+— = —f—=—a=1
10 5 10 5 10 5 10
Hence, the correct option is (d).
Q90. Supposearandom variable X follows the Binomial distribution

P(x=r)

with parameters n and p, where 0 <p < 1. If m is

independent of n and 7, then p equals
1 1 1 1
@z O3 @5 @3
n!
= = r —-r— [ N . 1 - n—-r
SOI' P(X f') nCr p qﬂ f!(n — r)! p ( p)

P(X=n—r)=" n_rpn~r'(q)n-(n—r)._:ncn_rpn-r.qr
- nl nergr M
Sa-nn-n+nt T @t

n! r n-r 1;p, "
Plx=r) r!(n—r)!'p A=) _( p )

Pa=n-r) _ A ner gq_ o [(1-pY
r!(n—r)!.p A7) [T)

Now

The above expression will be independent of n and r if

- 1

(l_pJ =1 = l=2 = p=T

P p 2
Hence, the correct option is (a).

Q91. In a college, 30% students fail in Physics, 25% fail in
Mathematics and 10% fail in both. One student is chosen at
random. The probability that she fails in Physics if she has
failed in Mathematics is

1 2 9 1
@ O3 © 5% @3
Sol. Let E, be the event that the student fails in Physics and E, be
the event that she fails in Mathematics.
30 25 10
P(E,) = —, P(E;)= — and P -
®) = 100 100 4 FPENEI=1g5
_ P(E,nE;) 10/100 _2
= P(E1/Bp) = P(E,) 25/100 5
Hence, the correct option is (b).
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Q92. A and B are two students. Their chances of solving a problem

Sol.

Q93.

Sol.

correctly are %andi respectively. If the probability of their

making a common error is 20 and they obtain the same

answer, then the probability of their answer to be correct is
1 1 13 10
@ 12 © L @1 @73
Let E, be the event that both of them solve the problem.
1.1 1
PE) = 3%3=12
and E, be the event that both of them same incorrectly the
problem.
1 1y 2 .3 1
PE)=[1-=|x[1-Z|==x=>==
%) ( 3))(( 4) 3742
Let H be the event that both of them get the same answer.

Here, P(H/E,) =1, P(H,/EZ)=2—10
P(E,).P(H/E;)

“PE/H)” BE,) P(HJE,)+ F(E,).P(H/E,)

_1_ x1 l’w l

12 .12 _ 1 _ Y12 10
1 1.1 1 1°10+3  13/120 13
2270 2te
Hence, the correct option is (d).
A box has 100 pens of which 10 are defective. What is the
probability that out of 2 sample of 5 pens drawn one by one
with replacement atmost one is defective?

3 )
@ (2) ® 35
2G) (&) 3
© E(ﬁ) @ \1w) *2\10
0_1 . 1 9
Here, n=5,p= 10010 andq—l—lo—lo andr<1
We know that

P(X=r) ="C,p’ g~
So P(x<1)=Px=0)+Px=1)

-*afs) () o))
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Hence, the correct option is (d).
State True or False for the statements in each of the Exercises 94
to 103.
Q94. LetP(A)>0 and P(B) > 0. Then A and B can be both mutually
exclusive and independent.
Sol. False
Q95. If A and B are independent events, then A’ and B’ are also
independent.
Sol. True
Q96. If A and B are mutually exclusive events, then they will be
independent also.
Sol. False
Q97. Two independent events are always mutually exclusive.
Sol. False
Q98. If A and B are two independent events, then
P(A and B) = P(A).P(B).

Sol. True

Q99. /Another name for the mean of a probability distribution is
expected value.

Sol. True [ E0) =Y X,P(X;)]

Q100. If A and B’ are independent events, then
P(A’ v B)=1-P(A).P(B")
Sol. True [+ P(A’UB)=1-P(AnB)=1-P(A).P(B)]
Q101. If A and B are independent events, then
P (exactly one of A, B occurs) = P(A).P(B’) + P(B).P(A")
Sol. True
Q102. If A and B are two events such that P(A) >0 and P(A) + P(B) > 1,

then P(B/A) 2 1- 22
P P(AnB) P(A)+PB)-P(AUB)
N - U
Sol. False [ P(B/A) = —pray— = P
1-P(A UB)
P(A)
Q103. If A, B and C are three independent events such that
P(A)=P(B)=P(C)=p,
then P (atleast two of A, B and C occur) = 3p* - 2p°
Sol. True
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Since P (atleast two of A, B and C occur)
=pxpx(1-p+Q-p).p.p+p(l-p)p+p.p.p
=372 (1-p)+p*=3p2 - 3p*+ p? =3p? - 2p

Fill in the blanks in each of the following questions,

Q104.

Sol.

Q105.

Sol.

Q106.

Sol.

If A and B are two events such that P(A/B) = p, P(A) = p,

1 5
P(B)=§andP(AuB)=§,thenpisequalto ................. .

1 5
Given that: P(A) =p, P(B) = 3 and PLAUB)= 3

P(ANB 1
P(A/B) = “(PW"LP =PANB)=p.PE)=p-3

and P(A U B) = P(A) +P(B) -P(A N B)
5 1 p 5 1 2p 2 2 1
—_—= +—— —_———— - —— = —
9~ P33 P93y P53 TPT3

1
Hence, p is equal to 3

2 5
If A and B are such that P(A’ UB") = 3 and P(AUB) = rL then
P(A’) + P(B’) is equal to ........c.cerumneee .

5
Here, P(A’UB) = % and PAUB)= 5 ;

2

1-PANB) = §
= PAnB)=1-2=1
3 3

Now  P(A")+P(B)=1-P(A)+1-P(B)=2-[P(A)+P@)]
=2-[P(AUB)+P(AB)]

_ 2_[i+l] Lp 8_10
93 99

Hence, the value of the filler is 1?0

If X follows Binomial distribution with parameters n = 5, p
and P(X =2) =9P(X = 3), then p is equal t0 ........ceeoveeens .

Given that: P(X=2) = 9P(X=3)
= PP =9GP
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5 .3
1 Capqz 1 _p 5
= Ssggy Bg=t [ 5C3=5C))
9 5C2p2q3 9 g 3
= 9% =14
1
= Ip=1-p=2%+p=1=310p=1 .. ‘P70

1
Hence, the value of the filler is 0

Q107. Let X be a random variable taking values x;, x,, x5, ..., X, with
probabilities p,, p,, py .. P, Tespectively. Then Var(X) is equal
L0 JRRRARIRRR

Sol. Var(X) = E(X) - [EQQF
=ZX2P(X)—[ZX.P(X)] Yt -(Tpx )

Hence, Var (X) is equal to Y. p; x? —(Zp,-x,-) .
Q108. LetAand Bbetwoevents. If P{(A/B)=P(A), then Ais................

of B.
3 _P(AnB)
Sol. . P(A/B) = _—P(B)
P(ANB)
= P(A) = P—(.B)—
= P(A nB) = P(A).P(B)
So, A is independent of B.

Qaa
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